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Foreword

In the middle of the twentieth century, the seminal work of Rufus Isaacs on dif-
ferential games established the foundation for the analysis of interactive behavior
over time. Since then, dynamic game theory has been applied in many disciplines;
in the past three and a half decades, its applications in economics and business
have been growing rapidly. Market failures give rise to the need for cooperation
in conducting economic activities. Limited success from dynamic cooperation can
be expected if there is no guarantee that the participants’ agreed-upon scheme will
always be maintained amid changes over time within the entire duration of the co-
operation.

The solution mechanism for obtaining time consistent and subgame consistent
cooperative schemes developed by Leon Petrosyan and David Yeung—the authors
of this text—provides an effective prescription to this “classic” game-theoretic prob-
lem. Practical policy menus can be formulated with this mechanism to tackle some
of the serious problems facing the global market economy. This text covers the
main development of subgame consistent economic optimization and includes most
of the existing economic studies involving subgame consistent solutions. Illuminat-
ing applications are presented to illustrate the detailed workings of the fundamental
theorems established.

Atypical of current mainstream economic studies, which adopted existing mathe-
matics in their analysis, this text uses novel game-theoretic mathematical techniques
developed by its authors.

The text is truly a world-leading treatise in the field of dynamically consis-
tent economic optimization and a Russian classic in mathematics and economics.
It is a timely publication to tackle the increasingly crucial issues of consistency
and dynamic stability in collaborative activities in the economic arena. The el-
egant mathematics developed by the authors and their practical applications in
economics are prevalent in the analysis. The text significantly expands L.V. Kan-
torovich’s award-winning work in economic optimization in the new directions of
game-theoretic interaction, dynamic evolution, stochasticity, and subgame consis-
tency.
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viii Foreword

Subgame Consistent Economic Optimization is undoubtedly a needed and impor-
tant addition to the field of dynamic interactive optimization in economics.

Karelian Institute of Vladimir Mazalov
Applied Mathematical Research,
Russian Academy of Sciences, Russia



Preface

The postulation that individually rational, self-maximizing behaviors bring about
group (Pareto) optimality constitutes one of the most appealing characteristics of
the perfectly competitive market. The market is often regarded as an effective means
to allocate economic resources efficiently. However, in the presence of an imperfect
market structure, externalities, imperfect information, and public goods, the mar-
ket fails to provide an effective mechanism for efficient resource use. Not only
have inefficient outcomes appeared, but gravely detrimental events—such as the
global financial crisis and catastrophe-bound industrial pollution problem—have
also emerged under the current market system. With market failures prevailing, op-
timization in economic activities is one of the remedies available.

Strategic behaviors in the market are increasingly pervasive, and as a result, game
theory has emerged as one of the fundamental tools in pure and applied research in
economics. Because economic activities in the modern corporate world are dynamic
processes, economic decisions are more appropriately analyzed in an intertempo-
ral framework. Dynamic cooperation suggests the possibility of socially optimal
and group efficient solutions to economic decision problems involving strategic ac-
tion.

In dynamic cooperation, a stringent condition is required for a scheme to be
dynamically stable. In particular, the optimality principle must remain optimal
throughout the game, that is, at any instant of time along the optimal state tra-
jectory determined at the outset. This condition is known as time consistency. In
the presence of stochastic elements, a more stringent condition—that of subgame
consistency—is required for a credible cooperative solution. In particular, a coop-
erative solution is subgame consistent if an extension of the solution policy to a
situation with a later starting time, and any realizable state brought about by prior
optimal behavior, would remain optimal. The notion of subgame consistency orig-
inated in Yeung and Petrosyan (2004), which develops a generalized theorem for
the derivation of an analytically tractable “payoff distribution procedure” leading
to subgame consistent solutions. Time consistency for the economic optimization
problem requires dynamical consistency for all subgames along the group optimal
trajectory; then time consistency in this context reflects optimal-trajectory-subgame
consistency.
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. Preface

This book provides a treatise on subgame consistent economic optimization. In
particular, dynamically stable game-theoretic optimization techniques are developed
to establish the foundation for an effective policy menu to tackle suboptimal prob-
lems that the conventional market mechanism fails to resolve. The book is expected
to be used as an analytical tool for advanced graduate students, game theorists,
economists, mathematicians, and researchers in this field.

We are very grateful to our esteemed friends George Leitmann and John Nash for
inspiration from their classic work in game theory, on which many of the results in
the book are based. Our families have been an enormous and continuing source of
encouragement throughout our careers. We thank Stella and Patricia (DY) and Nina
and Ovanes (LP), for their love and patience during this and other projects, which,
on occasion, may have diverted our attention away from them. We thank Cynthia
Yingxuan Zhang for her outstanding research assistance and manuscript formatting.
Financial support from the Research Grants Council of the HKSAR (Grant Number
32-07-028), the European Union Research Commission (Contract Number 044287),
and HKSYU is gratefully acknowledged.

Finally, we would like to dedicate this text to honor the memory of a pioneer-
ing researcher and Nobel Laureate in the field of economic optimization—our late
Saint Petersburg colleague Leonid Vitalyevich Kantorovich—in his 100th birthday
tribute.

Saint Petersburg, Russia D.WK. Yeung
L.A. Petrosyan
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Chapter 1
Introduction

Emile de Laveleye (1882): “Political economy may be defined as
the science which determines what laws men ought to adopt in
order that they may, with the least possible exertion, procure the
greatest abundance of things useful for the satisfaction of their
wants, may distribute them justly and consume them rationally.”

The most appealing characteristic of the perfectly competitive market is perhaps the
postulation that individually rational self-maximizing behaviors bring about group
(Pareto) optimality. Hence the market is regarded as an effective means to allocate
economic resources efficiently. However, a competitive market will fail to provide
an efficient allocation mechanism if there exists an imperfect market structure, ex-
ternalities, imperfect information, or public goods. These phenomena are prevalent
in the current global economy. As a result, though the market is perceived to be
the most effective instrument in conducting economic activities, it fails to guaran-
tee its efficiency under many current conditions. Not only have inefficient market
outcomes appeared, but gravely detrimental events—such as the worldwide finan-
cial crisis and catastrophe-bound industrial pollution problem—have also emerged
under the conventional market system.

The 2008 worldwide financial tsunami has revealed, perhaps, the gravest situa-
tion generated by the global market economy. The event led to serious challenges on
the performance of existing market systems. In one of the most thought-provoking
publications about financial markets in the last century, Soros (1998) presented the
thesis that the global capitalist system is in crisis. In particular, he pointed out that
financial markets are inherently unstable. Market fundamentalism is defined as the
widespread belief that markets are self-correcting, that a global economy can flour-
ish under the belief that the common interest is served by allowing everyone to
look out for his or her interests, and that attempts to protect the common inter-
est by collective decision making distort the market mechanism. “This belief is
false” said Soros. “Instead of acting like a pendulum, financial markets have re-
cently acted more like a wrecking ball, knocking over one economy after another.”

D.W.K. Yeung, L.A. Petrosyan, Subgame Consistent Economic Optimization, 1
Static & Dynamic Game Theory: Foundations & Applications,
DOI 10.1007/978-0-8176-8262-0_1, © Springer Science+Business Media, LLC 2012



2 1 Introduction

Iceland, Greece, Italy, Spain, and Portugal are current examples of knocked-over
economies in the midst of the 2008 financial tsunami.

In the presence of market failures, the optimization of economic activities pro-
vides an effective remedial measure. One of the most successful pioneers in eco-
nomic optimization was Leonid Vitalyevich Kantorovich. His approach to optimiz-
ing resource use was of crucial importance in the economy of the former Soviet
Union. Moreover, the work of Kantorovich played a significant role in introducing
mathematics into economic optimization. One of the main features of Kantorovich’s
economic optimization paradigm was the development of novel mathematical tools
to handle real-life economic problems rather than just borrowing the techniques
from existing mathematics.

Economic analysis no longer treats the economic system as a given since the
appearance of Hurwicz’s (1973) pioneering work on mechanism design. The term
“design” stresses that the structure of the economic system is to be regarded as an
unknown. The design point of view enlarges our vision and helps economics avoid a
narrow focus on existing institutions. After the 2008 financial tsunami, Soros (2009)
stressed that the global market needs new international rules if another global finan-
cial collapse is to be avoided. Like Soros, many believe that international coop-
eration is the way out of the current global financial crisis. International endeavors
such as the Kyoto Protocol, Copenhagen Accord, Organization for Economic Coop-
eration & Development (OECD), Asia-Pacific Economic Cooperation (APEC), and
G-20 summits are vivid examples of joint optimization initiatives to seek remedies
for the failed market mechanism. In a broad sense, economic optimization can be
applied in the micro-framework involving a particular industry or a group of firms,
in the macro-national level, and in a global international framework.

Hurwicz (1973) also pointed out that in economics, one deals with goal conflicts
due to the multiplicity of consumers and one-objective-function problems, which
fail to address the crucial issue of goal conflict. The role of strategic interactions in
the current market system is increasingly recognized in theory and practice. As a
result, game theory has emerged as one of the fundamental tools in pure and applied
research in economics. The discipline of game theory studies decision making in
an interactive environment. In canonical form, an economics game arises when an
economic agent pursues an objective(s) in a situation in which other agents con-
currently pursue other (possibly conflicting, possibly overlapping) objectives: The
problem is then to determine each agent’s optimal decision, how these decisions in-
teract to produce equilibria, and the properties of such outcomes. The foundations of
game theory were established some 60 years ago by von Neumann and Morgenstern
(1944).

Advances in technology, communications, industrial organization, regulation
methodology, international trade, economic integration, and political reform have
created rapidly expanding social and economic networks incorporating cross-
personal and cross-country interactions. From a decision- and policy-maker’s per-
spective, it has become increasingly important to recognize and accommodate the
interdependencies and interactions of human decisions under such circumstances.
The strategic aspects of decision making are often crucial in areas as diverse as
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trade negotiation, foreign and domestic investment, multinational pollution plan-
ning, market development and integration, joint venture, technological research and
development (R&D), resource extraction, competitive marketing, and regional co-
operation.

Game theory is perhaps one of the most sophisticated and fertile paradigms that
applied mathematics can offer to study and analyze decision making under real-
world conditions. Since economic activities in the modern corporate world are dy-
namic processes, economic decisions would be more appropriately analyzed in an
inter-temporal framework. One particularly complex and fruitful branch of game
theory is dynamic or differential games, which investigate interactive decision mak-
ing over time.

Nash’s (1950) noncooperative equilibrium theory clearly demonstrated that indi-
vidually rational behaviors by players would seem to deviate from a jointly optimal
outcome when strategic interactions are present. Even worse, there is no guarantee
such equilibrium self-maximizing behaviors will not bring about highly undesirable
outcomes as those that can be illustrated in the Prisoner’s Dilemma paradigm. Eco-
nomic optimization continues to be a much needed remedy to many of the current
economic activities in which strategic interactions are significant.

Cooperative optimization points to the possibility of socially optimal and individ-
ually rational solutions to decision making problems involving strategic action over
time. However, one may find it hard to be convinced that dynamic cooperation can
offer a long-term solution unless there is a guarantee that participants will always be
better off throughout the entire cooperation period, and the agreed-upon optimality
principle be maintained from beginning to end. Many cooperation schemes become
unstable and may fail any time within the cooperation period because of the lack of
this kind of guarantee.

To guarantee that cooperation will last throughout the agreement period, a strin-
gent condition is required: The optimality principle agreed upon at the outset must
remain effective throughout the game, at any instant of time along the optimal state
trajectory. This condition is known as time consistency. In other words, the dynamic
stability of solutions in cooperative differential games involves the property that,
as the game proceeds along an optimal trajectory, players are guided by the same
optimality principle at each instant of time, and hence do not possess incentives to
deviate from the previously adopted optimal behavior throughout the game.

In the presence of stochastic elements, a more stringent condition—that of sub-
game consistency—is required for a credible cooperative solution. In particular, the
optimality principle agreed upon at the outset must remain effective in any subgame
starting at a later time with a realizable state brought about by prior optimal behav-
ior. The notion of subgame consistency originated in our 2004 article (Yeung and
Petrosyan 2004), in which a generalized theorem for the derivation of an analytically
tractable “payoff distribution procedure” leading to subgame consistent solutions is
developed. A series of further developments and extensions can be found in Pet-
rosyan and Yeung (2006, 2007), Yeung (2005, 2006, 2007, 2008, 2011a), Yeung
and Petrosyan (2005, 2006a, 2006b, 2007a, 2007b, 2007c, 2008, 2010), and Yeung
et al. (2007).
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Because time consistency for the economic optimization problem requires dy-
namical consistency for all subgames along the group optimal trajectory, time con-
sistency in this context reflects an optimal-trajectory-subgame consistency.

This book presents a treatise on subgame consistent economic optimization. In
particular, game-theoretic optimization is developed to establish the foundation for
an effective policy menu to tackle suboptimal problems that the conventional market
mechanism fails to resolve. The book expands Kantorovich’s single-agent economic
optimization paradigm to a multiple-agent framework. Moreover, novel mathemat-
ics developed by the authors is provided for dealing with game-theoretic economic
optimization problems.

The text is organized as follows. Chapter 2 examines the dynamic strategic in-
teractions in the economic system and typical dynamic economic game paradigms.
Market equilibrium outcomes and the characterization of the solutions in open-loop
and feedback strategies are provided. The dynamic stochastic interactive economic
system and characterization of corresponding market outcomes are also presented.

Chapter 3 examines two fundamental elements in dynamic economic optimizat-
ion—group optimality and individual rationality. Group optimal cooperative strate-
gies and cooperative state trajectories are characterized. The conditions under which
individual rationality are maintained throughout the cooperation period are identi-
fied.

In Chap. 4, time (optimal-trajectory-subgame) consistent economic optimization
is analyzed. The principle of time consistency, time consistent cooperative strate-
gies, imputation, and optimality principles are scrutinized. Payoff distribution pro-
cedures leading to time consistent solutions are derived. Infinite-horizon analysis is
also analyzed.

Chapter 5 presents a dynamically stable joint venture. Time (optimal-trajectory-
subgame) consistent profit sharing in joint ventures and instantaneous venture trans-
fer payments are developed. Because the sizes and earning potentials of the firms
in a corporate joint venture may vary significantly, the problem of profit sharing
is inescapable in virtually every joint venture. The analysis first considers the case
when the venture agrees to share the excess of the total cooperative payoff over the
sum of individual noncooperative payoffs proportional to the firms’ noncooperative
payoffs. A Shapley value solution is also provided.

In Chap. 6, economic optimization is applied to collaborative environmental
management. It is hard to be convinced that current multinational joint initiatives,
such as the Kyoto Protocol or the Copenhagen Accord, can offer a long-term so-
lution because there is no guarantee that the participants will always be better off
within the entire duration of the agreement. Because of the lack of these kinds of in-
centives, current cooperative schemes fail to provide an effective means to solve the
problem. This is a “classic” game-theoretic problem. A theoretical framework cap-
turing the essence of a transboundary industrial pollution paradigm in the form of
a differential game is adopted. A time (optimal-trajectory-subgame) consistent co-
operative solution is illustrated in the chapter. Benefit distributions in collaborative
environmental abatements fulfilling time consistency are obtained. Policy implica-
tions are also analyzed.
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Chapter 7 looks into the special case of a cartel with dormant firms. Optimization
in cartels, which restricts outputs to enhance their joint profits is examined. In partic-
ular, some firms have absolute cost disadvantages and this, therefore, forces them to
become dormant partners. The Pareto optimal output path, time (optimal-trajectory-
subgame) consistent imputation scheme, and cartel profit sharing are examined.

Chapter 8 considers dynamic economic optimization under uncertainty. The prin-
ciples of subgame consistency, subgame consistent cooperative strategies, and impu-
tation are scrutinized. Mechanisms for the derivation of a payoff distribution proce-
dures leading to subgame consistent solutions and instantaneous transfer payments
are presented.

Chapter 9 investigates a dynamic corporate joint venture under uncertainty and
the corresponding subgame consistent solutions. Chapter 10 analyzes collabora-
tive environmental management under uncertainty. Group optimality cooperative
state trajectory, subgame consistent imputation, and benefit distribution are derived.
Chapter 11 considers the dormant firm cartel under uncertainty and the correspond-
ing subgame consistent solutions.

Chapter 12 considers the analysis in a discrete-time framework. In some eco-
nomic situations, the economic process is in discrete time rather than in continuous
time. The chapter presents a general formulation of dynamic economic games in
discrete time and derives time (optimal-trajectory-subgame) consistent cooperative
solutions with the corresponding payoff distribution procedures. An illustration in
cooperative resource extraction is also provided.

Chapter 13 extends the analysis in discrete time to a stochastic framework. A gen-
eral formulation of stochastic dynamic economic games in discrete time, subgame
consistent cooperative solutions with corresponding payoff distribution procedures,
and an illustration in stochastic cooperation are provided.

Additionally, dynamic optimization techniques are provided in the Technical Ap-
pendixes at the end of the book.






Chapter 2
Dynamic Strategic Interactions in Economic
Systems

The recent globalization and emergence of multinational corporations turned many
major economic activities into dynamic interactive endeavors. The number of de-
cision makers involved is relatively small and it leads to significant strategic inter-
dependence. With human life being lived over time, and institutions like markets,
firms, and governments changing over time, the economic system is definitely a
dynamic interactive entity. Section 2.1 provides a general overview of dynamic in-
teractive economic systems. Market outcomes under open-loop equilibria are inves-
tigated in Sect. 2.2 and those under feedback equilibria are examined in Sect. 2.3.
An extension of the analysis to a stochastic framework is provided in Sect. 2.4.

2.1 Dynamic Interactive Economic System

In this section, we provide the formulation of dynamic interactive economic sys-
tems, the typical dynamic game paradigm in economic analysis, and the characteri-
zation of market equilibria.

2.1.1 Basic Formulation

A fruitful way of modeling a dynamic interactive situation is by differential games.
Differential games study a class of decision problems under which the evolution of
the state is described by a differential equation and the players act throughout a time
interval.

In economic analysis the general form of n-person differential games can be
characterized as follows. Economic agent i seeks to maximize its objective

T K
/ g'[s,x(s>,u1(s),uz(s),...,un(s)]exp[—/ r(y)dy]ds
to [{

0

T
+exp[—/ r(y)dy:|qi(x(T)), forie N={1,2,...,n}, (2.1
fo

D.W.K. Yeung, L.A. Petrosyan, Subgame Consistent Economic Optimization, 7
Static & Dynamic Game Theory: Foundations & Applications,
DOI 10.1007/978-0-8176-8262-0_2, © Springer Science+Business Media, LLC 2012
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where r(y) is the discount rate, x(s) € X C R™ denotes the state variables of the
game, qi (x(T)) is agent i’s valuation of the state at terminal time 7, and u; € U s
the control of agent i, fori € N.

The state variable evolves according to the dynamics

X(8) = fl8.x(5) ur (), uz(s), ..., un(s)].  x(t0) = xo. (2.2)

where x(s) € X C R™ denotes the state variables of the game and u; € U’ is the
control of agent i, for i € N. The functions f[s, x,uy,u2,...,u,], gi[s, S Up, U2,
..., uy], and qi(-), fori € N, and s € [1g, T'] are differentiable functions.

Examples of economic state variables include capital stock, resource biomass or
deposits, the level of technology, market shares, economic assets, equity, prices, pol-
lutants, and company goodwill. Examples of controls include investment, resource
extraction rate, research and development (R&D) efforts, advertising rate, output
produced, input used, taxes, subsidy, and expenditures.

In many economic situations, the terminal time of the game, 7, is either very
far in the future or unknown to the agents. For example, the value of a publicly
listed firm is the present value of its discounted expected future earnings. Nobody
knows when the firm will be out of business. As argued by Dockner et al. (2000),
in this case setting 7 = oo may very well be the best approximation for the true
game horizon. Even if the firm’s management restricts itself to considering profit
maximization over the next year, it should value its asset positions at the end of the
year by the earning potential of these assets in the years to come.

In the case when the terminal horizon T approaches infinity, an autonomous
game structure with constant discounting will replace (2.1) and (2.2). In particular,
the game becomes

max/oogi[x(s), ur(s), us(s), ..., un (s)] exp[—r(s — to)] ds, forieN, (2.3)
uj to

subject to the state dynamics

X(s) = fx (), ur(s), uz(s), ..., un(s)], x(to) = xo, (2.4)

where r is a constant discount rate.

Since time s does not appear explicitly in the agent’s payoff gi [x(s), ui(s), uar(s),
..., Uy (s)] and the state dynamics f[x(s),ui(s), uz(s), ..., u,(s)], the problem is
an autonomous problem.

Theoretical research and the applications of differential games proceeded apace
in the past in many areas of economics. An in-depth survey and analysis on differ-
ential games in economics and management science can be found in Dockner et al.
(2000). A detailed account and a comprehensive list of differential games in mar-
keting can be found in Zaccour (2003). A thorough survey of models of dynamic
games in economics is given in Long (2010).
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2.1.2 Typical Dynamic Economic Game Paradigms

In this section we present the general model structures and specific examples of
some typical dynamic economic game paradigms.

2.1.2.1 Investment Games

A general structure of investment games can be characterized as follows. Let K’ (s)
be the physical capital stock of firm i € N at time s. Each firm in the industry
accumulates capital according to the equation

Ki(s)=1I'(s)—8'K'(s), forieN, (2.5)

where I (s) is the gross investment of firm i at time s and 8! > 0 is the constant rate
of depreciation. At initial time 7o, the capital stock K’ (fp) = Ké, fori € N, is given.

Denote the output of firm i by g; (s), the industry output by Q(s) = 3", q;(s),
and the output price by P[Q(s)].

The output of firm i is governed by the production function ¢;(s) = f/[L!(s),
K'(s)], where Li(s) is the quantity of noncapital input (like labor) employed at
time 5. The cost of production is ¢; { f/ [K'(s), L' (s)]}.

At time instant s, the operating profit of firm i becomes

P (Z fI[L(s), K7 <s>]>ff [Li(s), KT ()] = {f[LT (), KT ()]},
j=1
fori e N. (2.6)

The optimal choice of noncapital input by firm i satisfies

P’ (Z L (), Kf(s)]> FLIL ). K )] f L (9), K (5)]

j=1

j=1

+ P(Z L (), Kf(s)])f;'i [L(s). K' ()]
0

— AL ). K ()]} =0, @.7)

fori e N.
If an instantaneous industry equilibrium exists, the optimal choice of noncapital
inputs by these n firms can be found by solving (2.7) and be expressed as

L*(s) =K' (), K*(5), ..., K" ()] = U'[K ()], forieN.  (2.8)
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Upon substituting L*(s) in (2.8) into the firm’s instantaneous operating profit in
(2.6) yields

7' [K(s)] = P(Zn: I (K (), Kf(s)]>ff [¢/(K (), K'(5)]

j=1
— M fIE(K (). K ()]}, forieN. (2.9)
The cost of investment is m![I’(s)]. Firms will choose an investment path over the

time period [#9, T'] to maximize their future streams of profits. The present value of
future profits of firm i can then be expressed as

T N
/ (7'[K ()] —m'[1()]) eXp|:—/ r(y) dy} ds, forieN. (2.10)
o to

The maximization of (2.10) by firm i € N subject to (2.5) forms a differential game.
If the time horizon approaches infinity, that is, 7 = oo, an infinite-horizon ver-
sion of the game in (2.5) and (2.10) can be set up as

/w(ni[K(s)] —m'[I(s)])exp(—rs)ds, forieN, (2.11)
]

subject to (2.15).

Example 2.1 Consider a specific example of investment games in which the demand
function is given as

P[O®)]=a—Q(s).
m'[1(s)] = ai[ I )],
A FE(K (), K ()]} = bi K (s) + bi[K ()]

The interest rate is r.
With these specifications, different investment games with a linear quadratic type
can be formulated.

Example 2.2 A knowledge investment game, with knowledge being a public good,
can be formulated as follows. The level of knowledge K (s) will change according
the accumulation equation

n

K(s) = Z I/ (s) —8K(s), K(to)= Ko.
j=1
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Economic agent i’s cost of investment in the public knowledge capital is
m'[I'(s)] = pI'(s) + %[1"(3)]2, fori e N.
Economic agent i’s instantaneous operating net revenue is
7' [K(s)]=K($)[a' — K(5)].
Once again the interest rate is r.

Dockner (1992), Fershtman and Muller (1984, 1986), Fudenberg and Tirole
(1983, 1986, 1991), Reynolds (1987, 1991), and Spence (1979) presented various
examples of this class of investment games.

2.1.2.2 Renewable Resource Extraction Games

A general structure of renewable resource extraction games can be characterized as
follows. Consider an economy endowed with a single renewable resource, with n >
2 resource extractors (firms). Let u; (s) denote the quantity of the resource extracted
by firm i at time s, for i € N, where each firm controls its rate of extraction. Let U i
be the set of admissible extraction rates and x(s) the size of the resource stock at
time s. In particular, we have U’ € R*, x(s) > 0, and U’ = {0} for x(s) = 0. The
growth dynamics of the renewable resource stock becomes

n

i) = fls.x()] =D ujls), x(t9) =x0>0, (2.12)

j=1

where f[s, x(s)] is the natural rate of evolution of the resource.

The extraction cost for firm i € N depends on the quantity of the resource ex-
tracted u;(s), the resource stock size x(s), and some other input parameters. In
particular, the extraction cost can be specified as

C' [ui(s), x(5)]. (2.13)

The cost per unit of the resource extracted by firm i is negatively related to the size
of the resource stock.

The market price of the resource depends on the total amount of the resource
extracted and supplied to the market. The price-output relationship at time s is given
by the following downward-sloping demand curve:

p=P[s, 0], (2.14)

where p is the market price of the resource and Q(s) = Z’}Zl uj(s) is the total
amount of the resource extracted and marketed at time s. The firm’s horizon is
[f0, T], and at time T a terminal payment ¢’ [x(7")] will be given to firm i.
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Firm i seeks to maximize the present value of its profits

T ) K
/ (P[s,Q<s>]ui<s>—cz[ums),x(s)])exp[— [ r(y)dy}ds
1o 1

0
T
+exp[—/ r(y)dy}q"[x(T)], fori e N, (2.15)
0]

subject to (2.12).
If the time horizon approaches infinity, that is, 7 = oo, an infinite-horizon ver-
sion of the game in (2.12) and (2.15) can be set up as

/Oo(P[Q(s)]ui(s) — C'[ui(s), x(s)]) exp[—r(s —to)]ds, forieN, (2.16)
fo

subject to
x(s) = f[x(s), uy(s), uz(s), ..., un(s)], x(to) =x0 > 0. 2.17)

Example 2.3 Consider the deterministic version of the Jgrgensen and Yeung (1996)
renewable resource game in which the growth dynamics is governed by

n
%(s) = ax(s)"? — bx(s) — Zu, (s) and x(f9) = x> 0. (2.18)
j=1
The natural growth function is ax'/? — bx = x[ax~1/2
sents that pure compensation, viz., the proportional growth rate ax
ing function of x.
The extraction cost for firm i € N depends on the quantity of the resource ex-
tracted u; (s), the resource stock size x(s), and a parameter c. In particular, the ex-
traction cost can be specified as follows:

— b]. This function repre-
~1/2 is a decreas-

Cilui(s), x(8)] = ———u (s).
x( S)1/2

This specification implies that the cost per unit of the resource extracted by firm
icx(s)1/2 decreases when x(s) increases. The above cost structure was also
adopted by Jgrgensen and Yeung (1996). A decreasing unit cost follows from two
assumptions: (i) The cost of extraction is proportional to the extraction effort and
(ii) the amount of the resource extracted, seen as the output of a production function
of two inputs (effort and stock level), is increasing in both inputs (cf. Clark 1990).

The market price of the resource depends on the total amount extracted and sup-
plied to the market. The price-output relationship at time s is given by the following
downward-sloping inverse demand curve:

P(s) = Q(s)"/2,
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where Q(s) = Y ;. ui(s) is the total amount of the resource extracted and mar-
keted at time s.

The objective of extractor i € N is to maximize the present value of the stream
of future profits

T n —1/2
/ [(Zuj(s)) ui(s) = —73 /zuz-<s)}e’<“°) ds +e7" I 0x(T)!2,
n [ \iD] x(s)

fori e N, (2.19)

subject to the stock dynamics of (2.18).

Chiarella et al. (1984), Reinganum and Stokey (1985), Clemhout and Wan
(1985a, 1994), Dockner and Kaitala (1989), Plourde and Yeung (1989), Jgrgensen
and Sorger (1990), Fischer and Mirman (1992), Kaitala (1993), and Dockner et al.
(1989) presented specific dynamic resource extraction games.

2.1.2.3 Marketing Games

Three major types of marketing games are presented below.
(i) Market Share Models

Market share models derive their name from the fact that the state variables of the
game are the firm’s market shares. In an n-firm oligopoly, let x; (s) denote the market
share of firm i € N. The state space X is represented by

X = {xi(s) €R

xi(s) €[0,1],i € N, ij(s) = 1}. (2.20)

j=1

Let u;(s) € R™ denote the advertising efforts of firm i at time s; a general version
of the market shares dynamics can be expressed as

) =[1=x' O] [ui ] = x' ) D fIuj()]
j=I1
J#i

= f[ui(s)] —x"(s)z.ff[u,-(s)], fori e N. (2.21)

j=1

The advertising response function f?[u;(s)] is positive for positive advertising ef-
forts. A diminishing (or nonincreasing) marginal product of advertising efforts is
assumed, leading to the second-order derivative of f*[u;(s)] being nonpositive.
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Instead of market shares, the state variable may also represent the sales rates in a
market where sales are fixed, say at level m, and therefore

> wi(s)=m. (2.22)
j=1

Equation (2.22) reflects a market at its maturity stage with a stationary total sales
volume of m. The market of firm i is then @w'(s)/m = x'(s). The dynamics of the
change in sales rates can be formulated as

&'(s)=[m— o' O] f [wi)] =@ () Y f/ujs)]
=
=i f {ui(s)] — @' (s) Z fI[uj(s)], forieN. (2.23)
j=1

Firm i’s cost of advertising efforts is c'[u;(s)] and the gross profit of a unit of sales
is. Pi.4The terminal valuation of the sales (or market shares) yields firm i a value
q'l@'(T)].

The profit to firm i can be expressed as

T ) ) K
/ (Piwl(s)—c’[ui(s)])exp[—/ r(y)dyi| ds
0 I

0
T . .
+exp[—/ r(y)dy:|ql[zzrl(T)]. (2.24)
fo

If the time horizon approaches infinity, that is, T = oo, an infinite-horizon version
of the game can be set up as

max/oo(Piwi - [ui(s)]) exp[—r(s —10)]ds, forieN, (2.25)
fo

ul

subject to (2.23).
Example 2.4 A popular specification of the response function is
fui()] = Bifui )]

with B; > 0 and «; € (0, 1].
The cost of advertising

I [ui(9)] =ci [Mi(s)]z,

where ¢; is a positive constant.
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Case (1979), Chintagunta and Jain (1995), Chintagunta and Vilcassim (1994),
Erickson (1985, 1993, 1992, 1997), Fruchter (1999a, 1999b, 2001), Fruchter and
Kalish (1998), Fruchter et al. (2001), Mesak and Calloway (1995), Mesak and Dar-
rat (1993), Olsder (2001), and Sorger (1989) developed and analyzed market share
models along this line.

A model closely related to the market shares model is the sales response model.
A sales response game model specifies the rate of change of a firm’s sales rate
@' (s) as a function of the marketing instruments of all the firms in the market. Let
u;i(s) € R™ be the marketing instruments of firm i; a general specification of the
sales dynamics is

o'l (s)=f" [s, @ (5), @2(s5), ..., " (), ui(s), uz(s), ..., un(s)],

. . (2.26)
w'(ty) =w;, forieN.

Example 2.5 Mukundan and Elsner (1975) presented a model with sales dynamics

@' (s)

@' (s) = yiui(s)|:1 @l +ols)

} —8;w'(s), foriefl,2).

Erickson (1995) presented a model with sales dynamics

arl(s) = yi,/ui(s)[na(s) -> wj(s):| —8;wi(s), forieN,

Jj=1
where m(s) is the time-varying market potential.

Deal (1979), Feichtinger and Dockner (1984), Jgrgensen (1982), Little (1979),
Sethi (1973), and Wang and Wu (2001) presented various sales response models.

(i1) New Product Diffusion Models

New product diffusion models are paradigms in which new products or services are
introduced and their reputations built up in the market. The cumulative sales affect
the current instantaneous sales as the market becomes more mature and the knowl-
edge of the products becomes more available. Using x (s) to denote the cumulative
sales of product i at time s, the time derivative of x’(s) then represents the sales
rate at time s. A general diffusion process governing the sales dynamics can be
expressed as

Xs) = f s ur(s) uals), ... un(s), x (), x2(s), ..., x" ()],
x' (o) = x§, (2.27)

for i € N, where u (s) are the advertising strategies of firm i at time s.
The function f* is assumed to satisfy the conditions f, > 0, fl/iiuj <0.In a

market with all products being substitutes of each other, f,jj <Ofori#j.
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The instantaneous profit to firm i is
ifqi i
! (% (), ui(s), 2" (9)].

In particular, /[ (s), u; (s), x' (s)] can take on a formulation like R’ [ (s), x' (s)] —
ci[u; (s)], where RI[x'(s), x'(s)] is the instantaneous net revenue from sales % (s)
and c'[u; (s)] is the cost of advertising. The cumulative sales may affect the cost of
production if experience counts.

A general dynamic game model can be formulated as

max/ {nl[jgl(s),ui(s),x’(s)]}exp[—/ r(y) dy} ds, forieN, (2.28)
u' Jiy ]
subject to the dynamics in (2.27).

Example 2.6 Consider an oligopolistic extension of the Horsky and Simon (1983)
model in which firm i seeks to maximize

T
/ {mi[% ()] — ui(s)} exp[—r(s —t)]ds, fori e N,
)

where 7; is the nonnegative unit margin of firm i’s product.
The sales dynamics is

W(s) = |:a + BlIn(ui(s)) +y ij(s)i| |:m - ij(s)], fori € N.
j=1

j=1

Industry-wide positive effects are realized as the new products’ cumulative sales
increase.

For other new product diffusion models one can see Dockner and Jgrgensen
(1988, 1992).

(iii) Goodwill Models

Another class of advertising games is one that deals with the accumulation of a stock
of goodwill or brand image. Let G' (s) denote the stock of goodwill of firm i at time
s. A general form of the dynamics of the goodwill of firm i is

G'(s) =h'[s,ui(s), G'(s),x'(s)], forieN, (2.29)

where u; (s) is the effort on the creation of goodwill and x/ (s) is the market share or
sales rate of firm i.

The market share (sales rate) of firm i may be affected by all the firms’ goodwill
stocks and market shares. The dynamics of the market share or sales rate of firm i
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yields the relationships

Xs) = fsour(s), ua(s), ... un(s), x (), x3(s), ..., x"(5), G (),
G*(s),...,G"(5)], (2.30)

fori e N.
Firm i seeks to maximize

T N
/ {ni[x%s),u,-(s),G‘(s),G2<s),...,G"(s)]}eXp[—/ r(y)dy]ds,
Io ‘0
fori e N, (2.31)

subject to (2.29) and (2.30).

The term 7/ [x! (s), u; (s), G'(s), G*(s), ..., G"(s)] represents the instantaneous
net revenue of firm i.

An infinite-horizon game problem can be formulated with 7 = oo, a constant
discount rate, autonomous versions of the goodwill dynamics in (2.29), and of the
market share dynamics in (2.30).

Example 2.7 Fornell et al. (1985) exploited the concept of consumption as a form of
production and assumed that production learning took place. This resulted in con-
sumption experience. In an oligopolistic market, brand-specific consumption expe-
rience stocks are denoted by G!,G?, ...,G". The dynamics of these experience
stocks is

G'(s) =x'(s) = 8G'(s),  G'(to)=Gl, forieN,

where x’(s) is the market share of firm i.

Firm i controls the ratio of its advertising expenditure to unit sales a’(s) and
the ration of its promotion expense to unit sales b’ (s). The market shares of firm i
evolve according to

£ (s) =YX )x/ )| fa (). x(5). G'(5)]
j=1
— fla? (). x(s). G/ ()] + g[b' ()] — g[b! (9)]].
xi(to) =x6, fori e N,
where x(s) = {x1(s), x2(s), ..., x"(s)}.
Example 2.8 Consider a duopoly in which the goodwill dynamics is

G'(s) = Vui(s) —8G'(s), G'(t0) =Gl, forie{l,2}.
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The sales rate of firm i at time s is
o' [G'(5). G'(9)] =i G' () = BiG' () — i[G' ()] +6:[G' (5)]
+6iG' ()G (s).
fori, j € {1,2} and i # j, where «;, i, i, 0;, and ¢; are positive constants.
The objectives of the duopolists are
OO .
f (i [G'(5), G*(s)] — ui(s)) exp[—r(s —t0)]ds, fori, j €{1,2},
fo
where 7; is the constant unit margin of firm i.

Chintagunta (1993), Feichtinger et al. (1994), Fershtman (1984), Sethi and
Thompson (2000), and Tapiero (1979) considered games involving goodwill.

2.1.3 Market Equilibrium

The outcome in the economic system (often known as market outcome when the
system is driven by markets) is characterized by an equilibrium in which each par-
ticipant is maximizing its objective given the other participants’ optimal choices of
controls/strategies.

A set of strategies {v](s), V3 (s), ..., vy (s)} is said to constitute a noncooper-
ative Nash equilibrium solution for the n-person differential game equations (2.1)
and (2.2), if the following inequalities are satisfied for all v;(s) € Ui,ieN:

T K
/ g [s, x*(s), v (s), V3 (), ..., v;f(s)] exp[—/ r(y) dy:| ds
) 1

0

T .
+exp[— / r(y)dy]q‘(x*(n)
0]
T . .
2/ ¢ [, 2 (5), UF(8), U3S)n o U (), 01 (8), Uy (9), - ()]
0]

s T
Xexp|:—/ r(y)dy:| ds+exp[—/ r(y)dy]q"()ef(T)), (2.32)
1 fo

0

where, on the time interval [fg, T],
5(8) = 5. x*(9), v} (), V3 (), ..., Ur(s)],  x*(to) =x0, and

X(5) = f5, % (9), UF (), UF (), s U1 (), U3 (5), Uy (), - U ()],

)2([0) = XQ.
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Similarly, a set of strategies {v](s), U5 (s), ..., U, (s)} constitutes a noncooper-
ative Nash equilibrium solution for the infinite-horizon n-person differential game
in (2.3) and (2.4), if there exists a set of inequalities similar to (2.32) with T = oo,
discount factor exp[—r(s — fg)], objective functions gi, and state growth f as in
(2.3) and (2.4), and the omission of the terminal condition ¢'.

Since the game is being played over time, the conditions on the commitment of
the agents’ strategies at the beginning of the game duration has to be specified. If
economic agents choose to commit their strategies from the outset, they are using
open-loop strategies. If economic agents can revise their strategies contingent upon
the state variables, they are using feedback strategies.

2.2 Market Outcomes Under Open-Loop Nash Equilibria

If the agents have to commit their strategies from the outset, the agents’ informa-
tion structure can be seen as an open-loop pattern in which ni (s) ={xo0},s €lto, T].
Their strategies become functions of the initial state xo and time s and can be ex-
pressed as {u; (s) = 9 (s, xg), fori € N}.

2.2.1 Characterization of Open-Loop Equilibria

An open-loop Nash equilibrium for the game in (2.1) and (2.2) is characterized as
follows.

Theorem 2.1 If a set of strategies {u}(s) = {7 (s,xo).fori € N} provides an
open-loop Nash equilibrium solution to the game in (2.1) and (2.2) , and {x*(s),
to < s < T} is the corresponding optimal state trajectory, then there exist m costate
Sfunctions A'(s) : [to, T1 — R™, fori € N, such that the following relations are sat-
isfied:
é‘i* (S, XO)
= uj (s)

= argmaX{gi [5, 27 (), ui(s), u3(s), ... uf_ (8), ui(s), uly (s), ..., up(s)]
u;eU?

X exp[— /S r(y) dy:|
0]

+ AN(s) f [, X5 (), uf (), ub (), ooy  (9), i (5), Ul (5), ...,u;j(s)]},

X5(s) = fls,x* (), ul (), uz(s), ... uf(s)],  x*(t0) = xo, (2.33)
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Al(s) =— i
ax*

{gi[s,x*(s), uy(s), u5(s), ...,u;(s)]exp[— / r(y) dy}
1

0

+ Ai(s)f[s,x*(s), ui(s), uz(s), ..., uﬁ(s)]},

ANT) =

J T
8x*q’(x*(T))eXp[—/t0 r(y)dy];
forieN.

Proof Consider the problem of choosing a control path v} (s) = u(s) = (s, xo)
that maximizes

T .
fg’[s,X(S),uT(S),uﬁ(S),-..,u?‘,l(S),ui(S),uZ‘H(S),-..,uZ(S)]
1o

s T .
X exp|:— / r(y) dyi| ds + exp|:— / r(y) dy]q’ (x(T)),
1 1o

0

subject to the state dynamics

X(s) = f[s,x(s), ui(s), us(s), ... u;_y(s),u;(s), up (), ..., u,’;(s)],
x(tp) = xo,

fori e N.

This is a standard optimal control problem for agent i, treating uj(s) for j €
N and j # i as time paths given at the beginning of the game.

Invoking Theorem A.3 in the Technical Appendixes, the conditions for a max-
imum for agent i’s problem is characterized by the ith set of equalities in Theo-
rem 2.1. Since the set of equalities for all n agents holds, a Nash equilibrium as in
(2.32) will arise. [l

There may be multiple Nash equilibria. We assume that the agents will choose
an equilibrium at time 7y and stick with the corresponding strategies for the entire
game interval.

The derivation of open-loop equilibria in nonzero-sum deterministic differen-
tial games first appeared in Berkovitz (1964) and Ho et al. (1965), with open-loop
and feedback Nash equilibria in nonzero-sum deterministic differential games being
presented in Case (1967, 1969) and Starr and Ho (1969a, 1969b).

In the case when the game horizon approaches infinity, we can characterize an
open-loop equilibrium solution to the infinite-horizon game in (2.3) and (2.4) as
follows.

Theorem 2.2 If a set of strategies {u (s) = ¢ (s, x;), for i € N} provides an open-
loop Nash equilibrium solution to the infinite-horizon game in (2.3) and (2.4) and
{x*(s),t <s < T} is the corresponding optimal state trajectory, then there exist m
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costate functions A'(s) : [t, T1— R™, fori € N, such that the following relations
are satisfied:

5 (s, x) = uj(s)

= argmgx{gi [x*(s), uy(s), us(s), ..., uj_y(s), ui(s), uj;(s), ...,uZ(s)]
u;eU?
+ Al (s)f[x*(s), ui(s), u5(s), ... ui_(s), ui(s),
ul (8), ... ui ()]} (2.34)

xX*(s) = f[x*(s), ui(s), u5(s), ..., uZ(s)], x*(t) = x;,

9 .
o {&'[x*(9), ul (), u5(s), ..., up(9)]

+)Li(s)f[x*(s), ui(s), uz(s), ..., u;:(s)]}, forieN.

A (s)=rA(s) —

Proof Consider the problem of choosing a control path v (s) = u}(s) that maxi-
mizes

/oogi[x(S),u’f(S),ui(S),..-,uf_l(S),ui(S),u}"H(S),...,ui‘,(S)]
l x exp[—r(s —1)]ds
subject to the state dynamics
X(8) = fx(). uf (). u3(s), o uf_ (), ui(s),ufy (), ... up(9)],  x(1)=x,

fori e N.

This is an infinite-horizon optimal control problem for agent i, treating u?(s),
for j € N and j # i as time paths given at the beginning of the game.

Invoking Theorem A.4 in the Technical Appendixes, the conditions for a max-
imum for agent i’s problem is characterized by the ith set of equalities in Theo-
rem 2.2. Since the set of equalities for all n agents hold, a Nash equilibrium as in
(2.32) will arise. Il

A detailed account of the applications of open-loop equilibria in marketing, eco-
nomics, and management science can be found in Zaccour (2003) and Dockner et
al. (2000).

2.2.2 Open-Loop Solution in Competitive Advertising

Consider the competitive dynamic advertising game in Sorger (1989). There are two
firms in a market and the profits of firm 1 and that of firm 2 are, respectively,

T
/ [qlx(s) — 62—1u1(s)2:| exp(—rs)ds +exp(—rT)S1x(T),
0
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and

T
/ [q2(1 —x(s)) — %uz(s)2i| exp(—rs)ds +exp(—rT)S:[1 —x(T)], (2.35)
0

where r, g;, ¢, S;, for i € {1, 2}, are positive constants, x(s) is the market share of
firm 1 at time s, [1 — x(s)] is that of firm 2’s, and u; (s) is the advertising rate for
firmi e {1,2}.

It is assumed that market potential is constant over time. The only marketing in-
strument used by the firms is advertising. Advertising has diminishing returns since
there are increasing marginal costs of advertising as reflected through the quadratic
cost function. The dynamics of firm 1’s market share is governed by

. 1/2
X(s) =ui()[1 - x(s)] —ur()x ()2, x(0) = xo. (2.36)
Consider that the firms would like to seek an open-loop solution. Using open-
loop strategies requires the firms to determine their action’s path at the outset. This is
realistic only if there are restrictive commitments concerning advertising. Invoking

Theorem 2.1, an open-loop solution to the game in (2.35) and (2.36) has to satisfy
the following conditions:

* * C1 2
ui(s) = argumax{ |:q1x (s) — ?ul (s) i|exp(—rs)
+ A ) (w1 = x*)]"* = ua(s)x* (s)”z)}

uy(s) = argmax{ |:q2(1 — x*(s)) - %uz(s)z] exp(—rs)

uz

+ A2() (w1 ()[1 = x*(9)]"* = ua(s)x* (s)”z)}
2.37)
() = ul()[1 = x* ()] — w5 )x* ()2, x*(0) = xo,

Al(s) = {—cn exp(—rs) + A1 (s) Gu*f(s)[l ] %ué(s)x*m—l/z)},

AZ(S)—{qzexp( rs) + A (s)(—ul(s)[l — )]+ uz(S)x (s)" 1/2)}

ANT) =exp(—rT)S),

AX(T) = —exp(—rT)S,.
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Using (2.37), we obtain

1
u’f(s):Acfs)[l—x*(s)]l/zexp(rs) and  ui(s) =

2
A76) (s) [x*(s)] 12 exp(rs).
2

Substituting u7 (s) and u3(s) into (2.37) yields

1 2 1 2
Al(s) = {_QIexp(—rS)—|— <[A (s)] n Als)A (s))},
2¢q 2¢y
A2 2 A] A2 (238)
Ax(s) = {q2 exp(—rs) + ([ (s)] n (s) (s)) }
2¢o 2¢1

with boundary conditions A'(T') = exp(—rT)S; and A*(T) = —exp(—rT)S,.
The game equilibrium state dynamics becomes

Al (s)exp(rs) [1 _ x*(s)] 3 AZ(S) exp(rs)
1 (%)

() = x*(s), x*(0)==x0. (2.39)
Solving the system of differential equations in (2.38) gives the solution time paths
of Al(s) and A%(s). Using these time paths in (2.39), a solution time path for x*(s)
can be derived. Substituting these solution paths into u}(s) and u3(s) yields the
open-loop game equilibrium strategies.

2.3 Market Outcomes Under Feedback Equilibria

In many economic analyses we could not assume that agents would commit to fixed
control paths at the outset of the game, as in the case of the open-loop solution.
In particular, there are hardly any means that can prevent the agents from revising
their strategies during duration of the game. Instead, agents would consider adopting
feedback strategies, which are decision rules that are dependent upon the current
state x(¢) and current time ¢ fortnp <t <s.

2.3.1 Characterization of Feedback Equilibria

For the n-person differential game of (2.1) and (2.2), an n-tuple of feedback strate-
gies {u?(s) = ¢ (s,x) € U',fori € N} constitutes a Nash equilibrium solution if
the following relations for each i € N are satisfied:

T .
/ g [s, x*(s), ¢T(s, x*(s)), d);(s, x*(s)), e (s, x*(s))]
'

s . T
x exp|:—/ r(y) dy:| ds +q' (x*(1)) exp[—/ r(y) dy]
1 fo

0
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T . . . . . .
2/ g [5.x"(5), 0] (5. x (), 3 (5. x (), ..., ¢ (5, % (5)), ¢i (5. x" (5)),
t
BF (5. X7 (9), - (5, 57 ()]

s o T
X exp|:— / r(y) dy} ds +¢' (x"(T)) exp[—/ r(y) dyi|,
I fo

0

Voi(s,x)eU" x e R™, (2.40)
where, on the interval [#g, T'],

K5(s) =[5, x*(9), ¢ (5. X7(9)), #5 (5. X7 (9)), ..., d1 (5. x%(5))].  x* () =x;

and

) =f [s, x'(s), pF (s, xi(s)), o3 (s, xi(s)), e (s, xi(s)), i (s, xi(s)),
b7y (s,xi(s)), e ¢,’1‘(s, xi(s))], x'(t)=x,fori e N.

One salient feature of the concept introduced above is that if an n-tuple
{¢};i € N} provides a feedback Nash equilibrium solution (FNES) to an N-person
differential game with duration [#, T'], its restriction to the time interval [¢, T'] pro-
vides an FNES to the same differential game defined on the shorter time interval
[¢, T], with the initial state taken asx (¢), and this being so for all #p <t < T. An im-
mediate consequence of this observation is that feedback Nash equilibrium strate-
gies will depend only on the time variable and the current value of the state, but
not on memory (including the initial state xp). Therefore the agents’ strategies can
be expressed as {u;(s) = ¢; (s, x), fori € N}. The following theorem provides a set
of conditions characterizing a feedback Nash equilibrium solution for the game in
(2.1) and (2.2) and is characterized as follows.

Theorem 2.3 An n-tuple of strategies {u (s) = ¢7(t,x) € U',fori e N} provides a
feedback Nash equilibrium solution to the game in (2.1) and (2.2) if there exist con-
tinuously differentiable functions V(IO)i(t, x):[to, T] x R™ — R,i € N, satisfying
the following set of partial differential equations:

—V ¢ x) = n}flx{gi [1, %, @F (1, %), B3 (1, %), ..,y (8,), ui (2, %),

t
¢;‘+1(t,x),...,d);f(t,x)]exp[—f r(y)dy}
1

0

+ VIOt x) 8, x, @7, %), @5 (8, %), o dF (1, x), ui(t, ),

(1), ..., ¢:;(r,x)]}
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. t
=g'[t. x, ¢ (1, %), $3(t, %), ..., ¢,T(I,X)]6Xp[—/ r(y) dy]
b

0

+ VU, x) ft, x, ¢ (1, ), $3 (1, 2), L (1, )],

T
V<t0)i(T,x) =qi(x)exp|:—/ r(y) dyi|, ieN.
0]

Proof Invoking Theorem A.1 in the Technical Appendixes, V) (¢, x) is the maxi-
mized payoff associated with the optimal control problem of agent i for given strate-
gies {u}’f(s) = d);.‘(t,x) € U/, for j € N and j # i} of the other n — 1 agents. The
conditions in Theorem 2.3 imply the expressions in (2.40), and hence yield a Nash
equilibrium. O

Again, there may be multiple Nash equilibria; the agents are assumed to choose
an equilibrium at time #y and stick with the corresponding strategies for the entire
game interval. Moreover, V) (¢, x) is the game equilibrium payoff of agent i at
time ¢ € [tg, T'] with the state being x, that is,

. T .
Vi x) = / g [5. x*(9), &1 (5. x%(5)), #3 (5. x*(9)), ... Dy (5, x™(5)) ]
'

X exp|:— /S r(y) dy} ds + qf(x*(T)) exp[—f
I00) fo

We also call it the value function of agent i in the game.
A remark that will be utilized in the subsequent analysis is given below.

T

r(y) dy]

Remark 2.1 Let V®i(z, x) denote the value function of agent i in a game with the
payoffs in (2.1) and dynamics in (2.2), which starts at time t for t € [fg, T). Note
that the equilibrium feedback strategies are Markovian in the sense that they depend
on the current time and current state. One can readily verify that

exp|:/T r(y) dyi|V(’°)i(t,x)
]

= eXP[/ r(y)dy]
fo

T .
X / g [5. x*(9), ¢1 (5. x%(5)), 93 (5. x*(9)), ..., Dy (5, x™(5)) ]
t

X exp[— /S r(y) dy} ds
0]

T .
=/ g [5,x7(5), @1 (5. x%(9)), 93 (5. x*(9)). ..., s (5, x™(5)) ]
t
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X exp|:— /Sr(y)dyi| ds

=V, ),
fort €[ty, T).
We now turn to the infinite-horizon autonomous game in (2.3) and (2.4). First,

consider the infinite-horizon subgame that starts at time t € [#y, co) with initial state
x(1)=x

o0
max/ g [x(s), u1(s), uz(s), ..., un (s)] exp[—r(s — r)] ds, forie N, (2.41)
u; T
subject to the dynamics
i(9) = fx®).u1(9),u2(s),....un(®)]. x(r)=2x. (2.42)
The infinite-horizon autonomous game in (2.41) and (2.42) is independent of the
choice of t and dependent only upon the state at the starting time, that is, x.
In the infinite-horizon optimization problem in Sect. A.1 in the Technical Ap-
pendixes, the feedback control is shown to be a function the state variable x only.

With the validity of the game equilibrium {u] (s) = ¢/ (x) € U ! fori € N} to be
verified later, we first define the following.

Definition 2.1 For the n-person differential game in (2.41) and (2.42), an n-tuple

of feedback strategies {u} (s) = ¢7(x) € U i fori € N} constitutes a feedback Nash
equilibrium solution if the following relations for each i € N are satisfied:

/ g [x*(9), ¢ (x* (), #3 (x*(5)), ..., (x*(5)) ] exp[—r (s — T)] ds
t

> f Ty [x (), 1 (x' (), 93 (x' (), ... &1 (x" (5)), i (x' (5)),
GF (X' (9)). ... ¢ (x'(5)) ] exp[—r(s — T)]ds,
Vi (el xeR™, (2.43)
where on the interval [t, 00),
() = f[x*(5), 97 (x*()), 65 (x*(9)), ... g1 (x* ()], x*(9) =x;
i (s) = f[x' (), 1 (x' (9)), 85 (&' ()., &1 (' (9)), i (¢ (5)),
S (¥ ), i @)], KO =x.
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We can express the value function of agent i as

VOl x) = exp[—r(t — r)]/ g [x*(9), ¢ (x™(5)), &5 (x™(5)), ..., s (x*(9))]
t
x exp[—r(s —1)]ds,

for x(t) =x*() = x.

Since [ g'[x*(s), ¢ (x*(5)), §5(x* (), ... ¢} (x*(s))]exp[—r(s — 1)]ds is
independent of the choice of ¢ and dependent only upon the state at the starting
time x, we can write

Vi(x) = / g [x*(s), ¢>T(x*(s)), ¢>§(x*(s)), e ¢>Z(x*(s))] exp[—r(s - t)] ds.
'
It follows that

V(f)i (L _x) = exp[—r(t - T)]‘,}i (-x)a
VOt x) = —rexp[—r(t =]V (). and (2:49)

Vx(r)i(f, x) = exp[—r(t — ‘L’)]‘/}; (x), forieN.

A feedback Nash equilibrium solution for the infinite-horizon autonomous game
in (2.41) and (2.42) can be characterized as follows.

Theorem 2.4 An n-tuple of strategies {u} = ¢;(-) € U',fori € N}, provides a
feedback Nash equilibrium solution to the infinite-horizon game in (2.3) and (2.4) if
there exist continuously differentiable functions Vi(x):R" - R,i €N, satisfying
the following set of partial differential equations:

rV! () = max{g' [x. ¢ (1), B3 (). ... $7 1 () wi 9Fy (1)L 6 ()]

F VI [, @00, ), s 7 (), iy B (), B (0]}
= {g'[x. 7). $3(x). ... 0} ()]

+ VI fx, f ), 300, 91 (0]}
forieN.

Proof By Theorem A.2 in the Technical Appendixes, Vi(x) is the value function
associated with the optimal control problem of agent i,i € N. Together with the
expressions in Definition 2.1, the conditions in Theorem 2.4 imply a Nash equilib-
rium. 0

Since time ¢ is not explicitly involved in the partial differential equations in The-
orem 2.4, the validity that the feedback Nash equilibrium {u] = ¢} (x), fori € N},
are functions independent of time is obtained.
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Substituting the game equilibrium strategies in Theorem 2.4 into (2.4) yields the
game equilibrium dynamics of the state path as

x(s) = fx(5), ] (x(9)), 5 (x(5)), ... 5 (x(s))].  x(t0) = x0.
Solving the above dynamics yields the optimal state trajectory {x*(¢)};>, as

t

x* (1) = xg +/ FIx5(5), o7 (x*(9)), 3 (x*(9)), ... & (x* ()] ds,
1

0
fort > 19. (2.45)

We denote term x*(¢) by x;. The feedback Nash equilibrium strategies for the
infinite-horizon game in (2.3) and (2.4) can be obtained as

(67 (x7), 83 (x7). - D (x7) ] fort = 1o,

2.3.2 Feedback Equilibria in Resource Extraction

Consider an economy endowed with a renewable resource and with n > 2 resource
extractors (firms). The lease for resource extraction begins at time #y and ends at
time 7. Let u; (s) denote the rate of resource extraction of firm i at time s,i € N =
{1,2, ..., n}, where each extractor controls its rate of extraction. Let U i be the set
of admissible extraction rates and x(s) the size of the resource stock at time s. In
particular, we have U’ € RT for x > 0 and = {0} for x = 0. The extraction cost
for firm i € N depends on the quantity of the resource extracted u; (s), the resource
stock size x(s), and a parameter c.

In particular, the extraction cost can be specified as Cl = cu;(s) /x(s)l/ 2 The
market price of the resource depends on the total amount extracted and supplied
to the market. The price-output relationship at time s is given by the follow-
ing downward-sloping inverse demand curve P(s) = Q(s)~'/2, where Q(s) =
> i—1uj(s) is the total amount of the resource extracted and marketed at time s.
A terminal bonus wx (T')!/2 is offered to each extractor and r is a discount rate that
is common to all extractors. Extractor i seeks to maximize the present value of the
profits

7/ n ~12
C
/ |:< E Mj(S)) ui(s) — Wui(s):| exp[—r(s — fo)] ds
fo j=1

+exp[—r(T — to)Jwx(T)'/?, forieN, (2.46)

subject to the resource dynamics

x(s) =ax(s)? — bx(s) — Zuj(s), x(f0) = xp € X. (2.47)
j=1
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The model is a deterministic version of the Jgrgensen and Yeung (1996) fish-
ery game model. Invoking Theorem 2.3, a set of feedback strategies {u}(t) =
¢/ (t,x);i € N} constitutes a feedback Nash equilibrium solution for the game in
(2.46) and (2.47), if there exist functions V)i (¢, x) : [to, T] x R — R fori € N,
which satisfy the following set of partial differential equations:

u -1/2
V0 x) = max { |:u,- (Z ¢t x) + u,-) - xl%ui(f):| exp[—r(t —10)]

ujeU?

Jj=1
J#i
) n
+ Vx(to)t |:axl/2 by — Z qb;’f(t,x) - Mi:| }, and (2.48)
Jj=1
J#

Vi (T, x) = exp[—r(T — to) Jwx'/2.

Applying the maximization operator on the right-hand side of the first equation
in (2.49) for agent i yields the condition for a maximum as

n n -3/2
1 c
[(Z ¢;(t,x) + 597 (1, x)) (Z ¢j (. x)) - W} exp[—r(t —10)]
Jj=1 j=1
#o
— yii =, (2.49)
fori e N.
Summing overi =1, 2,...,n in (2.49) yields

n 1/2 n -1
(Z ¢}‘<t,x>> = (n - %) (Z[# +explr(t — 1) Vi ]) . (@250)
j=1

j=1

Substituting (2.50) into (2.49) produces

n 1 1 -3 n ) 3
(Z 97 .x) + 5671, x)) <n - 5) (Z[xl% +exp[r(t — zo)]V}’O’f])

j=1 j=1
i#i

— —5 —exp[rt — )]V =0, forieN. 2.51)
X

Rearranging the terms in (2.51) yields

- 1
(Z ¢r(t,x) + 5¢;‘(r,x>>

j=1

JF#i ‘

_ (n _ 1)3 [c + explr(t — 1)1V x 1]
(X1 le +explr(r — )]V x1/2])3”

> (2.52)

fori e N.
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Condition (2.52) represents a system of equations that is linear in {¢] (¢, x),
¢5(t,x), ..., ¢ (t, x)}. Solving (2.52) yields

S = x@n-1? : ) [c Vi /2 }
’ 23 [e + explr(r — ) V™ x 21 [ L expl=r( —1)]
JF#i
3 V(to)ix1/2
_(n_§>[c+m”, fori e N, (253)

Substituting ¢ (¢, x) in (2.53) into (2.49); upon solving it yields the following.
Proposition 2.1 The system in (2.49) admits a solution
V@i, x) =exp[—r(t — 1)) ][A)x'* + B(t)], forieN, (2.54)

where A(t) and B(t) satisfy

Lo b 2n—1) A\ !
A(;)_[r+ﬂA(t)— > (c+ 2)

c2n —1)? A\ 2 2n—1)2A0)

B(t)=rB() — %Am,
A(T)=w and B(T)=0.

Proof Substituting V' (¢, x) and the relevant derivatives V; (¢, x) and V/(t, x) into
(2.53) and (2.49) yields the results in Proposition 2.1. [l

The first equation in (2.55) can be further reduced to

. 1, b\[ADP 1, b 2
A(t)_{(r—i—go +§) 1 +<r+§a +E>C[A(t)]

1 , b\, @n*>—8n+3) 2n—1)c

2
/<c+ %) . (2.56)

The denominator of the right-hand side of (2.56) is always positive. Denote the
numerator of the right-hand side of (2.56) by

2n —1)c

e (2.57)

F[A(D)] -
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Fig. 2.1 Phase diagram for A
A(t) and A(t)

In particular, F[A(f)] is a polynomial function in A(#) of degree 3. Moreover,
F[A(t)] =0 for A(t) =0, and for any A(t) € (0, 00),

dFIA@] _ (1 5 b)\3A®P 1, g)
dAD) —<V+8<T +2> 1 +2<r+80 +5 c[A®D)]

1 , b\, 4n>—8n+3)

Therefore, there exists a unique level of A(¢), denoted by A*, at which

B (2n—1c

F[A*] 4n3

0. (2.59)

If A(t) equals A*, A(t) = 0. For values of A(r) less than A*, A(7) is negative.
For values of A(r) greater than A*, A(7) is positive. A phase diagram depicting the
relationship between A(¢) and A(r) is provided in Fig. 2.1, while the time paths of
A(t) in relation to A* are illustrated in Fig. 2.2.

For a given value of w that is less than A*, the time path {A(t)}[T:[0 will start
at a value A(fp), which is greater than w and less than A*. The value of A(¢) will
decrease over time and reach w at time 7. On the other hand, for a given value of w
that is greater than A*, the time path {A(t)}thtO will start at a value A(ty), which is
less than w and greater than A*. The value of A(¢) will increase over time and reach
w at time T'. Therefore A(t) is a monotonic function and A(¢) > 0, for ¢t € [t;, T].

Using A(t), the solution to B(¢) can be readily obtained as

t
B(t):exp(rt)([(— f %A(s)exp(—rs)ds), (2.60)
fo

where K = fon SA(s)exp(—rs)ds.
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Fig. 2.2 Time paths of A(¢) A(t)

Substituting the relevant derivatives of the value functions in Proposition 2.1 into
the game equilibrium strategies of (2.53) gives the feedback Nash equilibrium of
the resource extraction game of (2.46) and (2.47).

2.3.3 Feedback Solution in Competitive Advertising

Consider the competitive advertising game in Sect. 2.2.2. Instead of an open-loop
solution we seek a feedback Nash equilibrium. Invoking Theorem 2.3, a set of feed-
back strategies {u](t) = ¢/ (¢, x);i € N} constitutes a feedback Nash equilibrium
solution for the game in (2.35) and (2.36), if there exist functions V) (¢, x) :
[t0, T] x R — R fori € {1, 2}, which satisfy the following set of partial differential
equations:

—VI(ZO)I(I: x) = nb?x{ (qlx - %u%) exp(—rt)
+ VI, 0[un(1 -2 - g3, x)x]/z]},
VLT x) = exp(—rT)S1x
and
—V 21 x) = n:{eltx{ |:q2(1 —x)— %u%) exp(—rt)

+ V1, 0)[¢F 1, x)(1 —x)]/z—ule/z]}, (2.61)

V02T x) = exp(—rT)S>(1 — x).
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Performing the indicated maximization in (2.62) yields the condition for a max-
imum as

ex prt

o, x) = —— VOl x)(1 —x)!/? and

(2.62)
G5 (t,x) = —v;foﬂ(z, x)x!/2.
1)

Substituting ¢7(z, x) and ¢5 (¢, x) into (2.62) and solving it yields

2
~ V1, x) = (qlx e T i x)> exp(—r1)
1

exprt exprt
+ Vx“‘)“(t,x)[—p VIl 31— x) — 220 V;S’O”(nx)x]
Cl 2

VLT x) =exp(—rT)Six;
(2.63)

2
V021, x) = (qz(l —x)- (e’g;m[V)f"))z(t,x)]zQ exp(—r1)
2

exprt

+Vx<f0>2(z,x)[ Tyt )1 — x) — SRy w2 x)x:|

c
V2(T x) =exp(—rT)S»(1 — x).
Proposition 2.2 The system in (2.63) admits a solution
VL, x) = exp[—r®)][A1(O)x + Bi1(1)],
V21, x) = exp[—r(1)][A2()x + B2 (1)],

where A(t) and B(t) satisfy

[A1(D)]? N A1) Ax(t)

Ar(t) =rA\(t) —q1 + 5 . AT =S,
¢ c
) A 2
Bit) = rBi(t) — - ;(’” . BT =
cl
. A 2 ADA
Aa(t) = rAs(t) — go + - 3(”] L 400 =,
c cl
) A 2
Bz(t)erz(r)—[;ﬂ, By(T) =
e

Proof Substituting Vi(t, x) and the relevant derivatives Vti (t,x) and V;' (¢, x) into
(2.63) yields the results in Proposition 2.2. O
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With the value functions in Proposition 3.2, one can characterize the game equi-
librium strategies in (2.62) over the game interval [, T ], the equilibrium state path,
and the profits of the firms over time.

2.3.4 Duopolistic Competition in Infinite Horizon

Consider a dynamic duopoly in which there are two publicly listed firms selling a
homogeneous good. Since the value of a publicly listed firm is the present value
of its discounted expected future earnings. The terminal time of the game 7T may
be very far in the future and nobody knows when the firms will be out of business.
Therefore, setting T = oo may very well be the best approximation for the true
game horizon. Even if the firm’s management restricts itself to considering profit
maximization over the next year, it should value its asset positions at the end of the
year by the earning potential of these assets in the years to come. There is a lag
in price adjustment so the evolution of market price over time is assumed to be a
function of the current market price and the price specified by the current demand
condition. In particular, we follow Tsutsui and Mino (1990) and assume that

P(s) =k[a —ui(s) —ua(s) — P(s)], P(to) = Py, (2.64)

where P (s) is the market price at time s, u; (s) is the output supplied firm i € {1, 2},
the current demand condition is specified by the instantaneous inverse demand func-
tion P(s) =[a —u1(s) —uz(s)] and k > O represents the price adjustment velocity.

The payoff of firm i is given as the present value of the stream of discounted
profits

o0
/ {P(s)ui(s) — cui(s) — (1/2) [u,-(s)]z} exp[—r(s —10)] ds,
fo
fori e {1,2}, (2.65)
where cu;(s) + (1/2)[141'(s)]2 is the cost of producing output u;(s) and r is the
interest rate.

Once again, we consider the infinite-horizon game that starts at time ¢ € [fg, 00)
with initial state P(¢) = P

max/ {P(s)u,-(s) —cu;(s) — (1/2)[ui(s)]2} exp[—r(s — t)] ds,
uj t

fori e {1,2}, (2.66)
subject to

P(s)=k[a —ui(s) —usz(s) — P(s)], P(t)=P. (2.67)
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The infinite-horizon game in (2.66) and (2.67) has autonomous structures and a
constant rate. Therefore, we can apply Theorem 3.2 to characterize a feedback Nash
equilibrium solution as
rVi(P) = max{[Pui —cuj — (1/2)(u,-)2]

uj

+ Vi[k(a—ui —¢3(P)—P)]}. forie(l,2}.  (2.68)
Performing the indicated maximization in (2.68), we obtain

¢;(P)=P —c—kVy(P), foriefl,2). (2.69)

Substituting the results from (2.69) into (2.68), and upon solving (2.68), yields

A 1

Vi(P)= EAPZ—BP—i—C, (2.70)
where

A

1+ 6k —/(r +6k)? — 12k?
= S .

6k
—akA +c—2kcA
= s and
r—3k2A + 3k
co c? 4+ 3k*B? —2kB(Q2c + a)
= or )

Again, one can readily verify that Vi (P) in (2.70) indeed solves (2.68) by substitut-
ing V*(P) and its derivative into (2.68) and (2.69).
The game equilibrium strategy can then be expressed as

¢ (P)=P—c—k(AP—B), forief{l,2}.

Substituting the game equilibrium strategies above into (2.64) yields the game
equilibrium state dynamics of the game in (2.64) and (2.65) as

P(s) =k[a—2(c+kB) — 3—kA)P(s)], P(to) = P.
Solving the above dynamics yields the optimal state trajectory as

kla —2(c +kB)]
k(3 —kA)

a—2(c+kB)]

k
P*(t) = |:P0 — :|exp[—k(3 - kA)t] + [ kG —kA)

We denote term P*(¢t) by P/. The feedback Nash equilibrium strategies for the
infinite-horizon game in (2.64) and (2.65) can be obtained as

o7 (PY) =P} —c— k(AP — B), forie{l,2}.

2
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2.4 Dynamic Stochastic Interactive Economic System

One way to incorporate stochastic elements in dynamic interactive economic sys-
tems is to introduce stochastic dynamics. Uncertainties in the evolution of economic
state variables are prevalent. For instance, the natural growth rate of renewable re-
sources, the development of technology, capital accumulation, the build-up of good-
will, and special skills are often subject to stochastic impacts.

2.4.1 Game Formulation and Solution Characterization

A stochastic formulation of state dynamics is by adopting a vector-valued stochastic
differential equation

dx(s) = f[s, x(s),u1(s), uaz(s), ..., u,,(s)] ds + a[s, x(s)] dz(s),
x(t9) = xg, (2.71)

where o [s, x(s)] is a m x ® matrix, z(s) is a @-dimensional Wiener process, and
the initial state xg is given. Let 2[s, x(s)] = a[s, x(s)], o [s, x(s)] denote the co-
variance matrix with its element in row & and column ¢ denoted by 2[5, x(s)].
Moreover, E[dz,] =0, E[dz4 df] =0 and E[(dzw)z] =dtforw €[1,2,...,0];
E[dzp dzy]=0forw €[1,2,...,0],w €[1,2,...,0], and & # w.

Given the stochastic nature of the state dynamics, the economic agent i’s objec-
tive becomes

T s
Eto{/ g’[s,x(s),ul(s),uz(s),...,u,,(s)]exp[—/ r(y)dyi| ds
1

Io 0

T
+exp[—/ r(y)dy}q"(x(T))}, fori e N, (2.72)
fo

with E;{-} denoting the expectation operation taken at time f.

The system in (2.71) and (2.72) is a stochastic differential game. Basar (1977a,
1977b, 1980) was the first to derive explicit results for stochastic linear quadratic
differential games. Examples of solvable stochastic differential games in economics
include Clemhout and Wan (1985b), Kaitala (1993), Jgrgensen and Yeung (1996,
1999), and Yeung (1998, 1999, 2001).

A Nash equilibrium of the stochastic game in (2.71) and (2.72) can be character-
ized as follows.

Theorem 2.5 An N-tuple of feedback strategies {¢(t,x) € U i1i € N} provides a
Nash equilibrium solution to the game in (2.71) and (2.72) if there exist suitably
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smooth functions V(¢ x) : [to, T] x R™ — R,i € N, satisfying the partial dif-
ferential equations

) 1 m .
_Vt(IO)l (t,x) — 5 Z .Qh{ (ty x)vx(fgc); (tsx)
h,t=1

:n}f}x{gi [l,x, ¢T (%), 5 (t, %), ..., df (6, %), ui (), (2, %), ...,¢;lk(t,x)]

X exp|:— / r(y) dy} + Vi1, x)
1

0

X f[t,x,¢]k(t,X),¢§(l,X),--.,¢i*—1(f7x)vMi(t)’¢f+1(t’x)’""(p:(t’x)]}’
) ) T
VO, x) =ql(x)e><p[—/ r(y)dy], i€N.
fo

Proof This result follows readily from the definition of the Nash equilibrium and
from the stochastic control result in Theorem A.5 of the Technical Appendixes. [

In particular, V@) (z, x) represents the expected game equilibrium payoff of
agent i at time ¢ € [fp, T'] with the state being x, that is,

Eto{v%”(r,x) = f g [s, x7(5), @7 (5. 5 (5)), &5 (5. x*(9)), . ... s (5. x™(5)) ]
t

K . T
X exp|:— / r(y) dyi| ds +¢' (x*(T)) exp[—/ r(y) dyi| }
to fo

A remark that will be utilized in the subsequent analysis is given below.
Remark 2.2 Let V®™i(¢, x) denote the value function of nation i in a game with
stochastic dynamics found in (2.71) and expected payoffs in (2.72), which starts at
time t for t € [fp, T). Note that the equilibrium feedback strategies are Markovian

in the sense that they depend on the current time and the current state. One can
readily verify that

exp|:/r r(y) dy:| V(’O)i(t, x)
0]

- exp[ / ) dy]
1o

T .
X Eto{/ g [s. x*(9), ¢ (5, %)), #5 (5. x*(9)), ..., Dy (5, x™(5)) ]
t
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X exp[— /S r(y) dy] ds}
o

T .
= Et{/ g [5, x5 (), ¢ (5. %)), 95 (5. x*(9)), ... s (5, x™(5)) ]
t

X exp|:— / r(y) dy] ds} =V®ii, x), fortelt,T).
T

In the case when the terminal horizon 7 approaches infinity, an autonomous
game structure with constant discounting will replace (2.71) and (2.72). In particu-
lar, the game becomes

max Ey, {f gi [x(s), ui1(s), ur(s), ..., uy (s)] exp[—r(s — to)] ds },
ui f0
fori e N, 2.73)

subject to the stochastic dynamics
dx(s) = fx(s), ur(s), ua(s), ..., un(s)]ds + o [x(s)]dz(s), x(to) =xo. (2.74)

Consider the alternative infinite-horizon game that starts at time ¢ € [ty, 0c0) with
initial state x(¢) = x

max Et{/oQ gi [x(s), ui(s), ux(s),..., u,,(s)] exp[—r(s — t)] ds}, (2.75)
u;p ¢
fori € N, subject to the stochastic dynamics
dx(s) = fx(s), ur(s), ua(s), ..., un(s)]ds + o[x(s)]dz(s), x(1)=x. (2.76)

Let 2[x(s)] = a[x(s)]o[x(s)]T denote the covariance matrix with its element in
row & and column ¢ denoted by 275 [x(s)].

The infinite-horizon autonomous game in (2.75) and (2.76) is independent of the
choice of ¢ and dependent only upon the state at the starting time, that is, x.

A Nash equilibrium solution for the infinite-horizon stochastic differential game
in (2.75) and (2.76) can be characterized as follows.

Theorem 2.6 An n-tuple of strategies {u; = ¢;(-) € U',fori € N}, provides a
Nash equilibrium solution to the game in (2.75) and (2.70) if there exist continu-
ously twice differentiable functions V' (x) : R™ — R, i € N, satisfying the following

set of partial differential equations:

N 1 & ..
AACEEIDDRIOVANE
ho=1

= max{g'[x, ¢] (x). 5 (¥). ... B}y (1), i (1), §fy (). - ()]
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+ V;(X)f[.x, ¢>1'<(x)’ ¢§(-x)v e ¢;k_](-x)v Ui (-x)v ¢1*+] (-x)v e ¢:(X)]}
={g'[x, 7 (1), 95(x), ... ¢ ()] + Vi) fx, 97 (x), ¢330, ..., B1 (0],

forieN.

Proof This result follows readily from the definition of a Nash equilibrium and from
the infinite-horizon stochastic control Theorem A.6 in the Technical Appendixes. []

2.4.2 An Application of Stochastic Differential Games in Resource
Extraction

Consider the resource extraction game in Sect. 2.3.2. To present a stochastic model
we replace the deterministic state dynamics with a stochastic dynamics

dx(s) = |:ax(s)l/2 —bx(s) — Zuj(s)i| ds +ox(s)dz(s),

j=1
x(to) =x0 € X. 2.77)
In the absence of human harvesting, the resource stock will grow according to
the dynamics
dx(s) = [ax(s)"/? — bx(s)] ds + ox(s) dz(s).

The deterministic part of the natural growth function is G(x) = ax'/?> — bx =
x[ax~Y% — p]. This function represents pure compensation, viz., the proportional
growth rate G(x)/x is a decreasing function of x. The stochastic term reflects the
randomness in the deathrate b. The resource stock has a nondegenerate stationary
equilibrium level, which is characterized by the stationary density function ¢(x)
(see Jgrgensen and Yeung 1996)

p(x) = {K/[szz(ub/gz)]}exp[_(4a/02)xf1/2]’

where K is a normalization factor such that fooo px)dx =1.
Extractor i seeks to maximize the expected payoff

T n —1/2
Em{/to [(; uj(S)> ui(s) — ﬁui(é‘)} exp[—r(t —to)] ds

+exp[—r(T — to)]wx(T)l/z}, fori e N, (2.78)

subject to the resource dynamics in (2.77).
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Invoking Theorem A.5 in the Technical Appendixes, a set of feedback strategies
{u?(t) = ¢7(t,x);i € N} constitutes a Nash equilibrium solution for the game in
(2.77) and (2.78), if there exist functions V@Y (¢, x) : [to, T] x R — R,fori € N,
which satisfy the following set of partial differential equations:

. 1 .
— Vt(m)l (t,x) — Eozxz VIt x)

u Ut

" ~12
= max.[ |:u,- (Z @7 (1, x) + u,~> — xl%u,'(t)] exp[—r(t — 10)]

j=l
J# (2.79)
n
+ y )i |:axl/2 —bx — Z @7 (t,x) — ui:| } and
j=1
J#i

V(T x) = exp[—r(T — to)]wxl/z.

Applying the maximization operator on the right-hand side of the first equation
in (2.79) for agent i yields the condition for a maximum as

n n -3/2
1
|:< E ¢;(t, x) + §¢§k(t,x))< E ¢7(t,x)> - );T:| exp[—r(t — 10)]
j=1

j=1
J#i

— i =, (2.80)

fori e N.
Following the analysis in Sect. 2.3.2, we obtain

x(2n — 1) d v 12
o7 (1,x) = @) [CJF—}
Ay le+explr(c — VI 2P S L expl—r — )]
J#i
3 Vx(fo)ixl/Z )
_ (n _ 5) [C+ m} . forieN. (2.81)

Substituting ¢ (¢, x) in (2.81) into (2.79), and upon solving it, yields the follow-
ing.

Proposition 2.3 The system in (2.79) admits a solution

V@i, x) =exp[—r(t — 1) J[A)x'> + B®)], forieN,  (2.82)
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where A(t) and B(t) satisfy

-1
A(r) = |:r+ ;a + b}A( ) — @n—1) <c+ A(t))

2n? 2
N2 -2 2
L= <c+ A(t)) = 1240
an 2 8n?(c + 43)? (2.83)

B(t)=rB() — %Am,
A(T)=w, and
B(T)=0.

Proof Substituting V) (¢, x) and the relevant derivatives V,(t")i(t, x), Vx(t())i(t, x),
and Vx(;‘))' (t, x) into (2.81) and (2.79) yields the results in Proposition 2.3. O

Substituting the relevant derivatives of the value functions in Proposition 2.3 into
the game equilibrium strategies in (2.81) gives a Nash equilibrium of the stochastic
resource extraction game in (2.77) and (2.78).

2.4.3 Infinite-Horizon Resource Extraction

Consider the infinite-horizon game in which extractor i seeks to maximize the ex-
pected payoff

ol / n —1/2
Eto{f [(Z uj(s)> ui(s) — P )1/2u (S)} exp[—r(s — to)]dS},
o j=1

fori e N, (2.84)

subject to the resource dynamics

n

dx(s) = |:ax(s)1/2 —bx(s) — Zuj (s)i| ds + ox(s)dz(s),
j=1
x(tg) = xp € X. (2.85)

Consider the alternative problem that starts at time ¢ € [#p, 00) with initial state
x(t)=x

o[/ 7 =172
E,l/ |:(Zuj(s)> ui(s) — G )1/214 (s)i| exp[ r(s —t)] }
t j=1

fori e N, (2.86)
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subject to the resource dynamics
n
dx(s) = |:ax(s)1/2 —bx(s) — Zuj (s)i| ds 4+ ox(s)dz(s),
j=1

x(t)=xeX. (2.87)
Invoking Theorem 2.6, we obtain a set of feedback strategies {¢If" (x),i € N} con-
stituting of a Nash equilibrium solution for the game in (2.86) and (2.87) if there

exist functions Vi(x) : R — R for i € N that satisfy the following set of partial
differential equations:

r\7i(x) — %azxzw)ix(x)
n —-1/2 c
=’firleal>]<i{[ui<j; ¢7(x)+ui> _mui:|
J#i

n

+ Vi |:ax1/2 —bx— Y ¢(x) - u,-j| } forieN.  (2.88)

j=1
J#i

Applying the maximization operator in (2.88) for agent i yields the condition for
a maximum as

n n -3/2
% 1 * * ¢ i
[(;¢j<x)+5¢,~ (x))(;@(x)) —m}—vxzo,
J#i
fori e N. (2.89)

Summing overi = 1,2, ..., n in (2.89) yields

n 1/2 n -1
1 y
(E ¢}-‘(x)) = (n - 5) < [x—f/z + V;D . (2.90)
j=1 j=1

Substituting (2.90) into (2.89) produces

3
" 1 N3 (& . .
<Z¢7<x)+z¢7‘<x)>("‘z) (Z[X%”X’D -~ Vi =0,
Jj=1 j=1
J#i

fori € N. 2.91)
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Rearranging the terms in (2.91) yields

Xn: S50 + o) ) = <n . 1>3 [c + Vix'/]x

i J 27! 2 Xh_yle+ Vix1/2))3°

J#i

fori € N. (2.92)

The condition in (2.92) represents a system of equations that is linear in
{9} (x), @5 (x), ..., ¢, (x)}. Solving (2.92) yields the game equilibrium strategies

i x@n =17 3 5172 ( 3) i 1/2
o= v + Vi —|n=5)ct+V ,
X 2[2’}:1[0 + VI x1/273 { /Z:; [C X ] n—3 [c B ]

J#i
fori e N. o

Substituting ¢ (¢, x) in (2.93) into (2.88), and upon solving it, yields the follow-
ing.

Proposition 2.4 The system in (2.88) admits a solution
Vi)=[Ax"2+B], forieN, (2.94)

where A and B satisfy

0 +1 2er Qn—1) +A _1+c(2n—1)2 +A -2
=|r+-o ol = — = =
g7 T2 w2 \“T2 . \“7 2

2n —1)2A 2.95)
AN2’ .
8n2(c+ 7)2
a
B=—A.

o

Proof Substituting Vi (x) and the relevant derivatives \A/; (x) and ‘A/; L (x) into (2.93)
and (2.88) yields the results in Proposition 2.4. g

A feedback Nash equilibrium can be readily obtained by substituting the rele-

vant derivatives of the value functions in Proposition 2.4 into the game equilibrium
strategies of (2.93).

2.5 Exercises

2.1 Consider the competitive dynamic advertising game in which there are two
firms in a market. The profits of firm 1 and that of firm 2 are, respectively,

5
/ [le(s) — 2u1(s)2] exp(—0.05s) ds + exp[(—0.0S)S] 12x(5),
0
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and
5
/ [8(1 — x(s)) — uz(s)z] exp(—0.05s) ds + exp[(—0.05)5]9[1 — x(S)],
0

where x(s) is the market share of firm 1 at time s, [1 — x(s)] is that of firm 2, and
u; (s) is the advertising rate for firm i € {1, 2}.

It is assumed that market potential is constant over time. The only marketing in-
strument used by the firms is advertising. Advertising has diminishing returns since
there are increasing marginal costs of advertising as reflected through the quadratic
cost function. The dynamics of firm 1’s market share is governed by

. 172
X(s) = ur()[1 - x()] 2w )x()Y2, x(0)=0.6.
Derive an open-loop solution for the market equilibrium.

2.2 Consider an economy endowed with a renewable resource and with n > 2 re-
source extractors (firms). The lease for resource extraction begins at time O and
ends at time 10. Let u; (s) denote the rate of resource extraction of firm i at time s,
i €{1,2}, and x(s) is the size of the resource stock. The extraction cost is C! =
2u;(s)/x(s)'/? for firm i € {1,2}. The demand for the resource is P(s) = Q(s)~'/2,
where Q(s) = Z?:l uj(s). A terminal bonus 4x(T)Y? is offered to each extractor
and the discount rate is 0.1. Extractor i seeks to maximize the present value of profits

4 2 -172 ’
/0 [(; uj(s)) u;(s) — Wui(s)] exp(—0.1s)ds
+exp[—0.1(10) J4x(T) /2,
for i € {1, 2}, subject to the resource dynamics

2
i(5)=5x()"? —x(5) = Y uj(s),  x(0)=100.
j=1

Derive a feedback Nash equilibrium solution.
2.3 Consider a dynamic duopoly in which there are two publicly listed firms selling

a homogeneous good. The payoff of firm i is given as the present value of the stream
of discounted profits

/OO{P(s)ui (s) — 2ui(s) — (1/2)[u,~(s)]2} exp[—0.05s]ds, forie{l,2},
0

where 2u; (s) + (1/2)[14,-(s)]2 is the cost of the producing output u; (s) and the in-
terest rate is 0.05.
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There is a lag in price adjustment so the evolution of the market price over time
is assumed to be a function of the current market price and the price specified by the
current demand condition. In particular, the price dynamics follows

P(s) = 0.5[50 — u1 (s) — ua(s) — P(s)], P(0)=5.
Characterize a feedback equilibrium for the duopoly.

2.4 Consider an economy endowed with a renewable resource and with two re-
source extraction firms. The lease for resource extraction begins at time O and
ends at time 3. Let u;(s) denote the rate of resource extraction of firm i at time
s €[0,3],i € {1,2}, where each extractor controls its rate of extraction. Let x(s)
denote the size of the resource stock at time s; the resource growth dynamics is
stochastic. The extraction cost depends on the quantity of the resource extracted
u;(s) and the resource stock size x(s). In particular, the extraction cost can be spec-
ified as C' = u,'(s)/x(s)l/2 for firm i € {1, 2}. The market price of the resource
depends on the total amount extracted and supplied to the market. The price-output
relationship at time s is given by the following downward-sloping inverse demand
curve P(s) = 0.50(s)~'/2, where Q(s) = Z?:l uj(s) is the total amount of the
resource extracted and marketed at time s. A terminal bonus 2x(7)/2 is offered to
each extractor and the discount rate is 0.1. Extractor i € {1, 2} seeks to maximize
the present value of the expected profits

3 2 —-1/2 i (s)
Eo{/0 |:0.5 (Z uj (s)) ui(s) — W} exp(—rs)ds
j=1

+ exp[—3(0.1)]2x(T)1/2}

subject to the stochastic resource dynamics

2
dx(s) = |:10x(s)1/2 —x(s) — Zuj (s)] ds +0.4x(s)dz(s), x(0)=120.

j=1

Derive a feedback equilibrium for the above stochastic dynamic economy.






Chapter 3
Dynamic Economic Optimization: Group
Optimality and Individual Rationality

The most appealing characteristic of perfectly competitive markets is that individu-
ally rational behaviors bring about group (Pareto) optimality in economic resource
allocation. However, the market fails to provide an effective mechanism for optimal
resource use because of the prevalence of imperfect market structure, externalities,
imperfect information, and public goods in the current global economy. As a result,
though the market is one of the most effective instruments in conducting economic
activities, it fails to guarantee its efficiency under the current arrangement. The non-
cooperative outcomes characterized in Chap. 2 vividly demonstrate that Pareto opti-
mality could not be achieved by markets. Removing market suboptimality is not just
a task of achieving a better alternative, but sometimes it can be an absolute necessity.
For instance, efforts to alleviate the worldwide financial tsunami and catastrophe-
bound industrial pollution are currently pressing issues.

Cooperative games suggest the possibility of socially optimal and group efficient
solutions to decision problems involving strategic action. The formulation of opti-
mal behavior for players (economic agents) is a fundamental element in this theory.
Two essential factors for economic optimization are group optimality and individ-
ual rationality. Group optimality ensures that all potential gains from cooperation
are captured. The failure to fulfill group optimality leads to the condition where the
participants prefer to deviate from the agreed-upon solution plan to extract the un-
exploited gains. Individual rationality is required to hold so that the payoff allocated
to an economic agent under cooperation will be no less than its noncooperative pay-
off. The failure to guarantee individual rationality leads to the condition where the
concerned participants will reject the agreed upon solution plan and play noncoop-
eratively. For the optimization scheme to be upheld throughout the game horizon
both group rationality and individual rationality are required to be satisfied at any
time.

Section 3.1 examines the notion of group optimality and shows the derivation of
group optimal strategies and the cooperative state trajectory. Individual rationality
and transfer payments leading to the satisfaction of individual rationality are given
in Sect. 3.2. The analysis is extended to the infinite-horizon scenario in Sect. 3.3
and Sect. 3.4 presents cooperative economic games satisfying group optimality and
individual rationality.

D.W.K. Yeung, L.A. Petrosyan, Subgame Consistent Economic Optimization, 47
Static & Dynamic Game Theory: Foundations & Applications,
DOI 10.1007/978-0-8176-8262-0_3, © Springer Science+Business Media, LLC 2012
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3.1 Group Optimality

Consider the general form of n-person differential games in the economics charac-
terized in Chap. 2. Economic agent i € N seeks to maximize its objective

T s
/ gl[s,x(s),ul(s),ug(s),...,un(s)]exp[—/ r(y)dy] ds
In) 1

0
T .
+eXP[—f r(y)dy]q’(x(T)), 3.1
fo
subject to the state dynamics

X(s)= f[s,x(s), uy(s), uz(s), ..., un(s)], x(ty) = x¢. 3.2)

Now consider the case when the agents agree to act cooperatively. The agents
agree to act according to an agreed-upon optimality principle. The agreement on
how to act cooperatively and allocate cooperative payoff constitutes the solution
optimality principle of a cooperative scheme. In particular, the solution optimality
principle includes (i) an agreement on a set of cooperative strategies/controls and
(i1) a mechanism to distribute the total payoff among agents.

3.1.1 Optimal Strategies and Cooperative State Trajectories

Since payoffs are transferable, group optimality requires the agents to maximize
their joint payoff. The agents must then solve the following optimal control problem:

N

T n
max {/ gj[s,x(s),m(s),uz(s),...,un(s)]exp[—/ r(y)dyi| ds
U,U2,..., Up to i 1 1

0

T no
+eXP[—/ r(y)dy]Zq’(x(T))} (3.3)
Iy

J=1

subject to (3.2).

Both optimal control and dynamic programming can be used to solve the problem
in (3.2) and (3.3). The technique of optimal control is given in Sect. A.2 of the
Technical Appendixes. For the sake of comparison with other derived results, and
for expositional convenience, a dynamic programming technique is adopted. The set
of group optimal control strategies can be characterized as follows.

Theorem 3.1 A set of controls {1//1-* (t,x),fori € N andt € [ty, T1} provides an op-
timal solution to the control problem in (3.2) and (3.3) if there exists a continuously
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differentiable function W) (¢, x) : [tg, T]1 x R™ — R satisfying the following Bell-
man equation:

UL UD, ey

n t
—W,(IO)(t,x): max {Zg’[t,x,ul,uz,...,un]exp[—/ r(y)dyi|
Un
j=1 fo

+W;I())f[t’x,ul’uz,...,Mn]}»

T n
W(tO)(T, x) = exp|:—/ r(y) dy] qu(x).
1o

j=1
Proof Follow the proof of Theorem A.1 in the Technical Appendixes. (]

Hence the agents will adopt the cooperative control {1 (¢, x),fori € N andt €
[0, T']}, to obtain the maximized level of joint profit. In a cooperative framework,
the issue of the nonuniqueness of the optimal controls can be resolved by the agree-
ment between the agents on a particular set of controls. Substituting this set of con-
trols into (3.2) yields the dynamics of the optimal (cooperative) trajectory as

X(s) = fls,x(), ¥ (s, x(9)), ¥5 (5. x(5)), ..., ¥ (5. x(5))].
x(t9) = xo. 3.4

Let x*(¢) denote the solution to (3.4). The optimal trajectory {x*(t)},T:m can be
expressed as

t

x*(t) =x0+ f Fs. x5, v (s, x5 (), ¥ (5. x5(9)), ..., ¥ (5, x*(5)) ] ds.
'

0
For notational convenience, we use the terms x*(¢) and x; interchangeably.

The cooperative control for the game in (3.1) and (3.2) over the time interval
[0, T'] can be expressed more precisely as

{v(t,x* (1)), fori e N andt € [ty, T1}. (3.5)

Note that, for group optimality to be achievable, the cooperative controls
{y](t,x*(t)),fori € N and t € [to, T]}, must be exercised throughout time inter-
val [tg, T].

The cooperative payoff over the interval [¢, T'], for ¢ € [fy, T'), can be expressed
as

T n )
W (1, x)) =/ D &[5 1 (), Y (5, X7()), Y3 (5. 5% (9)) o W (s, 67 (9)) ]
t j=1

n

K T )
X exp|:—/ r(y) dyi| ds + exp|:—/ r(y) dyi| qu (x*(T)).
) 0] j=1

3.6)
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To verify whether the agent would find it optimal to adopt the cooperative con-
trols in (3.5) throughout the cooperative duration, we consider an optimal con-
trol problem with the dynamics in (3.2) and payoff in (3.3), which begins at time
T € [ty, T'] with initial state x}. At time 7, the optimality principle ensuring group
rationality requires the agents to solve the problem

T n s
max { E gj[s,x(S),ul(S),uz(S),-..,un(S)]GXP[—/ r(y)dy}ds
UL, U, eeny Un r - T

Jj=1

T no
+eXP[—/ r(y)dy}Zq’(x(T))}, 3.7)
T i=1
subject to

X(s) = fls,x(),u1(s), uz(s), ..., un(s)],  x(v) =x}. (3.8)

The problem in (3.7) can alternatively be written as

T T n .
, max {exp[/ r(y)dy:| (/ E g/ [s.x(s), ur(s), uz(s), ..., un(s)]
u Uun f0 v o

,,,,,

s T n .
X exp[—/ r(y) dy] ds + exp[—/ r(y) dyi| qu (x(T))> }
o fo j=1

T T " )
:exp[/ r(y)dy:|u max {(/ Zgl[s,x(s),ul(s),ug(s),...,un(s)]
) szt | \Je T

s T n .
X exp|:—/ r(y) dy] ds + exp[—/ r(y) dyi| qu (x(T))) } 3.9
o fo j=1

Invoking the backward induction property of the principle of optimality one can
readily verify that the optimal controls strategies for the problems in (3.8) and (3.9)
are analogous to the optimal controls strategies for the problems in (3.1) and (3.2)
in the time interval [¢, T].

A remark that will be utilized in the subsequent analysis is given below.

Remark 3.1 Let W™z, x;) denote the total cooperative payoff function of the con-
trol problem of (3.8) and (3.9). One can readily verify that

exp|:/ r(y) dy] W("’)(t, x,*)
0]
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= eXp[ f r(y) dy}

i / Zg 5, 5(8), U (5, (), Y3 (5, 57 (9), .., Yk (5, 57(9)) ]

s T n )
X exp|:—f r(y) dyi| ds + exp|:—/ r(y) dyi| Zq-’ (x*(T))}
1 fo

0 j=1

/ Zg 5, x5(s), ¥} (s X (s)) /59 (s X (s)) w:(s,x*(s))]

s T n '
x exp|:—/ r(y) dy] ds + exp|:—/ r(y) dy:| Zq/ (x*(T))
T T j:1

= W(r)(t,x:),
fortety,T]andr €[z, T).

Next, we present a cooperative economic game yielding group optimality.

3.1.2 Group Optimality in Resource Extraction

Consider the two firms’ version of the resource extraction game in Sect. 2.3.2 in
Chap. 2.
The resource stock x(s) € X C R follows the dynamics

%(s) = ax(s)"? — bx(s) —ui(s) —ua(s), x(t9) =xo € X, (3.10)

where u1(s) is the harvest rate of economic agent 1 and u;(s) is the harvest rate of
economic agent 2. The instantaneous payoffs at time s € [fy, T'] for agents 1 and 2
are, respectively,

[ul(s)”z —

x(scil/zu‘(s)} and [“2“)1/2 7 2(”]

where ¢ and ¢, are constants and ¢ # c3.
At time T, each agent will receive a termination bonus

gx(T)?,

which depends on the resource remaining at the terminal time.



52 3 Dynamic Economic Optimization: Group Optimality

Payoffs are transferable between agents 1 and 2 over time. Given the discount
rate r, the values received ¢ after time #y have to be discounted by the factor
exp[—r(t —to)].

Consider the case when these two economic agents agree to cooperate and max-
imize the sum of their payoffs

T
/to ([ul(s)l/z B x(sc)ll/zul(s)} + [Mz(S)l/2 - x(sczl/z’“(S)D

x exp[—r(s — 10)] ds + 2exp[—r (T — 10)]gx(T)?, 3.11)

subject to (3.10).

Let [1//i*(t, x), Iﬂ;‘ (t,x)] denote a set of controls that provide a solution to the
optimal control problem in (3.10) and (3.11), and W) (¢, x) : [to, T] x R — R
denotes the maximized joint payoff function that satisfies the equations (see Theo-
rem 3.1)

—W,(IO)(t,x) = max{ <|:u}/2 - %m} + [ué/z - ;%M]) CXP[—”(f - to)]

uyp,uz

+W)§t°)(t,x)[axl/2—bx—u1 —uz]}, and (3.12)

WO (T, x) = 2exp[—r(T —10)]gx?.

Performing the indicated maximization we obtain

X
Vi, x) = , and
: afcy + W explr(r — 19)]x1/2]2

X

4ca + W explr(t — 10)1x /212

Y5t x) =
Substituting lﬂf‘(t, x) and w;‘ (t, x) above into (3.13) yields the value function

W (1, x) = exp[—r(t — 10)[[A)x "> + B(1)], (3.13)

where

N 1 1 " c1

Alt) = [r n é}A(x) _ _ - _ !
2 2[ci + A@)/2]1 22+ A@)/2]  4ler + A1) /2)?
P T O R O —
Aer+AWM)/21>  8ler + A®)/21> 8l + A(1)/2)?

é(t):ré(t)—%A(t), A(T)=2q, and B(T)=0.
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The optimal cooperative controls can then be obtained as

X X

* s = d * s =
L T Y R C ATy YAYSIE

Substituting these control strategies into (3.10) yields the dynamics of the state tra-
jectory under cooperation

x(s) = ax(s)"? — bx(s) — x(s) — *($) ,  x(t) = xo.

4cr 4+ A(5)/212  4ler+ As)/212
(3.14)

Solving (3.14) yields the optimal cooperative state trajectory as
) s 2
x*(s) = @ (to, s)2|:xé/ +/ o Nto, 1) Hy dti| , forselt, T,  (3.15)
1o

where @ (19, s) = expl [, Ha(t)dt], Hy = ta,and

1 1
HZ(S)Z_[—b“F = + = :|
2 Bler+A()/21%  8lcr+ A(s)/2]?

The outcome of cooperation in the game in (3.10) and (3.11) is completely charac-
terized by its optimal cooperative state trajectory, cooperative strategies, and joint
payoff above.

3.1.3 Group Optimality in Infinite-Horizon Problems

Consider the n-person infinite-horizon general economic problem in which agent
i’s payoff is

/Oogf [x(s), u1(s), uz(s), ..., un(s)]exp[—r(s —19)]ds, forieN. (3.16)
0]

The state dynamics is
X(s) = f[x(s), uy(s), uz(s), ...,un(s)], x(to) = xo. (3.17)

In the case where the agents agree to cooperate, group optimality can be achieved
if the agents agree to maximize the sum of their payoffs, that is,

max {/ Zg x(s), u1(s), u2(s), ..., un(s)] exp[—r(s —to)]ds ¢, (3.18)

subject to (3.17).
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Now consider the alternative infinite problem that starts at time ¢ € [#y, c0) with

initial state x(¢) = x:

Uup,uz,..

X {/ Zg x(s), ur(s), ua(s), - Mn(S)]eXp[—r(s—t)]ds

subject to

X(s) = f[x(s), uy(s), uz(s), ..., un(s)], x() =x. (3.19)

The infinite-horizon autonomous problem in (3.19) is independent of the choice of
t and dependent only upon the state x. We define

,,,,,

X exp[—r(s — t)] ds

x(t):x}.

Again, for the sake of comparison in later analysis in the book we characterize
the group optimal control strategies as follows.

Theorem 3.2 A set of controls {{}*(x), for i € N} provides a solution to the optimal
control problem in (3.19) if there exists a continuously differentiable function W (x) :
R™ — R satisfying the infinite-horizon Bellman equation

Uup,up

n
rW(x)= max {Zgj[x,ul,uz,...,un]+fo[x,m,uz,...,u,,]}.

Proof Follow the proof of Theorem A.2 in the Technical Appendixes. g

Hence the agents will adopt the cooperative control {*(x), fori € N} charac-
terized in Theorem 3.2. Note that these controls are functions of the current state x
only. Substituting this set of controls into (3.17) yields the dynamics of the optimal
(cooperative) trajectory as

X)) = flx), ¥ (x (), Y5 (x(5))s .., Y (x(9) ], x(t0) = xo. (3.20)

Let x*(¢) denote the solution to (3.20). The optimal trajectory {x*(t)}?itO can be
expressed as

t
¥ =x0+ / LI, (x59)), ¥5 (x59)), ... ¥ (x™(5)) ] ds
fo

Once again, for notational convenience, we use the terms x*(¢) and x;* interchange-
ably.
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The cooperative control for the game in (3.6) and (3.7) can be expressed more
precisely as

{¥/(x]), fori € N and 1 € [19, 00) }.

Note that these controls are functions of the current state x; only. The current-
value maximized cooperative payoff at current time ¢ € [y, 00), given that the state
is x;* at ¢, can be expressed as

‘wm=/ 3 ). U () Y3 (5 6)). L Y ((9)]
t

x exp[—r(s —1)]ds. (3.21)

An illustration of an infinite-horizon cooperative economic game achieving
group optimality is provided in the following example.

Example 3.1 Consider an infinite-horizon version of the resource extraction exam-
ple in Sect. 3.1.2. At time #(, the payoff functions of agent 1 and agent 2, are respec-
tively,

/ Pmﬁﬂ—agmm@ﬂuﬂﬂa—mha
4]

and

/ |:u2(s)l/2 _ x(§)21/2 ug(s)] exp[—r(t — to)] ds. (3.22)
fo

The resource stock x(s) € X C R follows the dynamics in (3.10).
These two extractors agree to cooperate and maximize the sum of their payoffs.
The agents have to solve the control problem of maximizing

/to <|:M1(S)1/2 - x(j)ll/zul(s):| + [142(5)1/2 - x(sc)21/2”2(5):|>

x exp[—r(t —19)] ds, (3.23)

subject to (3.10).
Consider the alternative problem of maximizing

oo 12 ¢ 12 @
ft <|:M1(S) x(s)l/zm(S)}Jr[uz(S) x(S)1/2u2(S):|>

x exp[—r(r —1)]ds, (3.24)

subject to

%(s) = ax(s)/? — bx(s) —ui(s) — uals), x(t)=x.
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Invoking Theorem 3.2 we obtain

_ 12 €1 12 €2
VW(X)_LI}}?}};{<|:M] x1/2u1}+|:u2 x1/2u2:|)

+ Wy [ax? — bx —uy —uz]}. (3.25)

Performing the indicated maximization we obtain

X
*
= , d
Y (x) e F W)X an
X

4ex + Wi (x)x /212

U5 (x) =
Substituting ¥ (x) and ¥5 (x) above into (3.25) yields the value function

W(x) = [Ax"? + B], (3.26)

[ bi| A 1 1
r+—-|A— = - =
2 2ler+A/2] 22+ A)2)

A ~

C1 2 A A
+ —— + < + < + < =0, and
Alc1 + A2 Ao+ A2 8[c1 +A/212  8[cr+ A/2)?
~ a -
B=—A
2r
The optimal cooperative controls can then be obtained as
X
Uix) = ————— Uy (x) = (3.27)
: dlcr + A2 g

Acr + AJ212

Substituting these control strategies into (3.10) yields the dynamics of the state tra-
jectory under cooperation

x(s) x(s)

X(s):ax(s)l/z—bx(s)— = — = s
dler+ A2 4+ AJ2)

x(ty) = xo. (3.28)

Solving (3.28) yields the optimal cooperative state trajectory for the infinite-horizon
control problem in (3.10) and (3.24) as

2
x*(s) = [% + (xé/z _ %) exp[—H(s - t())]:| ,

where

H=—|:é+ IA + 1A :| (3.29)
2" Bler + AJ2P " 8ley + A/2P
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In Sect. 3.1, the notion of group optimality and the derivation of group optimal
strategies and the cooperative state trajectory for finite and infinite horizons are pre-
sented. The issue of individual rationality will be examined in the following section.

3.2 Individual Rationality

After the economic agents agree to cooperate and maximize their joint payoff, they
have to distribute the cooperative payoff among themselves. At time fy, with the
state being xq, the term & ()i (15, xp) is used to denote the imputation of the payoff
(received over the time interval [#g, T']) to agent i. A necessary condition for group
optimality and individual rationality to be upheld is

n
@) Y &D (g, x0) =W (1, x0), and
s (3.30)

(i) &M (1, x0) > V¥ (19, x9), forieN.

Condition (i) of (3.30) ensures group optimality and condition (ii) guarantees
individual rationality at time fo. Failure to ensure group optimality leads to disputes
over the unexploited gains. If individual rationality is not guaranteed, economic
agents whose cooperative payoff is less than their noncooperative payoff will not
participate in the cooperative plan at the outset.

For the optimization scheme to be upheld throughout the game horizon, both
group rationality and individual rationality are required to be satisfied throughout the
cooperation period [to, T]. At time 7 € [fo, T1, let & (7, x¥) denote the imputation
of the payoff to agent i over the time interval [z, T']. Therefore, the conditions

n

) DI, x¥) =W (g, x¥), and
; (3.31)

(i) £D(r,x}) = VDi(r,x¥), forieN andr €[, T,

have to be fulfilled.

In particular, condition (i) ensures Pareto optimality and condition (ii) guarantees
individual rationality throughout the cooperation period [#, 7']. Failure to guarantee
individual rationality leads to the condition where the concerned participants would
reject the agreed-upon solution plan and play noncooperatively.

3.2.1 Lump-Sum and Continuous Transfer Payments

To guarantee individual rationality transfer payments have to be arranged. First con-
sider the case when individual rationality is required to hold only at #y. In the case
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where part (ii) of (3.30) is required to be satisfied lump-sum transfers can be used.
With agents using the cooperative strategies {wi* (s,x}),fors e[t, T]andi € N},
agent i would derive a payoff

T

Wi (19, xo) = / g [5,x(), ¥ (s, x%(5)), ¥ (5, x5 (). ..., Y (5, x7(5)) ]

fo

K T )
X exp[—f r(y) dy} ds + exp[—/ r(y) dyi|q’ (x*(D))
1 fo

0
T .
+ ew[— / r(y) dy}q’ (x*(1T)), (3.32)
fo

fori e N.
Given that the agreed-upon imputation to agent i is £ (zg, x0), a lump-sum
transfer x' has to be incurred to agent i. In particular,

n
X' =& (1ty, x0) — W (89, x0), forieN; and Y x'=0. (3.33)
j=1
Individual rationality would hold at time 1o if & ©) (£g, x0) > V@ (19, x0).
On the other hand, transfer payments can be paid continuously to satisfy part (ii)
of (3.30). Let Xi (s) denote the instantaneous transfer payment allocated to agent i
at time s € [fo, T']. With agents using the cooperative strategies {{*(s, x;), for s €
[to, T] and i € N}, for a given agreed-upon imputation £ ) ¢y, xo), we can express
agent i’s cooperative payoff as

£ (29, x0)

T 4
- / (&[5, x50 W (52 6%(9))s W3 (5 1)) oo 02 (s 6 0) ] + 2 (9))
fo

s T )
x eXP[—/ r(y)dy} ds+exr>[—/ r(y)dy]CJ’(X*(T))
1 0]

0
T .
+exp [— / r(y) dy]q’ (x*(T)),
fo

fori € N; and

n T s
Z/ Xj(s)exp[—/ r(y)dy] ds =0. (3.34)
j=1 ) 1o

Once again, individual rationality would hold at time fy if & (t0)i (to, x0) >
V)i (10, x0).

However, requiring individual rationality to hold only at 7y does not guarantee
that individual rationality will hold for the rest of the cooperation duration. Credible
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threats must be created to deter agents from abandoning the cooperative strategies
at a later time in the cooperation duration.

Now we consider the case when individual rationality is required to be satisfied
throughout the cooperation period [y, T]. In general, only continuous instantaneous
transfer payments can guarantee the satisfaction of (3.31). To uphold part (ii) of
(3.31) one has to devise a set of instantaneous transfer payments x’ (s) for s € [to, T']
satisfying

T . .
/ {g'[s. x*(5), ¥ (5. x%(9)), ¥3 (5. x%(5)) ..., ¥ (5, %)) | + x' ()}

s T
X exp[—f r(y) dyi| ds +exp|:—/ r(y) dyi|qi(x*(T)) >y @i (r.x)),

fori e N; (3.35)

n T s
and Z/ Xj(s) exp|:—/ r(y) dy:| ds =0, fortelr, T (3.36)
jIl T T

Remark 3.2 In the special case when the economic agents are identical, transfer
payments may not be necessary for the maintenance of individual rationality be-
cause

n
w® (t.x}) = Z A (r.x¥) = nVy @i (r.x}), and
=1

T .
/ {g'[s. x* (), ¥ (5. X5 (9)), ¥5 (5. X5(9)), ..., ¥k (5. X7 (9)) ]}

K T .
X exp|:—/ r(y) dy] ds +exp[—/ r(y) dyi|ql(x*(T))

= WO )V (o) 2 VO 1),
n

fori e Nand t €[ty, T].

An illustration of a cooperative economic game involving individually rational
imputation is provided in the next section.

3.2.2 Individually Rational Imputation in Cooperative Resource
Extraction

Consider the two firms’ resource extraction game in Sect. 3.1.2. Let [q)]k(t,x),
¢§(t, x)], for t € [ty, T], denote a set of strategies that provide a feedback Nash
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equilibrium solution to the game in (3.10) and (3.36). Invoking Theorem 2.3 in

Chap. 2, the value function V) (r, x) : [ty, T] x R™ — R, for i € {1, 2}, satisfies
the equations

_y iy = n}{?x{ [ui(t)l/z _ xf%”i(t)] exp[—r(t — )]
+ Vx(m)i (t, x)[axl/z —bx —u;(t) — 4);?(1‘, x)]}, and (3.37)

VT, x) = exp[—r(T — to)]qx(T)%, fori € {1,2} and j € {1,2},and j #1i.

Performing the indicated maximization in (3.38) yields
x

Afci 4+ VI explr(t — 10)]x /2]

¢F (1, x) = fori e {1,2}. (3.38)

Proposition 3.1 The value function of agent i € {1, 2} satisfying (3.38) is
Vit x) = exp[—r(t — 10)][Ai ()x" + Bi(0)], (3.39)
where for i, j € {1,2} and i # j, A;(t), Bi(t), Aj(t), and Bj(t) satisfy

1 Ci
2e + A0/2] A+ A2
Ai(r) Ai(t)
8lci + A ()21 | 8le; + A;(0))2F

. b
Ai() = [r+ E}Am -

(3.40)

Bi(t) =rB;(1) — %Ai(t), Ai(T)=q, and B;(T)=0.

Proof Substituting ¢} (¢, x) and @3 (¢, x) into (3.38) and upon solving (3.38) one
obtains Proposition 3.1. ]

Now consider the situation when the firms agree to cooperate and want to share
their profits with individual rationality being upheld. As mentioned in Sect. 3.2.1, in-
dividual rationality may just hold at the outset of the game or be maintained through-
out the game. We shall consider transfer schemes leading to the former case first and
then schemes leading to the latter case.

(i) Transfers Satisfying Individual Rationality at the Outset

We begin with transfers that satisfy individual rationality at initial time fy and
consider the case when lump-sum transfers are given out so that (3.30) is fulfilled.
The imputation to agent i satisfying individual rationality and group optimality as
in (3.30) requires

00 (15 x0) = Vi (19, x0) + wy, foriefl,2} and w; >0, (3.41)
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where

2 2
Y =W, x0) = Y VO (19, x0)

j=1 j=1
R R 2
= [Ato)xy? + Bwo)] = D _[A;(t0)xy” + B (t0)]-
j=1

Under cooperation, agent i would derive a payoff

W (1, x0) = /

fp

T .
|:[1//z*(s’ x*(s))]l/Z _ Cj I/Ii*(sf x*(s)):|

x*(s)l/Z
X exp[—r(s — to)] ds
+ exp[—r(T — to)]qx*(T)%, fori (1,2}, (3.42)

where ¥ (s, x*(s)) = m and x*(s) as in (3.15).

Given that the agreed-upon imputation to agent i is £ 0 (rg, xo) = V % (19, x0) +
@i, a lump-sum transfer x' has to be incurred to agent i. In particular,

Xt =E" (19, x0) — W (19, x0)
2
= Vi (13, x0) + w; — Wl (1y, x0), fori e N; and Z)Z’ =0.
j=1

Now we consider the case of continuous instantaneous transfer payments satisfy-
ing (3.30). Let x'(s) denote the instantaneous transfer payment allocated to agent i
at time s € [y, T]. To maintain part (ii) of (3.30) the chosen '’ (s) must satisfy

£ (15, x0) = VOl (1g, x0) + @y = [Ai(fo)xé/2 + Bi(10)] + i

T o . )
:A) [[wi*(s,x*(S))]l/Z . x*(s)1/2 Wi (s,x (s)) + X(S)]

x exp[—r(s — fo)] ds (3.43)

+exp[—r (T — 10)]qx*(T)2 = Vi1, x), fori e{l,2},

x7 () eXp[— /S r(y) dy:| ds =0.
fo

Then we proceed to consider the case with transfer payments satisfying individ-
ual rationality throughout the cooperative period.
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(ii) Transfers Satisfying Individual Rationality Throughout

For individual rationality and group optimality to be satisfied throughout the co-
operation period, (3.31) has to be maintained. The use of a lump sum cannot se-
cure an outcome fulfilling (3.31). Hence continuous instantaneous transfer payments
will be considered. Given that an instantaneous transfer payment x’(s) allocated to
agent i at time s € [fo, T'], the imputation to him over the period [z, T'] as viewed at
time t € [t9, T'] can be expressed as

. T ;
é(t)l(‘f,x:) :/ I:[I/fi*(st*(S))]l/z _ x*éﬁwi*(s’x*(s)) + X(s)i|
X exp[—r(s — r)] ds

. (3.44)
+ exp[—r(T —1)]gx™(T)2, forie{l,2}andt € [1o, T],

2 T s
and Z/ x/ (s) exp|:—/ r(y) dy] ds=0.
j=1 fo to

For individual rationality to be satisfied throughout the cooperation period, it is re-
quired that condition & (7, x¥) > V®i(z, x*), fori € {1,2} and 7 € [ty, T].

Invoking Remark 2.1 in Chap. 2 and (3.39), we can obtain the value functions
V@i(g, x¥), fori € {1,2}, as

VOl x¥) =[A (@) HY? + Bi(D)]. (3.45)
Therefore any set of chosen instantaneous transfer payment x'(s), for s € [fo, T1,

satisfying & (z, x5 > v ®i(g, x¥), fori € {1,2} and 7 € [19, T'], will ensure in-
dividual rationality throughout the cooperation duration.

3.3 Individual Rationality Under Infinite Horizon

In many economic situations, the terminal time of the game T is either very far
in the future or unknown to the agents. Consider the case in Sect. 3.1.3 where the
agents agree to cooperate and maximize the sum of their payoffs in (3.18) subject
to (3.17). They have to distribute the cooperative payoff among themselves.

3.3.1 Individually Rational at the Outset

At time 7, with the state being x, the term & (10 (x0) = & I(xp) is used to denote the
imputation of a payoff (over the time interval [fy, 00)) to agent i.
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A necessary condition for group optimality and individual rationality to be up-
held is

() Y &™) (x)=W(xp), and
j=1 (3.46)

(ii) &9 (xg) > V®i(xg) =Vi(xp), forieN,

where V()i (x0) = Vi (xp) is the payoff value function of agent i in the n-person
infinite-horizon general economic game problem

rrbax/ g [x(s), uy(s), ua(s), ..., un (s)] exp[—r(s — to)] ds,
i 1o

fori e N.
Subject to the state dynamics

() = fx(), ur (), uz(s), .o un(9)],  x(t0) =xo.

Condition (i) of (3.46) ensures group optimality and condition (ii) guarantees
individual rationality at time #y. Consider first the case where lump-sum transfer
payments are given out at time #y. With agents using the cooperative strategies
(¥ (x}), for s € [tg, 00) and i € N}, agent i would derive a payoff

]

Wmmm=f(ﬂﬁwwﬂﬁmyﬁ&m»uqﬁ&mm

to

X exp[—r(s — to)] ds
= Wi(xo), (3.47)

fori e N.
Given that the agreed-upon imputation to agent i is & %) (xg), a lump-sum trans-
fer x' has to be incurred to agent i. In particular,

n
X' =810 (xo) = W(x0), forieN;and ) x'=0. (3.48)
j=1

Individual rationality would hold at time 7o if &0 (xo) > % (x0).-

On the other hand, transfer payments can be paid continuously to satisfy
(3.30). Let xi(s) denote the instantaneous transfer payment allocated to agent i
at time s € [fp, 00). With agents using the cooperative strategies {y/*(x]), for s €
[0, 00) and i € N} and given an agreed-upon imputation & ()i (x4), we can express
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agent i’s cooperative payoff as

o0

£ (x) = / [ [x* ), ¥ (x* (), ¥5 (x*(5)), ..., Yk (x* ()] + X' ()}
0]

x exp[—r(s —to)]ds, fori e N; (3.49)
and 2/ x! (s)exp[—r(s —1)]ds =0.

Once again, individual rationality would hold at time #y with & )i (x0) > Vi(xp).

Note that requiring individual rationality to hold only at #yp does not guarantee
that individual rationality will hold for the rest of the cooperation period. Credible
threats must be created to deter agents from abandoning the cooperative strategies
at a later time in the cooperation period.

3.3.2 Individually Rational Throughout the Cooperative Duration

For the optimization scheme to be upheld throughout the game horizon, both group
rationality and individual rationality are required to be satisfied throughout the coop-
eration period [#, 00). As mentioned earlier, only continuous instantaneous transfer
payments can guarantee the satisfaction of individual rationality throughout the du-
ration of cooperation. Therefore along the optimal cooperative path {x}};c[/,00)s
one has to devise a set of instantaneous transfer payments x’(s) for s € [fo, 00)
satisfying

O (xr) = (x7)
= / {&'[x* ), ¥ (x*(9)), ¥5 (x* (), ..., Yk (x* ()] + X' ()}
X exp[—r(s — r)] ds (3.50)

> Vi(x¥), forieN;

and Z/ Xj(s)exp[—r(s—t)]ds=0, for t € [tg, 00).
.:1 T

A set of instantaneous transfer payments yx’(s) for s € [, 00) satisfying (3.51)
satisfies

D& () =W(x), and
j=1

(i) &'(x})> \A/'(x*); fori € N and t € [19, 00) along the path {x

T

(3.51)

}1:6[[0 00) "
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In particular, condition (i) ensures Pareto optimality and condition (ii) guarantees
individual rationality throughout the cooperation period [#g, 00). The failure to guar-
antee individual rationality leads to the condition where the concerned participants
will reject the agreed-upon solution plan and play noncooperatively.

In the steady state of the infinite-horizon problem, the state dynamics under co-
operation become

K5(s) = f[x* ), v (x5 (), ¥3 (x* (), ..., ¥ (x* ()] = 0. (3.52)

Let x%, denote the steady-state level of x* that satisfies (3.52). In the steady state,
the joint cooperative payoffs can be expressed as W (x%,) and the noncooperative
payoff value function of agent i as Vi (x2)-

At any time ¢ € [#p, 00) at which a steady state has been attained, agents will use
the cooperative strategies {{/*(x%,), for i € N}, and agent i will derive a payoff

o
W) = f g [ () () Y3 () o () exp[ (s — )] ds,
t
(3.53)
fori e N.
To fulfill individual rationality in a steady state an infinite stream of constant
instantaneous transfer payments x/ satisfying

£ (xk) = f (& [¥* ). ¥ (x* (), Y3 (¢ )oY (* ()] + 1)

X exp[—r(s — r)] ds,

n o (3.54)
Zf xdoexp[—r(s —7)]ds =0, and
j=1"r

f;‘i(x;‘o) > Vl(x;‘o) fori € N,

will be given out.
An illustration with an economic cooperation involving the satisfaction of indi-
vidual rationality is shown below.

3.3.3 Individuall Rationality in Resource Extraction

Consider the infinite-horizon resource extraction game in (3.10) and (3.22) in
Sect. 3.1. Again, we first examine the alternative game problem that starts at time
t € [tg, 0o) with initial state x (1) = x

o c
nzlﬁx/; |:u1(s)1/2 _ x(s)11/2ul(s):| exp[—r(t — t)] ds,
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and

o0
max/ |:142(s)1/2 - uz(s):| exp[—r(t —1)]ds, where € [19, 00),
uz J;

x(s5)1/2
(3.55)
subject to

%(s) = ax(s)"? — bx(s) —ui(s) — uals), x(t)=x. (3.56)

Let [¢] (x), @5 (x)], for ¢ € [tp, 00), denote a set of strategies that provides a feed-
back Nash equilibrium solution to the game in (3.55) and (3.56). Invoking Theo-
rem 2.4 in Chap. 2, the value function % (x) : R — R, for i € {1, 2}, satisfies the
Isaacs—Bellman equations

A C; A .
Vi) = n;{a,x{ [u,-m“z - xl’/zuia)} + Vi oax'? = bx —ui () - ¢7<x)]},
(3.57)
fori € {1,2}and j € {1,2},and j #i.
Performing the indicated maximization in (3.57) yields
X
of (x) = — , foriel{l,?2}. (3.58)
Ac; + Vi(x)x1/2]?
Proposition 3.2 The value function of agent i € {1, 2} satisfying (3.57) is
Vi) =[Aix'?+ B, (3.59)
where fori, j € {1,2} and i # j, Ai, I§,~, Aj, and éj satisfy
b7+ 1 ; A; At
0= |:r+—]Ai— i + ClA + L + z(A) ,
2 2ci 4+ Ai /21 Aei +Ai/21% 8[ci +Ai/217 8[c;+A;/2)?
and
Bit)=—A4
l - 2}" l

Proof Substituting ¢7 (x) and ¢35 (x) into (3.57) and upon solving (3.57) one obtains
Proposition 3.2. g

The joint payoff of the firms can be obtained as in (3.26) and the cooperative
strategies are given in (3.27). Again, we consider both the case where individual ra-
tionality holds at the outset of the game and the case where it is maintained through-
out the game.

(i) Transfers Satisfying Individual Rationality at the Outset
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We then consider transfers that satisfy individual rationality at initial time 7. First
we present the cases when lump-sum transfers are given out so that (3.46) is fulfilled.
The imputation to agents i satisfying individual rationality and group optimality as,
in (3.46), requires

g (xo) = Vi(xo) + o, forie{l,2}andw; >0,
where
2 2
> wj=Wxo) - ZV](xo)— [Axy? + B] = > [Ajx* +
j=1 j=1 j=1

Under cooperation, agent i would derive a payoff

Wi(xo) = /t |:[1ﬁ;“()c*(s))]l/2 - x*(zi)l/z Vs (x*(s)):| exp[—r(s - to)] ds,
! (3.60)
fori e {1, 2}, where
x*(s)
4y + AJ21

x*(s)

Acr + A2 Vi) =

Wl(x( )

as given in (3.26), and x*(s) is given in (3.28). _ N
With the agreed-upon imputation to agent i being &' (xo) = V' (xo) + @;, a lump-
sum transfer x' has to be incurred to agent i. In particular,

X' =§"(x0) — W(xo) = V' (x0) + @i — W (x0),
fori € N; and Z?:l ¥ =0.
Now we consider the case of continuous instantaneous transfer payments satisfy-

ing (3.46). Let x'(s) denote the instantaneous transfer payment allocated to agent i
at time s € [tg, 00). To fulfill (3.46) the chosen x'(s) must satisfy

£l (x0) = Vi(xo) + @i = [Aixy* + Bi] + o
> * (% Cj %/ %
:/to [[% (x (s))]l/z Ay Vi (x*(s)) +X(s)}

x exp[—r(s —10)]ds, fori e{l,2},

and Z/ X/ (s) exp —r(s — to)] ds =0.

(3.61)

Next, we proceed to consider the case with transfer payments satisfying individ-
ual rationality throughout the cooperative period.

(ii) Transfers Satisfying Individual Rationality Throughout
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For individual rationality and group optimality to be satisfied throughout the co-
operation period, (3.51) has to be maintained. The use of a lump sum cannot secure
an outcome fulfilling (3.51). Hence continuous instantaneous transfer payments will
be considered. Given that an instantaneous transfer payment x'(s) is allocated to
agent i at time s € [fp, 00), the imputation to him over the period [z, T] as viewed
at time t € [y, 00) can be expressed as

o0 .
£ (xp) = / [[wl-*(x*(s))]”2 ~ V) +x(s)} exp[—r(s — )] ds,
(3.62)
fori € {1,2} and 7 € [t9, 00).
For individual rationality to be satisfied throughout the cooperation period, it is
required that condition &' (x}) > Vi(x;‘), for i € {1,2} and t € [f9, 00). To fulfill
(3.51) the chosen x!(s) must satisfy

§(x7) = / [[wi*<x*<s>)]‘/2 V) +x<s>] exp[—r(s — )] ds

> Vi) =[Ai(x")"?+ B], forie{l,2}and 1 19,00),  (3.63)

2 o s
and Z[ Xj(S)eXp[—/ r(y)dy} ds =0.
=17t T

Now consider the case in a steady state. The state dynamics under cooperation
become

o) =[] P bt - —2 D TO e
4ler +A/27  4lea+A)J2P

Solving (3.64) yields the steady-state level of the state variable as

1 1 2
Xt = a2/|:b n 4 ; } : (3.65)
4lc1 +A/212 4l + AJ2)?

The joint cooperative payoffs in a steady state are

A 1/2
W) =[A(xx) "+ B,
and the payoff value function of agent i is
Vies) =[Ai(x5) 2+ B;], forie{1,2).

At any time ¢ € [#p, 00) at which a steady state has been attained, agents will use

the cooperative strategies {{/](x3,), ¥5 (x5,)}, and agent i will derive a payoff
Wi (xs) = / [[wi*(x*(s))]l/z - )1/2 v (s))i| exp[—r(s — 1)] ds,
t
(3.66)

fori e {1,2}.
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To fulfill individual rationality in a steady state an infinite stream of constant
instantaneous transfer payments /., must satisfy

(v%) = ,/ [[Wi*(x*(s))]l/z - Ci)l/z Y (x* () + xéo] exp[—r(s —1)]ds

x*(s

2V (u2) = [Ai(as) P+ ], forieq1.2)

2

Z/oo Xc{o exp[—r(s — t)] ds =0.
t

j=1

3.4 Cooperative Economic Games Satisfying Individual
Rationality and Group Optimality

Cooperative games suggest the possibility of socially optimal and group efficient
solutions to decision problems involving strategic action. As discussed above, in-
dividual rationality and group optimality are essential elements of a cooperative
game solution. Dockner and Jgrgensen (1984), Dockner and Long (1993), Tahvo-
nen (1994), Miler and de Zeeuw (1998), and Rubio and Casino (2002) presented
cooperative solutions satisfying group optimality in differential games. The major-
ity of cooperative differential games adopt solutions satisfying the essential criteria
for dynamic stability—group optimality and individual rationality. Haurie and Za-
ccour (1986, 1991), Kaitala and Pohjola (1988, 1990, 1995), Kaitala et al. (1995),
and Jgrgensen and Zaccour (2001) presented classes of transferable-payoff cooper-
ative differential games with solutions that satisfy group optimality and individual
rationality.

In the following sections, cooperative economic games satisfying individual ra-
tionality and group optimality are presented.

3.4.1 Cooperative Resource Extraction Game

Consider the resource extraction game presented in Sects. 3.2 and 3.3. The growth
rate of the fish biomass is characterized by the differential equations

x(s) =ax(s)? = bx(s) —ui(s) —ua(s), x(fo) =x € X, (3.67)

where u; € U; is the (nonnegative) amount of fish harvested by nation i, for i €
{1,2}; a and b are positive constants.

The harvesting cost for firm i € {1, 2} depends on the quantity of resource ex-
tracted u; (s), the resource stock size x(s), and a parameter c;. In particular, firm i’s
extraction cost can be specified as ciu' (s)x(s)~1/2. The fish harvested by nation i at
time s will generate a net benefit of the amount [u; (s)1'/2. The horizon of concern
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is [#p, T']. At time T, nation i will receive a termination bonus qix(T)l/ 2 where qi
is nonnegative. There exists a discount rate r, and profits received at time ¢ have to

be discounted by the factor exp[—r(t — p)].
At time fg the payoff of nation i € {1, 2} is

T e
/to |:[u,'(s)]l/2 _ FOLE ui(s)i| exp[—r(s — t())] ds

+exp[—r (T — 10)]qix(T)?. (3.68)

The game structure is a deterministic version of an example in Yeung and Pet-
rosyan (2004). According to Proposition 3.1, the value function of agent i € {1, 2}
is

V@i (1, x) = exp[—r(t — 1) [[Ai ()x"/* + Bi (1)]. (3.69)

where for i, j € {1,2} and i # j, A;(t), B;(t), Aj(t), and B;(t) satisfy (3.41).
According to (3.45), the value functions V™ (z, x*), for i € {1, 2}, are

VOl x5 = [Ai(0) )2 + Bi(0)]. (3.70)

The firms agree to cooperate and seek to solve the following joint profit maxi-
mization problem to achieve a Pareto optimum by

T C1 2
Lrlrlley;/to (|:141(S)1/2 - x(s)1/2ul(s):| + [uz(S)l/2 - x(s)l/zuz(S)D

x exp[—r(t — t0)] ds + 2exp[—r(T — 1) ]qx(T)?, (3.71)

subject to (3.606).
According to (3.13) the maximized value function under cooperation is obtained
as

W (2, x) = exp[—r(t — 1) |[A)x"/? + B(1)], (3.72)

with A(t) and é(t) satisfying the corresponding differential equations in (3.13).
The optimal cooperative controls can then be obtained as

X X

X)) = ———, d St )= ——m—
R T Yy TR C A ATy YRYEIE

T

with the optimal cooperative state trajectory {x*(s)};_,

Under cooperation, firm i would derive a payoff

given in (3.15).

T .
W(ZO)i(to,XQ) — / [[wf(s,x*(s))]l/z _ Ci lpi"‘(s,x*(s))]

" X*(s)1/2

x exp[—r (s — 10)] ds + exp[—r(T — t0)]gix*(T)?,  (3.73)
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where
x*(s)
Aci + AGs) /217

The firms decide to share the excess gain from cooperation equally. There can be
different methods of payment to achieve this.

Y (s, x"(s)) = fori e {1,2}.

(i) A Lump-sum Transfer at the Outset

First consider the case when a lump-sum transfer is arranged at the outset of the
game. Given that the firms agree to share the excess gain from cooperation equally,
therefore,

2
. ; 1 j
é(to)l (to, x0) = V) (15, x0) + 5 |:W(t0)(l‘0, X0) — Z V0 (g, xO)j|
Jj=1

{[Atto)x"? + B(10)] + [Ai (t))x/* + Bi (10)]

N =

—[A; (x> + B;(10)]}. (3.74)

fori e {1,2}.
Since firm i’s receipt under cooperation is W ) (#o, xo), a lump-sum transfer x’
has to be incurred to agent i to achieve & (to)i (t0, x0)- In particular,

Xt =&, x0) — W (19, x0), fori € {1,2}.

Note that Y-7_; x' =0.
Group optimality is satisfied and individual rationality holds at time .

(i) Continuous Instantaneous Transfer Satisfying Individual Rationality at the Out-
set

Now we consider the case of continuous instantaneous transfer payments satisfy-
ing individual rationality at the outset. Let x’(s) denote the instantaneous transfer
payment allocated to agent i at time s € [fy, T]. The chosen x'(s) must satisfy

£ (10, x0) = %{ [Ao)x"2 + B(io)] + [A:(0)x"/2 + Bi(10)]
—[A;to)x"* + B;(10)]}
g * * 1/2 Ci * * i
:/t;) I:[wl (S,X (S))] - x*(s)l/zwi (S,.X (S)) —X (S):| (375)

X exp[—r(s - to)] ds + exp[—r(T — to)]qix*(T)%, fori € {1,2};

n T s
and Z/ Xj(S)eXp[—/ r(y)dyi|ds:0.
j=1710 1

0
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Once again, group optimality is satisfied and individual rationality holds at time #.
(iii) Transfers Satisfying Individual Rationality Throughout

Now we consider the case of continuous instantaneous transfer payments satisfying
individual rationality throughout the cooperative period. Given that an instantaneous
transfer payment %' (s), allocated to agenti attime s € [#g, T], the imputation to him
over the period [z, T'] as viewed at time 7 € [fg, T] can be expressed as

O (r,x}) = f [[w;"(s, ()] = — g (s, x" () — x(s)}

x*(s)1/2

X exp[—r(s — ‘L')] ds + exp[—r(T — t)]qix*(T)% > y @i (r, x;")

(3.76)
= A;(0)(x)"* + Bi (D),

n T K
fori € {1,2}, and Zf X-/(s)exp[—/ r(y)dy] ds =0.
j=1 Io 1

0

Any set of chosen instantaneous transfer payments x’(s), for s € [to, T], satisfying
(3.76) will ensure group optimality and individual rationality throughout the coop-
eration period.

3.4.2 Fully Coordinated Pollution Control

Dockner and Long (1993) presented a differential game of international pollution
control. There are two nations and each nation produces a single consumption good
with a given fixed factor of production and a given technology. Let the quantity of
the good produced at time s be denoted by Q; (s), for i € {1, 2}. The production of
a unit of the consumption good results in ¢;(s) amount of pollutants. An emission
consumption trade-off function (see Forster 1973, 1975) states that

Qi(s) = fei(s)], forie{l,2). (3.77)

The function fi[g;(s)] is strictly concave in &; (s) and satisfies f/[0] = 0. Let x(s)
denote the level of pollution stock at time s. The pollution accumulation dynamics
is governed by the kinematic equation

x(s) =¢e1(5) +&2(s) —8x(s), x(0)=xo, (3.78)

where § is the rate of natural purification.

In each nation there are n identical consumers. The representative consumer in
nation i derives utility from consuming ¢; (s) = Q;(s)/n and faces the costs of the
polluted environment ¢! [x (s)]. Consumer preference U'[Q; (s)/n] is assumed to be
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strictly concave and the cost function ¢ [x(s)] is strictly convex. The net benefits of
the representative consumer in nation i are given by

U'[Qi(s)/n] = ' [x()] = U'[ £ (i (s))/n] = ' [x(9)]. (3.79)

The objective of government i is to choose a pollution control strategy &;(s), or
equivalently, an output strategy that maximizes the discounted stream of net benefits
from consumption of a representative consumer, that is,

€

max/w{U"[ff(gi(s))/n]—c"[x(s)]}exp(—rs)ds, fori €{1,2}, (3.80)
0

subject to the pollutant accumulation dynamics in (3.78).

The outcome of a cooperative game is interpreted as the scenario in which the
nations are able to reach a pollution control agreement (they coordinate their own
control efforts) leading to a Pareto optimum. It is used as a reference scenario yield-
ing a first-best solution.

An explicit first-best solution is characterized with the normalization of n to unity
and the specification of the functional forms of preferences and technologies as

i ¢ 2 ir i 1 2
cx)] = E[x(s)] and  U'[f'(ei(s))/n] = Agi(s) — E[e,- ],

where A > 0.
In particular, a first-best solution can be obtained by solving the optimization
problem

o 2
max/0 Z{Aaj(s) - %[q(s)]2 - %[x(s)]z} exp(—rs)ds, (3.81)
=1

£1,82

subject to (3.78).

To solve the optimization problem in (3.78) and (3.81) we invoke Theorem 3.2
to characterize the solution as follows.

A set of controls {v/(x),¥;(x)} provide a solution to the optimal control
problem in (3.78) and (3.81) if there exists a continuously differentiable function
W(x) : R — R satisfying the infinite-horizon Bellman equation

2
1, ¢,
rW(x):glg{Z[Asj — Egj — Ex ]+Wx(x)[81 +e&y—d6x]y¢. (3.82)

Jj=1
Performing the maximization operation in (3.82) yields
Yi(x)=A+Wy(x) and ¥5(x)=A+ W(x). (3.83)

Substituting (3.83) into the Bellman equation yields

rW(x) =24A[A+ We(x)] — [A+ W, (x)]2 —ox? + W () 2[A + W ()] = 8x}.
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Upon the cancellation of terms we have

rW(x) = A2+ 2AW, (x) + [We (0] — ex? = 8x W, (x). (3.84)
Proposition 3.3
W(x) = %axZ +Bx+y, (3.85)
where
a:—l[ <5+5>2+4c— <5+5>} <0,
2 2
g A% 0 and (3.86)
r+46—2«a
yo B

Proof Substituting W(x) and W, (x) from (3.85) into (3.84) allows the Bellman
equation (3.82) to be expressed as

ra 2
ry +rBx + 7)(?
= A2 4 2Aax +2A8 + a’x? 4 2aBx + B% — cx? — adx? — Box.

Grouping terms together, one obtains

1
(—ra—a2+c+a8>x2+(r,3—2Aa—2aﬂ +By)x +ry — A2 —2A8 — g% =0.

2
(3.87)
For (3.87) to hold, it is required that

1 2
Era—a +c+ad=0,
rB —2Aa — 20+ By =0, and (3.88)
ry — A2 —248 - p*=0.

Solving (3.89) yields (3.86). Hence Proposition 3.3 follows. [l

Using (3.85) and (3.83) the cooperative emission controls can be obtained as
Yix)=A4+ax+p and Y3(x)=A+oax+p. (3.89)

Substituting these controls into (3.78) yields the optimal pollution accumulation
dynamics under cooperation

X(s) =2[A +ax(s) + B] — 8x(s), x(0) =xo. (3.90)



3.5 Exercises 75

Let x*(s) = x}, for s € [fg, 00), denote the solution to (3.90). The net benefits to
nation { under cooperation can be obtained as

Wi(xg) = / {A[A +ax*(s) + ﬂ] - %[A +ax®(s) + /3]2 - %[x*(s)]z}
0
x exp(—rs)ds

1 1 1 1
ZEW(x0)=Zax§+§ﬁxo+5y, fori € {1,2}. (3.91)

Moreover, along the cooperative trajectory {x;};c[0.00), the net benefits to nation i
under cooperation can be obtained as

Wi (xF) = /t {A[A +ax*(s) + B] - %[A +ax*(s)+ )" — %[x*(s)]z}
x exp(—rs)ds

1 1 ) 1 1 ,
=§W(xf)zza(x;‘) +§ﬂx,*+§y, fori e {1,2}. (3.92)

Given that nations are symmetrical, splitting the cooperative gains would guarantee
individual rationality throughout the cooperation period because

W(x7) = VI(xf) + V2(x}) and
Wi(xf) = %W(xl*) > Vi(x}), forie{l,2}andt e [0, 00).

As mentioned in Remark 3.2, even without transfer payments, the individual ra-
tionality of identical agents can be maintained.

3.5 Exercises
3.1 Consider the resource stock x(s) € X C R, which follows the dynamics
%(s) =40x(s)"/? — 2x(s) — u1(s) —ua(s), x(0) =50,

where u1(s) is the harvest rate of economic agent 1 and u;(s) is the harvest rate of
economic agent 2. The extractors are entitled to harvest the resource in the period
[0, 4]. The instantaneous payoff at time s € [0, 4] for agents 1 and 2 are, respectively,

[w(s)”z —

ul(s)] and I:ug(s)lﬂ— ug(s)].

x(5)1/2 x(5)1/2

At terminal time 4, each agent will receive a termination bonus equaling

6x(4)2,
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which depends on the resource remaining at the terminal time.

Payoffs are transferable between agents 1 and 2 and over time; the discount rate
is 0.05.

Consider the case when these two firms agree to cooperate and maximize the
sum of their payoffs

4( 1/2 2 1/2 1 0.05s)d
/0 |:’41(S) _x(s)l/zul(s):|+|:u2(s) —x(s)l/zuz(S)DeXp(— 05s) ds

+2exp[—0.05(4)]6x(4)?,

subject to the resource dynamics above.
Derive the optimal cooperative strategies and the optimal trajectory path of the
resource stock.

3.2 Solve a feedback equilibrium solution for the resource extraction game in Ex-
ercise 3.1.

3.3 The agents agree to cooperate and share the excess gain over the noncooperative
profits equally. They also agree to distribute the excess gain at the end of the game.
Compute the transfers.



Chapter 4

Time Consistency

and Optimal-Trajectory-Subgame
Consistent Economic Optimization

The noncooperative games discussed in Chap. 2 fail to reflect all the facets of opti-
mal behavior in n-person market games. In particular, equilibria in noncooperative
games do not take into consideration Pareto efficiency or group optimality. Chapter 3
considers cooperation in economic optimization and it is shown that group optimal-
ity and individual rationality are two essential properties for cooperation. However,
merely satisfying group optimality and individual rationality does not necessarily
bring about a dynamically stable solution in economic cooperation because there
is no guarantee that the agreed-upon optimality principle is fulfilled throughout the
cooperative period. In this chapter we consider dynamically stable economic opti-
mization.

The formulation of a solution for dynamic economic optimization is given in
Sect. 4.1. The principle of time consistency and the characterization of time con-
sistent solutions are provided in Sect. 4.2. The derivation of payoff distribution
procedures leading to a time consistent solution is investigated in Sect. 4.3. Sec-
tion 4.4 depicts solutions from specific optimality principles and Sect. 4.5 presents
an illustration in the cooperative harvesting of a fishery. The analysis is extended to
an infinite-horizon framework in Sect. 4.6 and an example of optimizing infinite-
horizon resource extraction is presented in Sect. 4.7.

4.1 Solution in Dynamic Economic Optimization

The formulation of optimal behaviors for participating agents is a fundamental el-
ement in the theory of cooperative games. The agents’ behaviors satisfying the
agreed-upon optimality principles constitute a solution of the game. In other words,
the solution of a cooperative economic game is generated by a set of optimality
principles.

Consider again the situation when economic agents agree to optimize coopera-
tively in a dynamic context. Let I, (xg, T — f9) denote a cooperative game in which

D.W.K. Yeung, L.A. Petrosyan, Subgame Consistent Economic Optimization, 77
Static & Dynamic Game Theory: Foundations & Applications,
DOI 10.1007/978-0-8176-8262-0_4, © Springer Science+Business Media, LLC 2012
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agent i’s payoff is

T K
/ g [s,x(s), ur(s), ua(s), ..., un(s)] eXp[—/ r(y) dy] ds
1o 1

0
T
+exp[—/ r(y)dy]q"(x(T)), fori € N, 4.1
fo

and the dynamics of the state is
X(s) = fls,x(5), ur(s), ua(s), ..., un(s)],  x(t0) = xo. (4.2)

The participating agents agree to act according to an agreed-upon optimality
principle. The solution generated by the agreed-upon optimality principle includes
agreements on how to act cooperatively and allocate the cooperative payoff.

Let there be an optimality principle agreed upon by all agents in the cooperative
game [, (xg, T — tp). Based on this optimality principle, the solution P (xo, T — fo)
of the game I, (xg, T — fo) at time #¢ includes the following.

(i) A set of cooperative strategies u"0)*(s) = [u(ltO)*(s), ué"))*(s), a0 ey,
for s € [19, T].
(ii) An imputation vector &% (19, x0) = [ (tg, x0), £ %(tg, x0), ...,

E(’O)" (to, x0)] to allocate the cooperative payoff to the agents.
(iii) A payoff distribution procedure B (s) = [Bio (s), B;O (s),...,B(s)] for s €
[to, T'], where B;O (s) is the instantaneous payments for agent i at time s. In

particular,

. r 1 *

%—(IO)I (to’ xO) = / Bio (S) eXp |:_/ r(y) dyi| dS
) fo
' T
+q' (x7) exp[—/ r(y) dy} 4.3)
fo

fori e N.

This means that the agents agree at the outset on a set of cooperative strategies
u*(s), an imputation é("’)" (to, xp) of the gains to the ith agent covering the time
interval [to, T, and a payoff distribution procedure {B" (s)}ST:,O to allocate pay-
ments to the agents over the game interval.

Using the agreed-upon cooperative strategies the state evolves according to the
state dynamics

2(s) = s, x), ul% (), ud*(5), ..., ul ()], x(t0) =x0.  (4.4)

The solution to (4.4) yields the conditional optimal trajectory, which is denoted by

{xc(s)}xthO. For notational convenience we use x“(s) and x{ interchangeably.
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When time ¢ € (#9, T] has arrived, the situation becomes a cooperative game in
which economic agent i’s payoff is

Ay

T 3
/ g [s,x(s),ul(s),m(s),...,un(s)] exp|:—/ r(y)dy] ds
t t

T
+ exp|:— / r(y) dy]q’ (x(T)), forieN, (4.5)
t
and the evolutionary dynamics of the state is

X(s) = fs.x(8) ur (), uz(s), ... un(s)], x(1)=xf. (4.6)

We use I.(x{,T —t) to denote a cooperative game in which economic agent i’s
objective is (4.5) with the state dynamics in (4.6).

Attime ¢ € (fo, T] when the state is x{, according to the agreed-upon optimality
principle, the solution P (xf, T —t) of the game I (x;, T —t) at time ¢ includes the
following.

(i) A set of cooperative strategies u'*(s) = [u(lt)*(s), ug)*(s), o uD*(s)], for
selt,T]
(i) Animputation vector €@ (¢, x¢) = [ED1(r, x¢), ED2 (¢, x6), ..., ED"(t, xE)] to
allocate the cooperative payoff to the agents.
(iii) A payoff distribution procedure B'(s) = [B{(s), B5(s),..., B} (s)] for s €
[t,T], where B/(s) is the instantaneous payments for agent i at time s. In
particular,

T s
gU)f(z,xf):/ B;(s)exp[—/ r(y)dy} ds
t

t
. T
+q' (x§) exp [—/ r(y) dyi|, 4.7
t

fori e Nandrt € [fg, T].

This means that under the agreed-upon optimality principle, the agents agree on
a set of cooperative strategies u*(s), an imputation of the gains in such a way that
the gain under cooperation of the ith agent over the time interval [¢, T'] is equal to
Wi, xf), and a payoff distribution procedure {B’ (s)}STZ, to allocate payments to
the agents over the game interval [z, T'].

Let there exist solutions P(x;,T —t) # @,t0 <t < T along the conditionally
optimal trajectory {xc(t)}tT:tO. If this condition is not satisfied it is impossible for
the agents to adhere to the chosen principle of optimality since at the very first
instant 7, when P (x{, T —t) = {J, the agents cannot follow this optimality principle.

For & 4 )(t, xf),t € [ty, T], to be valid imputations, it is required that both group
optimality and individual rationality have to be satisfied. Hence a valid optimality
principle would yield a solution P(x;, T —t), which contains
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(i) X DI (t, x6) = WD(t,x6), for t € [to, T], and
(i) Wi, x¢) > VWi, x6), fori € N and t € [to, T].

As discussed in Chap. 3, part (i) above guarantees group optimality, which yields
the highest joint payoffs for the participating agents. Part (ii) yields individual ra-
tionality so that the payoff allocated to an economic agent under cooperation will
be no less than its noncooperative payoff. The failure to guarantee group optimality
and individual rationality would lead to the condition where participants will reject
the agreed-upon optimality principle and play noncooperatively.

4.2 Principle of Time Consistency

To ensure stability in dynamic cooperation over time a stringent condition is re-
quired: the specific agreed-upon optimality principle must be maintained at any in-
stant of time throughout the game along the optimal state trajectory. This condition
is known as time consistency. Assume that at the start of the game the agents execute
the solution P(xg, T — o) generated by an agreed-upon optimality principle (which
includes a set of cooperative strategies, an imputation to distribute the cooperative
payoff, and a payoff distribution procedure). When the game proceeds to time ¢,
the continuation of the scheme in P (xq, T — tp) has to be consistent with the solu-
tion P(x;, T —t) to the game I (x;, T — t) under the same optimality principle.
If this consistency condition is violated, some of the agents will have an incentive
to deviate from the initially chosen trajectory. If this happens, instability arises. In
particular, the dynamic stability of a solution of a cooperative differential game is
the property that, when the game proceeds along the cooperative state trajectory, at
each instant of time the agents are guided by the same optimality principle; there-
fore, they do not have any incentive to deviate from the previously adopted optimal
behavior.

The question of time consistency or dynamic stability in differential games has
been explored rigorously in the past three decades. Haurie (1976) discussed the
problem of dynamic instability in extending the Nash bargaining solution to differ-
ential games. Petrosyan (1977) formalized mathematically the notion of dynamic
stability in solutions of differential games. Petrosyan and Danilov (1979, 1982) in-
troduced the notion of “imputation distribution procedure” for a cooperative solu-
tion. Tolwinski et al. (1986) considered cooperative equilibria in differential games
in which memory-dependent strategies and threats are introduced to maintain the
agreed-upon control path. Petrosyan and Zenkevich (1996) and Petrosyan (1997)
provided a detailed analysis of dynamic stability in cooperative differential games.
In particular, the method of regularization was introduced to construct time con-
sistent solutions. Yeung and Petrosyan (2001) designed a time consistent solution
in differential games and characterized the conditions that the allocation distribu-
tion procedure must satisfy. Petrosyan (1995, 2003) employed the regularization
method to construct time consistent bargaining procedures. Yeung and Petrosyan
(2006a) developed a generalized method for the derivation of analytically tractable
time consistent solutions for games with transferable payoffs.
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4.2.1 Characterization of Time Consistent Solution

Let there be an optimality principle agreed upon by all agents in the cooperative
game [, (xg, T — tp). At time £y, the solution generated by this optimality principle
is P(xo, T —tp). Attime ¢ € (to, T'] when the state is x;, according to the agreed-
upon optimality, the solution of the game at time ¢ with state x; is P(x;, T —t).

A cooperative game I,(xg, T — tp) has a time consistent solution P (xqg, T — #p)
if the continuation of the scheme from the solution P (xg, T — t9) = {u/0*(s) and
B (s) for s € [t9, T1; £ (19, x0)} over the time period [z, T'] coincides with the
solution P (x¢, T — t) = {uV*(s) and B (s) for s € [t, T]; €V (¢, x°)} generated by
the same agreed-upon optimality principle at any time instant ¢ € [#p, 7] along the
conditional optimal trajectory {xS”}ST:,O.

If this coincidence does not appear, there is no guarantee that the agents will not
abandon the solution P (xg, T — o) and switch to P(xf, T — t). Dynamical insta-
bility would arise as participants found that their agreed-upon optimality principle
could not be maintained after cooperation has gone on for some time.

To verify whether the solution P(xg, T — fo) = {u@*(s) and B (s) for s €
[to, T & () (¢, x0)} is indeed time consistent, one has to verify whether the agreed-
upon cooperative strategies, payoff distribution procedures, and imputations are all
time consistent.

4.2.2 Time Consistent Cooperative Strategies

First, we consider the cooperative strategies adopted under the solution P(xg, T —
t9) generated by the agreed-upon optimality principle. At time 7y when the initial
state is xp, the set of cooperative strategies according to P(xg, T — 1) is

w05y = [l (s), ud”*(s), .., ul*(s)], fors € [10, T1.

Consider the case when the game has proceeded to time ¢ and the state variable
becomes x; . Then one has a cooperative game I, (x;, T — t), which starts at time ¢
with initial state x; . According to the solution P (x{, T —t) generated by the adopted
optimality principle a set of cooperative strategies

w5y = [ (5), ud* (5), ..., uP*(5)], forselt, T,

will be adopted.

Definition 4.1 The set of cooperative strategies u"0)* (s) = [uYO)*(s), ug(’)*(s), .
u,(f())*(s)] € P(xp, T — ty) is time consistent if, for s € [¢, T] and ¢ € [1g, T'],
[u?‘))*(s), ug‘))*(s), e uff‘))*(s)]

= [ (), ul*(5), .. uP ()] € P(xE, T —1).
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If the condition in Definition 4.1 is satisfied at each instant of time ¢ € [fg, T]
along the conditional optimal trajectory {x”(t)}thtO, the continuation of the origi-
nal cooperative strategies u"*(s) coincides with the cooperative strategies u* (s)
in the cooperative game I.(x;,T — t). Hence the set of cooperative strategies
u0*(s) e P(xg, T — to) is time consistent.

Recall that to ensure group optimality the agents have to maximize the agents’
joint payoffs. An optimality principle that requires group optimality will yield a
solution P(xg, T — tg), which includes the set of cooperative controls that solves
the problem

n

T s
max {/ Zg~i[S,x(s),u1(s),u2(s),...,un(s)] exp|:—/ r(y)dy] ds
IO i 0]

UL,U2, .. U —

T n .
+exp[— / r(y)dy] > (x<T>)}, (4.8)
fo

j=1
subject to
X(s) = fls.x(8) u1(s), uz(s), ..., un(s)],  x(t0) = xo. (4.9)

A set of group optimal cooperative strategies {y*(s, x*(s)),fori € N and s €
[0, T}, which solves the problem in (4.8) and (4.9), can be characterized by The-
orem 3.1 in Chap. 3. In particular, {x*(t)},TZ,O is the solution path of the optimal
cooperative trajectory

X)) = fs.x), ¥ (5. X)), ¥ (5, x(8))s o, Y (5, x()) ], x(t0) = xo.

Invoking Remark 3.1 in Chap. 3, one can show that the joint payoff maximizing
controls for the cooperative game I (x;, T —t) over the time interval [¢, T'] is iden-
tical to the joint payoff maximizing controls for the cooperative game I, (xg, T — o)
over the same time interval.

Therefore, the solution to an optimality principle that requires group optimal-
ity yields a system of time consistent cooperative strategies. Given that group op-
timality is an essential element in dynamic cooperation, a valid optimality prin-
ciple will require the maximization of joint payoff and the cooperative strategies
u*(s)y = u'"*(s) = Y*(s, x*(5)), for s € [t, T] and 1 € [19, T]. Hence the condi-
tional optimal trajectory {x”(t)}tT:,O coincides with {)c*(t)}lT:,O in games where the
optimality principle requires group optimality.

4.2.3 Time Consistency in Imputation and Payoff Distribution

Procedure

Now we consider time consistency in imputation and the payoff distribution proce-
dure. At time #y when the initial state is xg, according to the solution P (xg, T — t9)
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generated by the agreed-upon optimality principle, the economic agents will use the
payoff distribution procedure { B0 (s)}ST:,O to bring about an imputation to agent i as

£ (19, x0) = /

fo

T s T
Bf°(s)eXP[—/ r(y) dy} ds+qi(xr)eXP[—/ r(y)dy},
1 fo

0

(4.10)

fori e N.

When the game proceeds to time ¢ € (fy, T'], the current state is x;. According to
the solution P (xg, T — tp), agent i will receive an imputation (in the present value
viewed at time #y) equaling

T K T
g )i (t,xf) :/ Bl.to(s) exp[—/ r(y) dy] ds +qi(x§) exp[—/ r(y) dy],
1 fo

t 0

@.11)

over the time interval [¢, T'].

At time t € (fo, T] when the current state is x;, we have a cooperative game
I (x{, T —1t). According to the solution P(x;, T —t) generated by the agreed-upon
optimality principle, the economic agents will use the payoff distribution procedure
{B' (s)}ST:t to bring about an imputation to agent i as

T s r
g“”’(r,x,f):f B,-’(s)exp[—/ r(y)dy}derq"(x?)eXp[—/ r(y)dy},
t t

t

4.12)

fori e N.
For the imputation and payoff distribution procedure from P (xg, T — #p) to be
consistent with those from P(x{, T —t), it is essential that

t
exp|:/ r(y) dyi|§("’)(t,xf) = E(’)(t,xf) € P(xf, T — t), for t € [to, T].
1

0

In addition, at time 7y when the initial state is xg, according to the solution
P(xo, T — tp) generated by the agreed-upon optimality principle, the payoff dis-
tribution procedure is

B"(s) =[BY(s), BX(5), ..., BY(s)], forselt,Tl.

Consider the case when the game has proceeded to time ¢ and the state variable
became x;. Then one has a cooperative game I (x;, T — t), which starts at time ¢
with initial state x;. According to the solution P (x;, T —t) generated by the agreed-
upon optimality principle, the payoff distribution procedure

B'(s) =B{(s), By(s), ..., Bj(s)], forsel[r,T],

will be adopted.



84 4 Time Consistency and Optimal-Trajectory-Subgame Consistent

For the continuation of the payoff distribution procedure B (s) under P (xo,
T — 1p) to be consistent with B’ (s) € P(xf, T — 1), it is required that

B"(s)=B'(s), forse[t,T] and t¢€lty, T].
Therefore, a formal definition can be presented as follows.

Definition 4.2 The imputation and payoff distribution procedure {€)(zo, x) and
B (s),for s € [ty, T1} € P(xo, T — tg), are time consistent if

1 t
® exp[/ r(y)dyi|§(’°)i(t,xf)
0]

t T K
Eexp[/ r(y)dy“/ Bfo(s)exp[—/ r(y)dyi| ds
to t t

' T
+4q'(x§) exp[—/ r(y) dy]}
011

T s . T
5/ Bi’(s)exp[—/ r(y) dy] ds +¢' (x%) exp[—/ r(y) dy:|
t t t

eP(x;, T —1), (4.13)
fori € N and t € [tg, T'], and
(i) the payoff distribution procedure B’ (s) = [B{(s), BY(s), ..., B (s)], for s €
[t, T], is identical to
B'(s)=B{(s), By(s),..., Bi(s)] € P(x{, T —1). (4.14)

Thus cooperative strategies, payoff distribution procedures, and imputations sat-
isfying the conditions in Definitions 4.1 and 4.2 are time consistent.

4.3 Payoff Distribution Procedure Derivation and Time
(Optimal-Trajectory-Subgame) Consistent Solutions

Crucial to obtaining a time consistent solution is the derivation of a payoff distribu-
tion procedure satisfying Definition 4.2 in Sect. 4.2.

4.3.1 Derivation of Payoff Distribution Procedures

Invoking part (ii) of Definition 4.2, we have B0 (s) = B'(s) fort € [t9, T] and s €
[, T]. We use B(s) = {Bi(s), B2(s), ..., B,(s)} to denote B (s) for all # € [y, T].
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Along the conditional optimal trajectory {x(s)}’_, we then have

S=ty

gD (z,x8) = / Bi(s) exp[—/ r(y) dy} ds +q' (x7) exp[—/ r(y) dy],
4.15)

fori € N and t € [ty, T]; and
n n
Z Bj(s) = Zg/ [s, x5, u (T)*(s) u(r)*(s), e u,(f)*(s)].

Moreover, for t € [T, T], we use the term

£ ()= [ Bi(s)exp[—/r()’)dy]ds"'Q( )exp[ / r(y)dy}
t T T

(4.16)

to denote the present value (with the initial time being t) of agent i’s payoff under
cooperation over the time interval [¢, T'] according to the solution P(x¢, T — 1)
along the cooperative state trajectory.

Invoking (4.15) and (4.16) we have

t
£Di(1,x¢) :exp[—f r(y) d)’i|§(t)i (r.x7). @.17)

forie N,andt €[t9, T]and t € [7, T].

One can readily verify that a payoff distribution procedure { B(s)}ST:t0 that satis-
fies (4.17) will give rise to time consistent imputations satisfying part (ii) of Defini-
tion 4.2. The next task is the derivation of a payoff distribution procedure {B(s))T
that leads to the realization of (4.15)—(4.17).

We first consider the following condition concerning the imputation £ ™ (z, xf),
fort €[ty, T]and t €[z, T].

S=Iy

Condition 4.1 Fori € N,t € [r, T], and T € [to, T, the imputation £ ) (z, x7), for
i € N, is a function that is continuously differentiable in ¢ and x; .

A theorem characterizing a formula for B;(s), for s € [#g, T] and i € N, which
yields (4.15)—(4.17), can be provided as follows.

Theorem 4.1 If Condition 4.1 is satisfied, a PDP with a terminal payment q' (x5)
at time T, and an instantaneous payment at time s € [t, T|

Bi(s) = =[5 (1. x7)|,_,]
16" ()] ool v (r) v (m) v ()] 48)

for i € N, yields the imputation vector £ (z, x$), for T € [ty, T] which satisfies
(4.15)—(4.17).
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Proof Invoking (4.15)—(4.17), one can obtain

£ (v.x) = [

v

v+At

Bi(s)eXP[—/ r(y)dy] ds
v+At ? )

~|—exp[—/ r(y)dy:|§(“+m)’ (v+ At x§ + AxS),  (4.19)
v

forve[r,T]andi € N, where

Ax{ = f[u, x$, ¥y (U, xf)), wf(v, xf}), o 1//:(1), xf})]At +o0(At), and
o(At)/At — 0 as At — 0.

From (4.16) and (4.19), one obtains

v+At K
/ B,-(s)exp|:—/ r(y)dy] ds

. v+At .
=W (v, x8) - exp[—/ r(y) dy]é(U“LA’)’ (v+ Ar, x5 + AxY)
v
=W (v, x5) — W (v + At x§ + AxS), (4.20)

forallv e(ty, T]andi € N.
If the imputations & (“)(t, xf), for v € [t, T'], satisfy Condition 4.1, as At — 0,
one can express (4.20) as

Biw)Ar = [ (t.x7) |, Jar =[5 (v, x5)]
X f[u, x5, vy (v, xf}), /2 (U, xf;), /5 (U, xfj)]At —o(Ab). (4.21)

Dividing (4.21) throughout by Az, with At — 0, yields (4.18). Thus the payoff
distribution procedure in B;(s) in (4.18) will lead to the realization of &™) (t, x$),
for t € [ty, T'] which satisfies (4.15)—(4.17). O

Assigning the instantaneous payments according to the payoff distribution pro-
cedure in (4.18) leads to the realization of the imputation & (¥ (t, xHePxS,T—1)
for t € [ty, T]. Therefore, the payoff distribution procedure in B; (s) in (4.18) yields
time consistent imputations.

4.3.2 Time (Optimal-Trajectory-Subgame) Consistent Solution

Given that group optimality has to be satisfied at every instant in dynamic coopera-
tion we consider the following optimality principle.

Principle PI Principle PI is an optimality principle that entails (i) group optimality
and individual rationality, and (ii) the distribution of the total cooperative payoff
according to an imputation that equals & (® (z, x7) for the subgame in [z, T'] along
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the group optimal trajectory. Moreover, the function & (T)(r, x}), for v €19, T, is
continuously differentiable in 7 and x.

The term “time consistency” has been applied in a wide range of problems, like
dynamic optimization, noncooperative differential games, noncooperative dynamic
games, and rational choice theory. However, time consistency for the economic op-
timization problem presented in this chapter requires dynamical consistency for all
subgames along the group optimal trajectory. Hence time consistency in this con-
text reflects optimal-trajectory-subgame consistency. Therefore, we use the term
optimal-trajectory-subgame consistency as a qualifier to the general term of time
consistency.

A theorem characterizing a time (optimal-trajectory-subgame) consistent solu-
tion for the cooperative game I.(xg, T — tp) under optimality Principle PI is pre-
sented below.

Theorem 4.2 For the cooperative game I.(xo, T — tyg) with optimality Princi-
ple PI the solution P(xo, T — ty) = {u(s) and B(s) fors € [ty, T] andé(t‘)) (t0, x0)}
in which (i) u(s) for s € [to, T] is the set of group optimal strategies y* (s, x})
for the game I'.(xo, T — to), and (ii) the imputation distribution procedure B(s) =
{B1(s), Ba(s), ..., By(s)} for s € [tg, T] where

i) = 6 57) ]~ (6 ()]
x fls,xf (o x) vi(r.xf), ... ¥ (r.x))]. forieN: (4.22)
and

S(S)(s,xs*) = [é(s)l(s,xs*), S(S)Z(s,xs*), L g (s,x;‘)] € P(x;,k, T — s)

is the imputation at time s € [ty, T] with the state being x| € {x*(t)}tT:to according
to optimality Principle Pl and is time (optimal-trajectory-subgame) consistent.

Proof Following the algorithm that specifies P(xg, T — fp) as the solution to
the game I,(xg, T — tp) one can readily obtain the solution of the cooperative
game [.(x), T —v), for v e [ty, T], as P(x);, T — v) = {u(s) and B(s) for s €
[v, T] and é(“)(v, x)} in which (i) u(s) for s € [v, T'] is the set of group optimal
strategies ¥ * (s, xJ) for the game I, (x}, T — v), and (ii) B(s) = {Bi(s), Ba(s), ...,
B, (s)} for s € [v, T] where

Bi(s) = =[5 (t.x)] ] = [ (5. %7)]
x fls, x5 (e x)) i (r.xf), .. ¥ (r.x))]. forieN; (4.23)
and
E<S)(s,x;‘) = [é(s)l (s, x7), é(s)z(s, x5)s e gln (s,x)] € P(x}. T =)

is the imputation according to the agreed-upon optimality principle at time s €
[, T] with the state being x} € {x*(t)}_,,.
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Invoking Remark 3.1 in Chap. 3 and Definition 4.1, one can show that the group
optimal joint payoff maximizing strategies ¥ *(s,x;) for the cooperative game
I'.(xp, T — tp) over the time interval [v, T'] is identical to the joint payoff maxi-
mizing strategies controls for the cooperative game I(x;;, T — v) over the same
time interval.

Comparing (4.22) and (4.23) one can show that the payoff distribution procedure
B(s) for the cooperative game I (xg, T — fp) over the time interval [v, T] is identi-
cal to the payoff distribution procedure B(s) for the cooperative game I'.(x}, T —v)
over the same time interval.

Invoking Theorem 4.1 one can show that the payoff distribution procedure
B(s) ={Bi1(s), Ba2(s), ..., By(s)} in (4.22) will yield

T s
g (U,xf}) = {/ Bi(s) eXpl:—f r(y) dy:| ds
T
+qi(x;) exp[—/ r(y) dy:|} €P(x), T —v),

fori e N,andv € [7, T].
Hence

exp |:/U r(y) dy:|§(’°)i (v, x})
fo

v T s
Eexp[/ r(y) dy:H/ B;(s) exp|:—/ r(y)dy] ds
0 v 0

. T
+q’(x;)exp[—/ r(y)dy“
fo
=W (U,xfj) € P(x,j, T — v).

In summary, the continuation of the solution P (xo, T — tp) over the time interval
[v, T'] coincides with the solution P (x5, T — v) of the game I.(x, T — v) under
optimality Principle PI. Thus the solution P(xg, T — f9) in Theorem 4.2 is indeed
time consistent. O

With agents using the cooperative strategies {wl-*(r, x¥),fort e[tg, Tlandi €
N}, the instantaneous payment received by agent i at time instant 7 is

i) = gi[t,x;*, Ui(t,x8), v (v xd), oy (nxd)], (4.24)

fortety,T]andi € N.

According to Theorem 4.2, the instantaneous payment that agent i should receive
under the agreed-upon optimality principle is B;(t), as stated in (4.22). Hence an
instantaneous transfer payment

x' (1) = Bi(v) — &(v), (4.25)

has to be given to agent i at time t, fori € N and t € [y, T].
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Under an optimal-trajectory-subgame consistent solution, the agreed-upon opti-
mality principle remains effective at any instant of time throughout the game along
the optimal state trajectory. Moreover, group and individual rationality are satisfied
throughout the entire game interval. Theorem 4.2 provides a handy tool to obtain
optimal-trajectory-subgame consistent or time consistent cooperative solutions. Ex-
amples of cooperative differential games with solutions satisfying time (optimal-
trajectory-subgame) consistency can be found in Petrosyan (1997), Jgrgensen and
Zaccour (2001), Yeung (2005, 2007), Yeung and Petrosyan (2004, 2006a, 2006b),
and Filar and Petrosjan (2000). Moreover, Theorem 4.2 can be applied to obtain a
time (optimal-trajectory-subgame) consistent cooperative solution for the existing
differential games in economic analysis.

4.4 Solutions from Specific Optimality Principle

In this section we present examples of time consistent solutions from some optimal-
ity principles.

Case 1. Joint Payoff Maximization and Equal Sharing of Gains from Coopera-
tion Consider the cooperative differential game I (xo, T — t9). In particular, the
agents agree with an optimality principle that entails (i) group optimality and (ii)
the division of the excess of the total cooperative payoff over the sum of individual
noncooperative payoffs equally.

We denote the above optimality principle as Principle PI. Recall in Chap. 3 that
the total cooperative payoffs in the cooperative game I.(xg, T — tp) is W) (19, x0),
the noncooperative payoff for agent j is V 0/ (#y, x¢) in the noncooperative game
I'(xp, T — tp). According to optimality Principle PI the imputation to agent j in
Te(xo0, T —tp) is

. . 1 . :
£1 (19, x0) = V0 (19, x0) + — |:W(’°)(to, x0) — Z V0l (g, xo)i|, fori e N.
n
j=1
(4.26)

As the game progresses along the conditional optimal cooperative path {xf}XT:t o

according to Principle PI the imputation to agent j in the cooperative game
Te(x$, T —1)is

n

g@i (r, xﬁ) =y @i (r, xﬁ) + |:W(T)(r, xﬁ) — Z y (@i (r, xi):|, (4.27)

1
n
j=1
fori € N and t € (19, T].
The imputation in (4.26) and (4.27) yields

6)) é(f)i(r, xﬁ) > V@i, x¢),fori e Nand T € [tp, T]; and
(i) YTy E@J(7,x8) = WO (1, x6) for T € [tg, T].
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Hence the imputation vector & ™ (7, x¥) satisfies individual rationality and group
optimality.

Applying Theorem 4.2, a time (optimal-trajectory-subgame) consistent solu-
tion under the optimal Principle PI can be characterized as P(xo, T — ty) =
{u(s) and B(s) for s € [fo, T] and &) (¢9, x9)} in which

(i) u(s) for s € [t9, T] is the set of group optimal strategies 1/ *(s, xJ) in the game
I'(xo0, T —ty), and

(ii) the imputation distribution procedure B(s) = {Bi(s), B2(s), ..., B,(s)} for s €
[to, T'], where

0 . 1
Bi(s) = —§|:V(”’ (t,x7) + n( W (e § VI (1, xF )
d 1
B dx* |:V(S)’(s X, ) (W(S) s, x5 E V(S)/ s x; >:|

X f[s,x:,‘, Iﬂl*(s,x;‘), w;(s,xs), V58 (s,xs)], (4.28)

fori e N.

Case 2. Joint Payoff Maximization and Sharing Gains Proportional to Nonco-
operative Payoffs Consider the cooperative differential game I'.(xg, T — fp). In
particular, the agents agree with an optimality principle that entails (i) group opti-
mality and (ii) the sharing of the excess of the total cooperative payoff over the sum
of the individual noncooperative payoffs proportional to the agents’ noncooperative
payoffs.

We denote the above optimality principle as Principle PII. According to optimal-
ity Principle PII the imputation to agent j in I¢(xg, T — fp) is

V)i (19, x0)
>y V1, x0)

n
X |:W(t°)(t(), x0) — Z y®J (7,', x;k):|

J=1

£ (19, x0) = V' (19, x0) +

Vv (0)i ¢, ,
— (fo, Xo) W (19, x0), forieN.  (4.29)
> =1 VWi (19, x0)

As the game progresses along the conditional optimal cooperative path {x¢}1_, o
according to Principle PII the imputation to agent j in the cooperative game
Iex$, T —r1)is

V@i(z, x9)

(7)i )y —
7 () > V@i, xg)

W(t)(t,xﬁ), forie N and te€lty, T].
(4.30)
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Again the imputation under optimality Principle PII satisfies individual rational-
ity and group optimality.

Applying Theorem 4.2, a time (optimal-trajectory-subgame) consistent solu-
tion under the optimal Principle PII can be characterized as P(xg, T — fp) =
{u(s) and B(s) for s € [t9, T] and E("’)(to,xo)} in which (i) u(s) for s € [fg, T'] is
the set of group optimal strategies ¥*(s, xJ) in the game I"(xo, T — fp), and (ii) the
imputation distribution procedure B(s) = {Bi(s), B2(s), ..., B, (s)} for s € [t9, T],
where

’ v, *) (s) *
o [ijl VO, x) Wt x, )|t_s}
0 VOi(s, x¥) © .
_ W;‘[Z?—l Toien " (s,xs)]
X flsoaxd i (5. 29), ¥3 (s, 7). o ¥ (s.x5) ] forie N (43D

Bi(s) =

Case 3. Joint Payoff Maximization and Sharing Gains as a Combination of
the Imputations in Principles PI and PII = Consider the cooperative differential
game [, (xg, T — o). In particular, the agents agree with an optimality principle that
entails (i) group optimality and (ii) the sharing of the excess of the total cooperative
payoff over the sum of individual noncooperative payoffs as a linear combination of
the imputations in Principles PI and PII.

We denote the above optimality principle as PIII. According to optimality prin-
ciple PIII the imputation to agent j in I, (xg, T — tp) is

, . 1 . ;
g1 (19, x0) = |:V(’O)’ (t0, x0) + - (W(IO)(IO, x0) — Z V0 (g, xo))]

j=1
V00 (29, x0)
> i1 VW0i(tg, x0)

+(1—a) W (19, x0), forieN, (4.32)

where « € (0, 1).
As the game progresses along the conditional optimal cooperative path {x¢}7.

s=tp°
according to PIII the imputation to agent j in the cooperative game I.(xg, T — 1)
is
£ (7, x7)

=a|:V(f)i(r,x§)+ ! (W(T) -5 x ZV(T)J T, x >:|

V@i (7, x¢

+ (1 - .
( Ol) Z?=1 V(@) (r,xﬁ)

W@ (z,x¢), forieNandtelty, T]. (4.33)

Again, the imputation under optimality Principle PIII satisfies individual ratio-
nality and group optimality.
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Applying Theorem 4.2, a time (optimal-trajectory-subgame) consistent solu-
tion under the optimal Principle PIII can be characterized as P(xg, T — ty) =
{u(s) and B(s) for s € [to, T] and £ (19, xo)} in which (i) u(s) for s € [rg, T] is
the set of group optimal strategies ¥ *(s, xJ) in the game I" (xo, T — fp), and (ii) the
imputation distribution procedure B(s) = {Bi(s), B2(s), ..., B,y (s)} for s € [tg, T'],
where

d : 1
Bi(s) = —5{(¥|:V(S)l (t,xF) + = (W(” t,x; ZV(W t,x; )}

()i
V&, xf) (S)(t x*)|
Z?:l V(S)j(l‘,xt*) 7t ) t=s

a : 1
S lel e (v - Lven)|

+ (1 —a)

VO (s, x . .
+ (1 —a) er V(~‘)/(s,x§‘)W (s,xs)
Xf[s, S,wl(s X ) wi“(s,x;‘),...,tp:(s,x:)], (4.34)

fori e N.

Case 4. Joint Payoff Maximization and Time Varying Sharing Weights Con-
sider the cooperative differential game I, (xo, T — o) with two agents. In particular,
the agents agree with an optimality principle that entails (i) group optimality and (ii)
the division of the excess of the total cooperative payoff over the sum of individual

for agent 2 at time t € [y, T].
We denote the above optimality principle as PIV. According to optimality Prin-
ciple PIV the imputations to agents 1 and 2 in I, (xo, T — #p) are

2
£ (1), x0) = V14, x0)+ + (W(’O)(to x0) — ZV('O)j(Io,x0)>,
j=1

for agent 1, and

2
T+oa—1 i
EW2(1) x0) = VIO (15, x0) + Tra (W(’O)(to, x0) — Z V@) (1, x0)>,

j=1
(4.35)
for agent 2.
As the game progresses along the conditional optimal cooperative path {x I, 0
according to PIV the imputation to agent j in the cooperative game I (x¢, T — 1) is

2
. ) T
g(f)](t,x;) = V(T)l(t,xé) + TTa |:W(T) T, x5 Z (T)J (r,x§ :|
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for agent 1, and

2
) . T+a—1 . j -
%_(t)z(_[’ x;) _ V(t)Z(.r7 x;) + Ti-ka |:W(T) (1;, x;) — JE] y @i (‘L’, Xi):|,

(4.36)

for agent 2; t € [1y, T].

Again the imputation under optimality Principle PIV satisfies individual rational-
ity and group optimality.

Applying Theorem 4.2, a time (optimal-trajectory-subgame) consistent solu-
tion under the optimal Principle PIV can be characterized as P(xo,T — tp) =
{u(s) and B(s) for s € [to, T] and £ (zg, x¢)} in which (i) u(s) for s € [rg, T] is
the set of group optimal strategies ¥ *(s, xJ) in the game I"(xo, T — fp), and (ii) the
imputation distribution procedure B(s) = {B(s), Ba2(s), ..., By(s)} for s € [ty, T'],

where
0 t
Bi(s) = - [V“”(, X))+ (W(S)tx ZV(”’” ) ]
dt T+« s
0 ()1 s () (o F 2 $)j (o ¥
_8x* \% (S X )+T+Ol w (s,xs)—ZV (s,xs)

j=1

x flsoxl v (s, ). ¥5 5. x0)):
4.37)

y

d T —
—ﬁ[V(Y)I(S,X:)+—TiZS< (S) S x ZV(S)] S, .X' ):|

N

a T—-t+o
By(s) == [V(*)Z(, ,)+7T+a (W(S)tx vafzx )

X s x50 (s,x7), 93 (s, x9) |

A variety of optimality principles with various imputation schemes like those in
cases 1 to 4 can be constructed.

4.5 An Illustration in Cooperative Fishery

Consider the case of two nations harvesting fish in common waters. The growth rate
of the fish biomass is characterized by the differential equation

x(s) =ax($)? = bx(s) —ui(s) —ua(s), x(to) =xo€ X, (4.38)

where u; € U; is the (nonnegative) amount of fish harvested by nation i, for i €
{1,2}, a and b are positive constants.
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The harvesting cost for nation i € {1, 2} depends on the quantity of the resource
extracted u; (s), the resource stock size x (s), and a parameter c;. In particular, nation
i’s extraction cost can be specified as c;u; (s)x (s)~/2. The fish harvested by nation i
at time s will generate a net benefit of the amount [; (s)]'/2. The horizon of concern
is [79, T]. At time T', nation i will receive a termination bonus ¢; x (T)!/?, where g;
is nonnegative. There exists a positive discount rate r.

At time fg the payoff of nation i € {1, 2} is

T . 1
/m [[u,~(s)]”2 - x(;ﬁui(s)] exp[—r (s — 10)] ds + exp[ (T — 10)]qix(T)?.
(4.39)

The game is a deterministic version of an example in Yeung and Petrosyan
(2004). A set of feedback strategies {u}(t) = ¢/ (¢, x),fori € {1,2}}, provides a
feedback Nash equilibrium solution to the game in (4.38) and (4.39), if there ex-
ist continuously differentiable functions V@i x)y:[to,T] x R — R,i €{1,2},
satisfying the following partial differential equations:

12

(t0)i Ci
— V" (1, x) =II}42’}X{[ui mui}exp[—r(t—to)]

+ VIO @, x)[ax'? — bx —u; — ¢3¢, x)]}, and  (4.40)

Vi(T x) = q[xl/zexp[—r(T —19)], forie{l,2},je{1,2}and j#i.

Performing the indicated maximization yields the game equilibrium strategies

X

: . forie{l,2).  (441)
e + VI explr(t — to)]x1/2]2

¢ (t,x) =

Proposition 4.1 The value function of nation i in the game in (4.38) and (4.39) is

VXt x) =exp[—r(t —10)|[Ai Ox"* + C; ()], forie{l,2}andt €19, T,
(4.42)

where A;(t), C;(t), Aj(t),and C;(t), fori € {1,2} and j € {1,2}, and i # j, satisfy

1 Ci
2+ A0)2] | dei A2
A (1) Ai(t)
8lci + A/ (0/2F  8le; + A;(0)/2

Ai(1) = [r+ S]Ai(t) -

+ (4.43)

Ci(t):rCi(t)—%Ai(t), and Ai(T)=gq, and C;(T)=0.
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Proof By substituting ¢7 (¢, x) and ¢5 (¢, x) into (4.40) and upon solving (4.40) one
can obtain the results in Proposition 4.1 (see also the proof of Proposition 3.1 in
Chap. 3). ]

Consider the alternative game I"(x,, T — t) with the payoff structure in (4.39)
and the dynamics in (4.38) starting at time t € [fp, 7] with initial state x; € X.
Following the above analysis, the value function VOit x):[t,T] x R— R, for
i €{l,2}and T € [ty, T], for the game I (x;, T — ) can be obtained as follows.

Proposition 4.2 The value function of nation i € {1, 2} in the game I' (x;, T — 1) is
VO, x) = exp[—r(t — D) ][Ai (Dx"/* + C: (1], (4.44)

where for i, j € {1,2} and i # j, A;(t), Ci(t), Aj(t), and C;j(t) are the same as
those in Proposition 4.1.

Proof Follow the proof of Proposition 4.1. g

Substituting the relevant derivatives of the value functions into the game equilib-
rium strategies of (4.41) yields a feedback Nash equilibrium for the game in (4.38)
and (4.39).

Now consider the case when the nations agree to cooperate in harvesting the
fishery. Let I'.(xg, T — to) denote a cooperative game with the game structure of
I’ (xg, T — t9) in which the agents agree to act according to the optimality principle
that they would (i) maximize the sum of their payoffs and (ii) divide the excess
of the total cooperative payoff over the sum of individual noncooperative payoffs
equally.

To maximize the joint payoffs, the nations would consider the optimal control

problem
r 172 ‘1 172 2
/to () = S 6) |+ () = —ua(s)

X exp[—r(t — to)] ds + Zexp[—r(T — to)]qx(T)%, (4.45)

subject to (4.38).

Let [wf‘(t, x), wg‘(t, x)] denote a set of controls that provides a solution to the
optimal control problem in (4.38) and (4.45) and W) (¢, x) : [to, T] x R* — R
denote the value function that satisfies the equations

—W,UO)(t,x) = max{ ([u{/z - %ul} + [ué/z — %uz]) exp[—r(t - to)]

up,up
+ W;IO) (t, x)[axl/2 —bx —u; — uz]}, and (4.46)

W (T, x) = 2exp[—r(T — 10)]gx?.
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Performing the indicated maximization we obtain

X
Y, x) = , and
: Afer + W explr(c — 19)]x1/2]2

X

4cy + W explr(t — 0)]x /21>

Vit x) =

Substituting v (¢, x) and ¥5 (¢, x) above into (4.47) yields the value function

W (1, x) = exp[—r(t — 1) [[A)x"? + C )],
1 B 1
2er +AN/21 2er+ A@)/2]

where g(t) = |:r + §:|A(t) —

+ ° + =
dler +A@) /212 dea+ A@r) /21 (4.47)

A(t) A(t)
> + A :
8lc1 +A(1)/2)>  8lea+ A(1)/2)?

Ct)=rl() — %A(z), A(T) =2q, and B(T) =0.

The optimal cooperative controls can then be obtained as

X X

* , = d * , =
OO s Aoe ™ YT g dane

(4.48)

Substituting these control strategies into (4.38) yields the dynamics of the state
trajectory under cooperation

x(s) B x(s)
Ac1 +A@)/21  Aea+ AGs) /2P
x(t9) = x0. (4.49)

x(s) = ax(s)'? — bx(s) —

Solving (4.49) yields the optimal cooperative state trajectory for I'.(xg, T — o) as
2 N 2
x*(s) = w(;o,s)z[xg/ +/ @ Yo, ) H, dt] , forselt,T], (4.50)
Io

where @ (9, s) = expl f;, Ha(z)dr], Hy = Ja,and

Hz(s)=—[1b+ ! + ! ]
2" Sler + AG)/2P | 8lea + AGs)/2P
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The cooperative control for the game I'.(xg, T — fp) over the time interval [zy, T']
along the optimal trajectory {x*(t)},thO can be expressed precisely as

) ()=
)= and j(r) = . (451
I//'l (t xt ) 4[C1 + A([)/z]z an 1/,2 (t xt ) 4[C2 + A(t)/z]z ( )

Following the above analysis, the value function of the optimal control prob-
lem with the dynamics structure of (4.38) and the payoff structure in (4.45) which
starts at time 7 with initial state x} can be obtained as WO, x) = exp[—r(t —
t)][fi(t)xl/ 24 1§(t)], and the corresponding optimal controls as

PPN ()=
toxf)=——"t—— and A Ty PR
1/f1 ( Xy ) 4[C1 + A(t)/z]z an wZ( a0 ) 4[C2 + A(t)/2]2

over the time interval [z, T'].
The agreed-upon optimality principle entails an imputation

£ @i (z,x¥) = Vi (g, x¥) + I[W(ﬂ 7, x Zv“” T, x} ] iefl,2},

(4.52)

in the cooperative game I (x}, T — 1) for v € {tg, T']

Applying Theorem 4.2, a time (optimal-trajectory-subgame) consistent solution
under the above optimal principle for the cooperative game I (xo, T — o) can be ob-
tained as P (xo, T — t9) = {u(s) and B(s) for s € [fo, T'] and &) (ty, x0)} in which

(1) u(s) for s € [to, T'] is the set of group optimal strategies

x* x*

fsxf)y=—"3——, d Yi(sa)=—>
Vibx) = e Taee ™ VR = i aer

(i) The imputation distribution procedure B(s) = {B(s), Ba(s)} for s € [ty, T]
where

1/2

Bi(s)z%l{([A()( N2 L Ci)] + r[Ais) (xF)

; [lA,-<s>(x;)‘/2]
2
|:a (x¥) 12 _ bx; — x; x‘; ] }

4[c; + A(s)/2]? 4[Cj + A(s)/2]?

+ Ci(s)])

A+ Eo oA ) + Eo0)
1
2
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* *
x I:a(x;‘)l/z—bx;k al al ]}

Mei + A2 4lej + A(s) /21

{ ([A;) ()" +Cj )] +r[A; ) () +Cj(5)])
1
24

—1/2
J s

= = , (4.53)
4[c, + A(s)/2]2 4lcj + A(s)/2)?

* *
s Xy

f
oo

fori, j € {1,2} and i # j, where A;(s) and C;(s) are given in (4.44) and A(s)
and C (s) are given in (4.47).

With agents using the cooperative strategies, the instantaneous receipt of agent i
at time instant 7 is

(x*)l/Z Ci(x*)l/z

GO = e+ A2 Ha + A@) 2R (4:3%)

Under cooperation the instantaneous payment that agent i should receive is
B; (1), as stated in (4.53). Hence an instantaneous transfer payment

x' (1) = Bi(v) = &i(7) (4.55)

has to be given to agent i at time 7, fori € {1,2} and 7 € [tp, T].

4.6 Consistent Economic Optimization Under Infinite Horizon

In many economic situations, the terminal time of the game T is either very far in
the future or unknown to the agents. In this section, time consistent cooperation for
games with infinite horizon are considered.

Consider the n-person infinite-horizon general economic problem in which eco-
nomic agent i’s payoff is

o0
/ g [x(s), ui(s), usx(s), ..., un(s)] exp[—r(s — t)] ds, forie N. (4.56)
T
The state dynamics is

xX(s) = f[x(s), ui(s), uz(s), ..., u,,(s)], x(t) = x¢. (4.57)

Since s does not appear in g’ [x(s), u1(s), u2(s)] or the state dynamics, the game in
(4.56) and (4.57) is an autonomous problem. Consider the alternative game I"(x)
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that starts at time ¢ € [ty, 00) with initial state x(t) = x

max/ gi [x(s), ui(s), ur(s),..., un(s)] exp[—r(s — t)] ds, forieN,
Ui t

(4.58)

subject to the state dynamics

X(s) = f[x(s), uy(s), uz(s), ..., un(s)], x() =x. (4.59)

The infinite-horizon autonomous game I (x) is independent of the choice of ¢ and
dependent only upon the state at the starting time, that is, x.

Now consider the case when the economic agents agree to act cooperatively. Let
I'.(t, x;) denote a cooperative game in which agent i’s payoff is (4.56) and the state
dynamics is (4.57). The agents agree to act according to an agreed-upon optimality
principle. As noted before, group optimality is an essential factor in cooperation and
we let the agreed-upon optimality principle be as follows.

Principle PII It is an optimality principle that entails (i) group optimality and indi-
vidual rationality, and (ii) the distribution of the total cooperative payoff according
to an imputation that equals & (“)(v,x:) for v € [t,00) over the game duration.
Moreover, the function £ V) (v, x*) € £V (v, x}), for i € N, is continuously differ-
entiable in v and x;.

The solution P(t, x;) of the cooperative game I, (7, x;) under optimality Prin-
ciple PII includes the following.

(1) A set of group optimal cooperative strategies
w5y = [u7* (), ud*(s), . uP* ()], fors €1, 00).

(ii) Animputation vector £ @ (7, x;) = [EDl (7, x;), ED2 (1, x,), ..., ED (1, x7)]
to allocate the cooperative payoff to the agents.

(iii) A payoff distribution procedure BT (s) = [B{(s), Bj(s),..., B[ (s)], for s €
[, 00), where B/ (s) is the instantaneous payment for agent i at time s. In
particular,

In the following sections, we explicitly characterize the solution P (z, x;) of the
cooperative game [ (7, x;) under the optimality principle.



100 4 Time Consistency and Optimal-Trajectory-Subgame Consistent

4.6.1 Group Optimal Cooperative Strategies

To ensure group rationality, the agents maximize the sum of their payoffs, the agents
solve the problem

0o N
J
UI;IMIZlya-i”n {fr ]X_;g [x(s), ur(s), uz(s), ..., u, (s)] exp[—r(s — 7:)] ds}, 4.61)
subject to (4.57).

Following Theorem 3.2 in Chap. 3, we note that a set of controls {v/](x), for
i € N} provides a solution to the optimal control problem in (4.61) if there exists a
continuously differentiable function W(x) : R" — R satisfying the infinite-horizon
Bellman equation

2
rw(x) = max” {Zgj[x,ul,uz,...,un]+fo[x,ul,uz,...,un]}. 4.62)

ur,uz,...,
j=1

According to optimality Principle PII the agents will adopt the cooperative con-
trol {4 (x), for i € N} characterized in (4.62). Note that these controls are functions
of the current state x only. Substituting this set of controls into the state dynamics
yields the optimal (cooperative) trajectory as

x(s) = f[x), ¥ (x ), v3(x(9)), ..., ¥ (x(9)], x(r)=x;. (4.63)

Let x*(s) denote the solution to (4.63). The optimal trajectory {x*(s)}2, can be
expressed as

x*(s)=x,+/ FI* @) ¥ (), 5 (x* ), ..., ¥ (x* () ] dv.

For notational convenience, we use the terms x*(s) and x; interchangeably.
The cooperative control for the game can be expressed more precisely as

{v/(x)), fori € N and s € [, 00)},

1

which are functions of the current state x; only. The term
oo )
W(x¥) = / D@ (T ©), v (), Y (57 9)]
T ]=]

x exp[—r(s — )] ds,

is the maximized cooperative payoff at current time 7, given that the state is x.

Moreover, one can easily verify that the joint payoff maximizing controls for the
cooperative game [.(t,x;) over the time interval [z, 00) is identical to the joint
payoff maximizing controls for the cooperative game I.(¢, x;) over the same time
interval.
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4.6.2 Consistent Imputation and Payoff Distribution Procedure

Let P(z, x;) denote the solution to the cooperative game I, (7, x;) under the agreed-
upon optimality Principle PII. According to P(t, x;), the economic agents would
use the Payoft Distribution Procedure {B* (s)}52, to bring about an imputation to
agent i as

. o
£ (r,x;) = f Bf (s)exp[—r(s —7)]ds, forieN. (4.64)
We define
) o
£ (1, x)) =/ Bf (s)exp[—r(s —1)]ds, forieN, (4.65)

t

where r > 7 and x;" € {x*(s)}2,.

According to P(t, x;), agent i is supposed to receive a payoff & (z, x/) over
the remaining time interval [¢, 00).

Consider the case when the game has proceeded to time ¢ and the state variable
became x;. Then one has a cooperative game I (¢, x;°) that starts at time ¢ with
initial state x;*. According to the solution P (¢, x;), an imputation

g0 (t.x7) = /oo B! (s)exp[—r(s —1)]ds,
t

will be allotted to agent i, fori € N.
However, according to P(t, x;), the imputation (in the present value viewed at
time 7) to agent i over the period [¢, 00) is

g@i (t, x,*) = /00 B} (s) exp[—r(s — 1:)] ds, forieN. (4.66)

t

For the imputation from P(t, x;) to be consistent with those from P (z, x;°), it is
essential that

exp|r(r — t)]é(”i (t.xf) = gWi (t.x}) e P(t,x]), forte(z,00).

In addition, at time t when the initial state is x;, according to the solution
P(z, x;) generated by optimality Principle PII, the payoff distribution procedure is

BT (s) =B (s). B} (s),..., Bi(s)], forse([r,o00).

When the game has proceeded to time ¢ and the state variable has become x;',
according to the solution P (t, x;) generated by optimality Principle PII, the payoff
distribution procedure

B'(s) =[B{(s), By(s), ..., Bj(s)], forse[r,00),

will be adopted.
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For the continuation of the payoff distribution procedure B* (s) under P(t, x;)
to be consistent with B'(s) € P(xf, T —t), it is required that

B(s) = B'(s), forse[t,00)and? € [r,00).
Definition 4.3 The imputation and payoff distribution procedure {€®(z, x;) and
BT (s) for s € [t,0)} € P(t, x;) are time consistent if
@)
exp[r(t — )] (1, x})

= exp[r(t - r)] /OO B (s) exp[—r(s — r)] ds

t

=gWi (t.xf) e P(t,x), forte(r,00)andi€ N; (4.67)

and
(ii) the payoff distribution procedure B (s) = [B{(s), Bj(s),..., B;(s)] for s €
[t, 00) is identical to B’ (s) = [B](s), B5(s), ..., Bjy(s)] € P(t, x}).

Definition 4.3 is the infinite-horizon counterpart of Definition 4.2 in characteriz-
ing the time consistent imputation and payoff distribution procedure.

4.6.3 Derivation of Consistent Payoff Distribution Procedure

A payoff distribution procedure leading to the time consistent imputation has to
satisfy Definition 4.3. Invoking Definition 4.3, we have B! (s) = Bi’ (s) = B;(s), for
s€[r,00),te[r,00),andi € N.

Therefore, along the cooperative trajectory {x*(¢)};>4,.

oo
g (r,x;k) 2/ Bi(s) exp[—r(s — ‘L’)] ds, forieN,
T

é(“)i (v, x:) = /00 B;(s) exp[—r(s - U)] ds, forie N, and (4.68)

v

o
g (t.x7) =/ Bi(s)exp[—r(s —1)]ds, forieNandt>v=>r.
t
Moreover, fori € N and ¢ € [1, 00), we define the term

g(u)i (,’ xt*) — {(/oo B;(s) exp[—r(s - U)] dS)

to denote the present value of agent i’s cooperative payoff over the time interval
[¢, 00), given that the state is x;* at time ¢ € [v, 00), under the solution P (v, x}).

x(t) = xt*} (4.69)
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Invoking (4.69) and (4.69), one can readily verify that exp[r(r —7)]& ™ (¢, x) =
Wi, x7), fori e Nt €[tg, T],and t € [z, T].

The next task is to derive B;(s), for s € [T, 00) and ¢ € [, 00) so that (4.69) can
be realized. Consider again the following condition.

Condition 4.2 Fori € N, t > v, and v € [1, T], the term é(”)i(t, x/) is a function
that is continuously differentiable in ¢ and x;".

Lemma 4.1 If Condition 4.2 is satisfied, a PDP with instantaneous payments at
time s equaling

Bi(s) =—[&" (t.x7)],_, ] — €9 (5. x2) L2 v (67), w3 (60, 0 ()],
(4.70)

fori € N and s € [v, 00), yields imputation é(“)i(v,xg), for v € [T, 00), which
satisfies (4.69).

Proof Note that along the cooperative trajectory {x*(¢)};>¢

[e.e]

gWi (t, xt*) = / B; (s) exp[—r(s - v)] ds =exp [—r(t - v)]é(’)i(t, xl*),

t

4.71)

fori € N and ¢t € [v, 00).
For At — 0, (4.69) can be expressed as

[e.e]

£V (ext) = [ B exol-ri - v)]ds

v
v+At .
= f Bi(s)exp[—r(s —v)]ds + g (v+ At x} + Ax)),
v
4.72)
where

Axp = flxb vi (). vi(xh). ... v (x)) ] Ar + o(Ar),  and
o(At)/At — 0 as Ar— 0.

Replacing the term x;; + Ax}; with x}, ,, and rearranging (4.72) yields

v+At
[ B;(s) exp[—r(s — U)] ds

= g(“)i(v,x:) —gWi (V4 At,x),,,), forallue[r,o0)andi€N.
4.73)



104 4 Time Consistency and Optimal-Trajectory-Subgame Consistent

Consider the following condition concerning & (t, x[), for v e [r,00) and t €
[v, 00).
With Condition 4.2 holding and Az — 0, (4.73) can be expressed as

B;(v)Ar = —[&" (1.x7)|,_, ] At

— £ (0, x0) F I v (), w3 (x3), o v (x3) ] At — o(A).
(4.74)

Dividing (4.74) throughout by At, with Ar — 0 yields (4.70). Thus the payoff dis-
tribution procedure in B;(v) in (4.70) will lead to the realization of the imputations
that satisfy (4.70). ([

Since the payoff distribution procedure in B; (t) in (4.70) leads to the realization
of (4.69), it will yield time consistent imputations satisfying Definition 4.3.

A more succinct form of Lemma 4.1 can be derived as follows.

If Condition 4.2 is satisfied, a PDP with instantaneous payments at time s equal-

ing
Bi(s) =r&W (s,x7) = £ (s, x7) F 5 v (67), w3 (2), - vk ()], (475)

for i € N and s € [v, 00), yields imputation gWi (v, x{), for v € [t, 00), which
satisfies (4.69).

To demonstrate that (4.75) is an alternative form for (4.70) in Lemma 4.1, we
first define

éi(x:) _ {/OO Bi(s)exp[—r(s —v)]ds

x(v) = xj} =gW)i (r, xj), and

éi(xt*) = {/; B;(s)exp[—r(s —1)]ds

for i € N, v € [t,00), and t € [v,00) along the optimal cooperative trajec-
tory {x;}52,
We then have

x(1) :x,*} =£01(1,x7),

Wi (1, x)) = exp[—r(t — v)]E (x}).
Differentiating £ V) (¢, x*) with respect to ¢ yields
[& Wy (t.x; )| ] —rexp[—r(t — U)]éi (x) = —rgWi (r,x)).
Att=v, EWi(, x}) =EWi(v, x}), therefore,

[ Wi (t xt)| ]_r%.(v)i (Lx;k) —rg@i (v,xfj). 4.76)

Substituting (4.76) into (4.70) yields (4.75).
Using (4.75), a time (optimal-trajectory-subgame) consistent solution in an
infinite-horizon framework is characterized in the next section.
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4.6.4 Time (Optimal-Trajectory-Subgame) Consistent Solution

A theorem characterizing a time (optimal-trajectory-subgame) consistent solution
P(z, x;) for the cooperative game I.(t, x;) under optimality Principle PII is pre-
sented below.

Theorem 4.3 For the cooperative game I'.(t, x;) with optimality Principle PII the
solution P(t,x;) ={u(s) and B(s) for s € [t, 00) andé;‘(f)(r, X¢)} in which

(i) u(s) for s € [t, 00) is the set of group optimal strategies y*(x}) for the game
I'.(t,x;), and

(ii) the imputation distribution procedure B(s) = {B1(s), Ba(s), ..., B,(s)} fors €
[T, 00), where

Bi(s) = rg® (s, x7) = £ (5, x)) [0 v (), W3 () i ()]
4.77)

forieN,and

£ (s, xf) = [%‘(S)l(s, x:‘), S(S)Z(S, x:‘), L Ewn (s, x?)] € P(s, x?)

is the imputation at time s € [T, 00) with the state being x} € {x*(t)};>. under
optimality Principle PII and it is time (optimal-trajectory-subgame) consistent.

Proof Following the algorithm that specifies P (7, x;) as the solution to the game
I'.(t, x;) one can readily obtain the solution of the cooperative game I (v, x}}), for
v>1,as P(v,x}) = {u(s) and B(s) for s € [v, c0) and eW (v, x})} in which

(i) u(s) for s € [v, 00) is the set of group optimal strategies ¥ *(x}) for the game
I'e(v,x}), and
(i) B(s)={Bi(s), B2(s), ..., Bu(s)} for s € [u, 00), where
Bis) = =[5 (1o x7) |, ] =[5 (s.0)]
x fls, x5 (e x)). v (r.x)), o v (., x)) ] (4.78)

fori € N, and
£ (5, x7) = [6 (5., 20), 802 (5.7, £ (s, x7) ] € P (s, x7)

is the imputation at time s € [v, co) with the state being x; € {x*(¢)};>.

Using the characterization of optimal control strategies in (4.62), one can show
that the group optimal joint payoff maximizing strategies ¢ *(xJ) for the cooper-
ative game I.(t, x;) over the time interval [v, 0o) is identical to the joint payoff
maximizing strategies controls for the cooperative game I¢(v, x}) over the same
time interval.
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Comparing (4.77) and (4.78), one can show that the payoff distribution procedure
B(s) for the cooperative game I, (7, x;) over the time interval [v, c0) is identical to
the payoff distribution procedure B(s) for the cooperative game I (v, x;;) over the
same time interval.

Invoking Lemma 4.1 and (4.75) one can show that the payoff distribution proce-
dure B(s) = {Bi(s), B2(s), ..., B,(s)} in (4.77) would yield

s(v)i (U7x:) — {/OO B; (s) exp[—r(s — U)] ds} € P(U,X:), fori e N,

and v € [t, 00).
Hence

[e.¢]

exp[r(v — I)]E(T)i (v.x3) = exp[r(v— r)]f B;(s)exp[—r(s —7)]ds

v

=£Wi(v,x})P(v,x}), forieNandv e |r,00).

In summary, the continuation of the solution P(z,x;) over the time interval
[v, 00) is consistent with the solution P (v, x}}) of the game I (v, x;;) under op-
timality Principle PII. Thus the solution P(z, x;) in Theorem 4.3 is indeed time
(optimal-subgame-consistent) consistent. ]

With agents using the cooperative strategies {Iﬂi* (x}),fori € N and v € [1, 00)},
the instantaneous receipt of agent i at time instant v is

) =g [xk i (xk). i (xk), ... ¥k (x})], forieN. (4.79)
According to Theorem 4.3, the instantaneous payment that agent i should receive

under the agreed-upon optimality principle is B;j(v), as stated in (4.77). Hence an
instantaneous transfer payment

x' (V) = Bi(v) — & (V) (4.80)

has to be given to agent i at time v, fori € N.

4.7 Infinite-Horizon Resource Extraction Optimization

Consider an infinite-horizon version of the cooperative fishery game in Sect. 4.5. At
initial time 7, the payoff function of nations 1 and 2 are, respectively,

/T [MI(S)1/2 — x(;ﬁul(s)} exp[—r(t —1)]ds,

and

/oo [,ﬂ(s)l/z _ x(sc)zl/z uz(s)i| exp[—r(t — )] ds. 4.81)
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The resource stock x(s) € X C R follows the dynamics
x(s) =ax(s)? = bx(s) —ui(s) —us(s), x(r)=x;€X. (4.82)

Invoking Theorem 2.4 in Chap. 2, a noncooperative feedback Nash equilibrium
solution of the game in (4.81) and (4.82) can be characterized as

12 G
i 12

rVix) = mz_lx{u u; + \A/; (x)[axl/2 —bx —u; — qb;-‘(x)]}, (4.83)

fori,je{l,2}andi #j.
Performing the indicated maximization in (4.83) yields

é; (x) fori e {1,2}.

4 + Vi 2R

Substituting ¢} (x) and ¢ (x) above into (4.83) and upon solving (4.83) one obtains
the value function of nation i € {1, 2} as

Vi, x)=[aix"? + ¢, (4.84)

where, fori, j € {1,2} and i # j, A;, Ci, Aj, and C; satisfy

1 Ci
r+—-|4; - +
[ 2} Y2+ Ai/21 T dlei + A /2]
A; A;

+ + =0, and
8lci + A; /22 8[c; +Aj/2]2
a
Ci= EAi'
The game equilibrium strategies can be obtained as
X X
x)=——, and PHOx)=————. 4.85
P = Ser+ AP Ty G TR

Consider the case when these two nations agree to act according to an agreed-upon
optimality principle that entails (i) group optimality and (ii) the distribution of the
cooperative payoff according to the imputation that equally divides the excess of the
total cooperative payoff over the sum of individual noncooperative payoffs.

To maximize their joint payoff for group optimality, the nations have to solve the
control problem of maximizing

/r <|:M1(S)1/2 - x(sc)ll/zul(S)} + [uz(S)l/2 - x(j)zuzuz(S)D

X exp[—r(t — r)] ds, (4.86)

subject to (4.82).
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Invoking Theorem 3.2 in Chap. 3, we obtain
_ 12 €l 12 €
o= (5o i)
+ Wx(x)[a)cl/2 —bx —u; — uz]}

Following similar procedures in previous analyses, one can obtain

W(x) =[Ax"? + C],

where
b 1 1 cl 2
r+=A- - + 7 T 5

2 2[c1 +A/2] 2o+ A/2]  4[cr + A/2] 4[cr + A/2]

+ A + A 0 d

=0, an
8lc1 + A/22 " 8[ca + A/2P2
c=24
T 2r

The optimal cooperative controls can then be obtained as

Y (x) = and Y3 () =7 al

e £ AR (*+.87)

4lcr +A/2)7

Substituting these control strategies into (4.82) yields the dynamics of the state tra-
jectory under cooperation

x(s) x(s)

o 12 _ -
x(s) =ax(s) bx(s) 4[cy + A/Z]2 4[cy + A/2]2 '

x(t)=x;. (4.88)

Solving (4.88) yields the optimal cooperative state trajectory {x*(s)}‘t’oztO for the
cooperative game in (4.81) and (4.82) as

1 2
X (s) = [% n ((xf)i - %) exp[—H (s — r)]} , (4.89)

where

b 1 1
"= _[5 T 8l + A2E T B2t A/z]z]

According to the agreed-upon optimality principle these nations will distribute the
cooperative payoff according to the imputation that equally divides the excess of the
total cooperative payoff over the sum of individual noncooperative payoffs. Hence
the imputation £ (v, xJ)) = £ (v, x5, £2(v, x)] has to satisfy the following:
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Condition 4.3
2
o) =) S W) -] e
Jj=1
fori € {1,2} and v € [, 00).

Applying Theorem 4.3 a time (optimal-trajectory-subgame) consistent solution
for the cooperative game I, (7, x;) can be obtained as P(t, x;) = {u(s) and B(s) for
s € [1,00) and £ D (1, x;)} in which

(1) u(s) for s € [r, 00) is the set of group optimal strategies

x* x*

Ui (x)) = ier + AJ2P and 5 (x7) = m

and
@i1) B(s) ={B1(s), Ba(s),..., By(s)} for s € [t, 00) where

1
Bi(s) = 5{r[Ai () P+ €]+ r[a ) + €] = r[4,() P + ¢ )

1 B _ _
=) AT - AT

a2, x5 3 x5
x [a ()7 = b e+ AR Mo+ A /2]2}’ @91

fori,je{l,2}andi # j.

With agents using the cooperative strategies {y*(x;)),i € {1, 2}} along the coop-
erative trajectory, the instantaneous receipt of agent i at time instant v becomes
)/ ci(xh)!/?

2[ci +A/2]  Aei+ A/

Gi(v) = (4.92)

According to (4.91), the instantaneous payment that agent i should receive un-
der the agreed-upon optimality principle is B;(v). Hence an instantaneous transfer
payment

x' (V) = B;(v) — ¢i(v), (4.93)

has to be given to agent i at time v € [, 00), fori € {1, 2}.

4.8 Exercises

4.1 Consider the case of two nations harvesting fish in common waters. The growth
rate of the fish biomass is characterized by the differential equation

%(s) =3x(5)"/2 = 0.5x(s) — u1(s) — ua(s), x(0) =50,
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where u; € U; is the (nonnegative) amount of fish harvested by nation i, for i €
{1, 2}. The horizon of the game is [0, 4].

The harvesting cost for nation i € {1, 2} depends on the quantity of resource
extracted u; (s) and the resource stock size x(s). In particular, nation 1’s extraction
cost is 2u1(s)x(s)~!/? and nation 2’s is u» (s)x(s)~'/2. The fish harvested by nation
i at time s will generate a net benefit of the amount [u; (s)]'/2. At terminal time 4,
nations 1 and 2 will receive termination bonuses 7.5x (4)!/2 and 5x (4)!/2 while the
interest rate is 0.05.

At time O the payoffs of nation 1 and nation 2 are, respectively,

4 1/2 4 1
/O |:[u1(s)] - Wui(s)} exp(—0.05s) ds + exp[—r(4)]7.5x(4)2, and

4 3
fo |:[u2(s)]1/2 - Wui(s)} exp(—0.05s) ds + exp[—r(4)]5x(4)?.
Obtain a feedback Nash equilibrium solution for this transnational market activity.

4.2 If these nations agree to cooperate and maximize their joint payoff, compute
the optimal cooperative strategies and optimal stock path of the fish biomass.

4.3 Furthermore, if these nations agree to share the excess of their gain equally
along the optimal trajectory, obtain a time (optimal-trajectory-subgame) consistent
solution.

4.4 Consider the case when the game horizon in exercise 1 is extended to infinity.

(i) Obtain a feedback Nash equilibrium solution for this transnational market ac-
tivity.
(ii) If these nations agree to cooperate and maximize their joint payoff, compute
the optimal cooperative strategies and optimal stock path of the fish biomass.
(>iii) If these nations agree to share the excess of their gain equally along the optimal
trajectory, obtain a time (optimal-trajectory-subgame) consistent solution.



Chapter 5
Dynamically Stable Cost-Saving Joint Venture

In this chapter, we consider a common economic activity involving cooperative
optimization—joint venture. However, it is often observed that after a certain time
of cooperation some firms in a joint venture may gain sufficient skills and technol-
ogy that they would do better by breaking away from the joint operation. Analysis
on time (optimal-trajectory subgame) consistent joint ventures are presented in the
following sections.

As markets become increasingly globalized and firms become more multina-
tional, corporate joint ventures are likely to yield opportunities to quickly create
economies of scale and critical mass, incorporate new skills and technology, and
facilitate rational resource sharing (see Bleeke and Ernst 1993). With joint ventures
becoming a powerful force shaping global corporate strategy, partnerships between
firms have significantly increased. Despite their purported benefits, however, joint
ventures are highly unstable and have a consistently high rate of failure (Blodgett
1992; Parkhe 1993). In addition, other adverse effects, such as uncompensated trans-
fers of technology, operational difficulties, disagreements, and anxiety over the loss
of proprietary information, have been found (Hamel et al. 1989 and Gomes-Casseres
1987). D’ Aspremont and Jacquemin (1988), Kamien et al. (1992), and Suzumura
(1992) have studied cooperative R&D with spillovers in joint ventures under a static
framework. Cellini and Lambertini (2002, 2004) considered cooperative solutions
to investment in product differentiation in a dynamic approach.

A dynamic model of a corporate joint venture resulting in cost saving is presented
in Sect. 5.1. Time (optimal-trajectory-subgame) consistent solutions are derived in
Sect. 5.2 and an example is given in Sect. 5.3. The derivation of a Shapley value so-
lution to the joint venture is given in Sect. 5.4 and the Shapley value profit sharing
is analyzed in Sect. 5.5. An extension of the analysis to an infinite horizon is inves-
tigated in Sect. 5.6 and an example of an infinite-horizon joint venture is provided
in Sect. 5.7.

D.W.K. Yeung, L.A. Petrosyan, Subgame Consistent Economic Optimization, 111
Static & Dynamic Game Theory: Foundations & Applications,
DOI 10.1007/978-0-8176-8262-0_5, © Springer Science+Business Media, LLC 2012
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5.1 A Dynamic Model of Corporate Joint Venture

A fundamental premise is that joint ventures are formed primarily so that participat-
ing firms can readily gain core skills and technology that will be difficult for them to
obtain on their own (Murray and Siehl 1989). Costs reduction often is an advantage
gained by the firms in the joint venture. However, after a certain time of cooperation
some firms may gain sufficient managerial and technological expertise that they
would do better by breaking away from the joint venture. Thus a major source of
instability is the lack of dynamical stable or time consistent cooperative solutions to
the joint venture. Time (optimal-trajectory subgame) consistency is a fundamental
element in dynamic cooperation, and it ensures that (i) the extension of the solution
policy to a later starting time along the optimal trajectory will remain optimal, and
(ii) all participating firms do not have an incentive to deviate from the initial plan.
The absence of a formal mechanism to time consistent cooperative solutions has pre-
cluded the rigorous analysis of the problem of corporate joint ventures. Petrosyan
and Zaccour (2003) provided a time consistent solution to a class of differential
games involving pollution cost reduction. Yeung and Petrosyan (2006b) presented a
dynamically stable joint venture involving cooperative R&D with spillovers. Yeung
(2010) provided an analysis on time consistent cost-saving joint ventures.

In this section, we present a framework of a dynamic joint venture in which there
are n firms. The venture horizon is [ty, T]. The state dynamics of the ith firm is
characterized by the set of vector-valued differential equations.

The state dynamics of the ith firm is characterized by the set of vector-valued
differential equations

) = fs, x" (), ui ()], x'(t0) =x'?, fori e N, (5.1

where x!(s) € X! C R™™ denotes the state variables of firm i,u; € U; C R4 is
firm i’s investment in technology advancement. The state of firm i includes its capi-
tal stock, level of technology, special skills, and productive resources. The objective
of firm i is

T . . . K
/ {g’ [s, x! (s)] — cl.{l}[u,-(s)] } exp|:— / r(y) dy] ds
to 1

0

T . .
+eXp[—/ r(y) dy}ql(x’(T)), (5.2)
fo

for i € N, where exp[— fz; r(y) dy] is the discount factor, gi [s, x'(s)] the instanta-
neous revenue, c}'}[ui (s)] represents the costs of the firm’s control u; (s) when it is
operating on its own, and ¢’ (x! (T)) is the terminal payment. In particular, the firm’s
revenue gi [s, x'] is affected by the state variables, like capital stock, special skills,
productive resources, and technologies.

Note that since the objectives and state dynamics of the firms in a noncooperative
equilibrium are independent, the market outcome is represented by an n neoclassi-
cal theory of the firm problems. Let V@ (¢, x7) and ¢ (¢, x) denote the payoff and
investment strategies of firm i, for i € N, by which a firm’s equilibrium is charac-
terized (see Theorem A.1 in the Technical Appendixes) as follows.
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A set of investment strategies ¢ (, x%) for firm i constitutes an optimal solution
to the neoclassical theory of the firm problem, which maximizes (5.2) subject to
(5.1) if there exists a continuously differentiable function Vit xy defined by
[0, T] x R™ — R and satisfying the following Bellman equation:

uj

. . i [ t
—Vz(m)l (t,x") = max{[g(t,x’) - C,{l}(ui)] CXP[_f r(y) dy:|
fo

—}—Vx("))i(t,x)f"[t,xi,u,-]} and
. . . . T
v @i(T, x") :q’(x’)exp[—f r(y) dyi|.
to

Let V®i(z, x') denote the payoff function of firm i in a game with the dynamics
in (5.1) and the payoff of (5.2), which starts at time t for T € [fy, T). Note that the
equilibrium feedback strategies are Markovian in the sense that they depend on the
current time and the current state. Invoking Remark 2.1 of Chap. 2, one can obtain

T
exp|:/ r(y) dyi|V(t°)i (t,xi) =ywi (t,xi),
To

fortety,T]andi € N.

Consider a joint venture consisting of all these n companies. The participating
firms can gain core skills and technology that would be impossible for them to obtain
on their own individually. Cost-saving opportunities are created under joint venture,
for instance, savings in joint R&D, administration, marketing, customer services,
purchasing, financing, and economy of scales and scope. The cost of control of firm
Jj under the joint venture becomes cjy [u;(s)]. With the absolute joint venture cost
advantage we have

¥ (uj) gcﬁ.“(uj), for j € N. (5.3)
Moreover, marginal cost advantages lead to
oc¥ (uj)/du; < 9ct uj)/ou;, forjeN.
At time fy, the joint venture would maximize the joint venture profit

[ X1 -lueles] - [

Iy j=1

N

r(y) dy:| ds

)

n T
+ Zexp[— / r(y) dy]q/ (x/ (1)), (5.4)
j=1 10
subject to (5.1).
The model adopted for analysis concentrates on the reduction of costs within
the joint venture; the profit of an outside firm is not affected by the actions of the
joint venture. Such an outcome would appear in scenarios in which firms are selling
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different products, in which firms are making vertical integrations, or in which there
exists a sizable world market. For the sake of clarity in exposition, we consider the
case where m; =1, fori € N.

5.2 Time (Optimal-Trajectory-Subgame) Consistent Solution in
Joint Venture

We begin with the characterization of the profit of the joint venture. Let x de-
note {x!,x2,...,x"}. Invoking Bellman’s technique of dynamic programming in
Sect. A.1 of the Technical Appendixes, the solution to the problem in (5.3) and
(5.4) can be characterized as follows.

Corollary 5.1 A set of controls {Yf(t,x),fori € N and t € [ty, T]} provides an
optimal solution to the control problem in (5.3) and (5.4) if there exists a continu-
ously differentiable function W% (¢, x) : [ty, T] x R" — R satisfying the following
Bellman equation:

n t
_WT(IO)(t,x) = maxu {Z[gj (t, xj) - Cj‘v(”j)] exp[—f r(y) dY]
n fo

Jj=1

+ ) W) £ (12, uj)}, (5.5)

j=1

T n
w(T, x) = exp[—/ r(y) dy} qu(xj).
fo j=1

Hence the firms will adopt the cooperative control {y*(z, x),fori € N and t €
[0, T']1} to obtain the maximized level of joint profit. In a cooperative framework, the
issue of the nonuniqueness of the optimal controls can be resolved by the agreement
between the firms on a particular set of controls. Substituting this set of controls into
(5.1) yields the dynamics of technology advancement under cooperation as

X(s) = fs,x' (), Y (5. x(5))],  x'(to) =x{, fori e N. (5.6)
Let x*(¢) = {x*(r), x>*(1), ..., x™(¢)} denote the solution to (5.6). The optimal
trajectory {x"‘(t)},T:,O can be expressed as

t

xi*(t)=x3+/ f[s.x™(s), ¥ (s, x*(s))]ds, forieN. (5.7)

]

For notational convenience, we use the terms x*(¢) and x;* interchangeably.
The cooperative investment strategies for the cooperative game in (5.1) and (5.4)
over the time interval [#y, 7] can be expressed more precisely as

{v/(t,x*(1)), fori € N andt € [1y, T1}. (5.8)
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Note that for group optimality to be achievable, the cooperative investment strate-
gies {wi* (t,x*(t)),fori € N and t € [to, T]} must be exercised throughout the time
interval [tg, T'].

Along the cooperative investment path {x*(t)},thO, the total venture profit over
the interval [z, T'], for ¢ € [ty, T), can be expressed as

T n ) ) K
w () (t, xt*) = /l Z(gj [s, xj*(s)] - cjy[l//;‘(s, x*(s))]) exp|:—/t r(y) dy] ds
=

0

T n . .
+exp[—/ r(y) dyi|ZqJ(xf*(T)). (5.9)
to

j=1

Let WO (s, x;) denote the total venture profit from the control problem with the
dynamics in (5.1) and the payoff in (5.4), which begins at time t € [fp, 7] with
initial state x. Invoking Remark 3.1 of Chap. 3, one can readily obtain

T
exp[ f r() dy]W“‘”(r,x;“) =W (. x),
to

fortelty, T]landt €[z, T).
Next, we consider an imputation scheme to share the total venture profit.

5.2.1 Imputation Scheme

The problem of profit sharing is inescapable in virtually every joint venture. Since
the sizes and earning potentials of the firms in a corporate joint venture may vary
significantly, we consider the case when the venture agrees to share the excess of
the total cooperative payoff over the sum of individual noncooperative payoffs pro-
portional to the firms’ noncooperative payoffs.

The imputation scheme has to fulfill the following condition.

Condition 5.1 An imputation

Vi (g, x})
Yy V@i, x})

n
X |:W([0) (tg, x9) — Z y (0)J (t(), xé):|

j=1

£ (19, x0) = V0 (1, x5) +

Vi (10, x
= 10, %) — W (10, xp),

Yo VO, x3)
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is assigned to firm i, for i € N at the outset and an imputation

V(r)i (‘L’, xé*)
Y V@i, XY

g;(r)i (‘L’, x;k) — W(r)(-[, x:), (5.10)

is assigned to firm i, for i € N at time t € (ty, T].

The imputation in (5.10) satisfies

(i) Ei(r,x¥) > V@i(g,xi*), fori € N and 7 € [ty, T]; and
(i) Yy E@J(r,x}) = WO (7, x¥) for T € 19, T].

Hence the imputation vector £ (1, x}) in (5.10) satisfies individual rationality and
group optimality throughout the game horizon [fg, T'].

The solution to the optimality principle guiding the joint venture can then be
expressed as

P(x}, T —1) = {y*(s,x*(s)) and B(s) fors € [r, T], £V (t,x7)},

fort € [t9, T], where ¥*(s, x*(s)) = {¥] (s, x*(5)), Y5 (5, x*(8)), ..., ¥, (5, x™(5))}
is the vector of the cooperative investment strategies maximizing joint profit,
D, x;) is the imputation scheme satisfying Condition 5.1, and B(s) is a profit
distribution mechanism that will lead to the realization of Condition 5.1.

All the participating firms in the joint venture will have no incentive to exit
the venture if the agreed-upon optimality principle is maintained at every instant
t € [to, T]. A profit distribution mechanism that will lead to the realization of Con-
dition 5.1 will be formulated in the next section.

5.2.2 Time (Optimal-Trajectory-Subgame) Consistent Venture
Profit Distribution

To formulate a payoff distribution procedure over time so that the agreed imputa-
tions satisfy Condition 5.1 we first obtain the following.

Lemma 5.1 A PDP with a terminal payment q' (x7) at time T and an instantaneous
payment at time T € [ty, T']

n

Bi(@) = —[&™" (1,57 =] = (62 () 1" [ 21 ik (2, 7)]

h=1
_3[ VO, 6
L v

W),
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n . .
- o [ Ve x*)}
i o Y V@i, XY !

x f[r x yi ()], (5.11)

fori € N, will lead to realization of the solution imputations &' (z, xI),forieN
and t € [tg, T, satisfying Condition 5.1.

Proof Invoking Theorem 4.2 in Chap. 4, Lemma 5.1 follows. (|

A time (optimal-trajectory-subgame) consistent solution can be obtained as
P(xo, T — to) = {u(s) and B(s) for s € [t9, T'] and & (1o, x¢)} where

(i) u(s) for s € [to, T'] is the set of group optimal strategies ¥* (s, x;) characterized
in (5.6), and
(i) B(s) ={Bi(s), B2(s), ..., By(s)} for s € [ty, T'] is given as in (5.11).

With firms using the cooperative investment strategies {v(t,x;),fort €
[0, T] and i € N}, the instantaneous receipt of firm i at time instant 7 is

G(0) =g (v, x2) — N [y (v, 27)], (5.12)

fort €[tg, T]andi € N.

According to Lemma 5.1, the instantaneous payment that firm i should receive
under the agreed-upon optimality principle is B;(t), for v € [y, T] and i € N, as
stated in (5.11). Hence an instantaneous transfer payment

x'(v) = Bi(r) — & (1) (5.13)

has to be given or charged to firm i at time 7, fori € N and 7 € [t, T'].

5.3 A Cost-Saving Joint Venture

Consider the case when there are three companies involved in a joint venture. The
planning period is [fo, T]. Company i’s profit is

/ [Pi[x' ()] = e ui ()] exp[—r(s — 10) ] ds + exp[—r(T — 10)]q:[x'(T)]"/,
fo

fori € {1,2, 3}, where P;, c}l} and ¢g; are positive constants, r is the discount rate,
x;(s) C R™ is the level of technology of company i at time s, and u;(s) C R™ is its
physical investment in technological advancement. The term P; [x/(s)]'/? reflects
the net operating revenue of company i at technology level x;(s), and cju; is the
cost of the investment. The salvage value of company i’s technology at time 7T is
given by g;[x’(T)]'/2. The evolution of the technology level of company i follows

the dynamics

£ (s) = [a[ul (5)xi()]'* = 8x' ()], fori e{1,2,3}. (5.14)
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In the case when each of these three firms acts independently, and using Theo-
rem A.1l in the Technical Appendixes, we obtain the Bellman equation as

—V, (1, x1) = max{[P, ()" = cu exp[—r(t — 10)]
+ VO (e x) [ (i) 2 — 627 ]} (5.15)
VO (T, x7) = exp[—r(T —)]ai(x') %, fori e {1,2,3}.

Performing the indicated maximization in (5.15) yields

Ui = 4(:{7;})2[‘/)30” (t, 2" exp[r(t — )], fori € {1,2,3).
1

Substituting #; into the Bellman equation yields

—Vz(m)[ (;,x") =P ()c")l/2 exp[—r(t — t9)]
o

4 [V (1.2")] exp[r(t = 1))
¢

X

2
+ _2cl,~ [Vx(fO)’ (1, x’)]zexp[r(t —D)x' - SVX(,.IO)’ (t. x")xi,

fori e {1,2,3}.
Solving the above system of partial differential equations yields

vi(s, x') = [AY ) (x))'? + ¢V (1) ] exp[—r (x = 10)],
fori € {1,2,3}, (5.16)

where
i i) 8\ 4t}
Al = r+§ A — P,

2
i : o 5.17
o =rcflo - gl o], eI

Ci

ATy =g and (1) =0.
The first equation in the block-recursive system in (5.17) is a first-order linear
differential equation in Al{’} (t) that can be solved independently by standard tech-
niques. Substituting the solution of Al{’}(t) into the second equation of (5.17) yields

a first-order linear differential equation in Cl.{i}(t). The solution of Cl.{i}(t) can be
readily obtained by standard techniques.
Moreover, one can easily derive

VOl 2ty = [AP () (x) 2 + P )] exp[ -t — D)),
fori € {1,2,3}and 7 € [1p, T].
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After characterizing the outcome when each of these three firms acts indepen-
dently, we investigate the outcome when these firms form a joint venture.

5.3.1 Joint Venture Profit and Cost Saving

Consider the case when all three firms agree to form a joint venture and share their
joint profit proportionally to their noncooperative profits. Cost-saving opportunities
are created under joint venture from joint R&D, administration, purchasing, financ-
ing, and economy of scales and scope. The cost of control of firm j under the joint
{1,2,3}

venture becomes ¢

; u j(s). With joint venture cost advantage

< for jen. (5.18)

The profit of the joint venture is the sum of the participating firms’ profits

/ xf (s)]l/2 - 051’2’3}uj(s)] exp[—r(s - to)] ds
0]

1/2

+ ZeXp —r (T = t0)]q; [x7(T)] (5.19)

j=1
The firms in the joint venture then act cooperatively to maximize (5.19) subject
to (5.14). In particular, (5.14) and (5.19) become an optimization problem under

the three firms’ cost-saving joint venture. Using Theorem A.1 in the Technical Ap-
pendixes, we obtain the Bellman equation as

_ Wt(tO){1’2’3}(t,xl,x2, x3)

3
= max :Z[Pi(xi)l/z—ciui]exp[—r(t —to)]

S P
FS WO 2 ey s}, O
i=1
W23} (7 1 2 3 Zexp —r (T —10)]q; (x/) ">,
j=1
Performing the indicated maximization yields
ui = L[W;f")“ 231 w2 ) exprt — )P, (5.21)

= 1,2.3
4y

fori e {1,2,3}.
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Substituting (5.21) into (5.20) yields
W(to){l 2, 3}(t X! X2, xs)

2

3
i=1 4Cl

[W(to){123}(t x!, x2, x3)]2exp[r(t—l0)]j|

3 2
+Zw(f0){] 23y, xl,x2,x3)[ [ WU (1, x1, x2, x3)
i=l

x exp[r(t —t)]]x' — 3xii|,

and

WOU23(T 41 12 3 Zexp (T —1)]q; (x)?. (5.22)
j=l1

Solving (5.22) yields
W(to){l,2,3}(t, Xl a2, x3)
=[A{11’2’3}(t)(x1)1/2+A£1’2’3}(t)(x2)1/2+A;l’2’3}(t)(x3)]/2

+ 23 )] exp[—r(t — )], (5.23)

where AV (1), ALV (1), AL (1), and €023 (1) satisfy

: 5
A2y = <r + 5)A?’Z’”(t) — P,

fori, j,he{l,2,3}andi # j #h,

3

2
. o
C{1’2’3}(t) — VC{1’2’3}(I) _ § : i [ {1 2, 3}(t)]

~6c> (5.24)

ATy =g, forie(l,2,3), and C123(7) =0

The first three equations in the block recursive system in (5.24) are a system of
three linear differential equations that can be solved explicitly by standard tech-
niques. Upon solving A§1’2’3}(t) for i € {1,2,3} and substituting them into the
fourth equation of (5.24), one has a linear differential equation in C {123} p).
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The investment strategies of the grand coalition joint venture can be derived as

2
{1,2,3} o; 1,2,3},.,12 .
Y (t,x) = ——|A! ®|°, foriefl,2,3)}. (5.25)
i 16(c§1’2’3})2[ i ]

The dynamics of the technological progress of the joint venture over the time inter-
val s € [ty, T'] can be expressed as

2
%i(s) = %A[{.l’z’3}(t)[x’(s)]l/2 —5xi(s),  xi(to) =x}, (5.26)

fori e {1,2,3}. . .
Taking the transforming y'(s) = xi(s)1/2, for i € {1,2,3}, equation system in
(5.26) can be expressed as

2
i of L (1,2.3) S ~ i\1/2
Y'(S)=8—CliAi (1) = 5y'(), y'(to) = (xp) " (5.27)

fori e {1,2,3}.

Equation (5.27) is a system of linear differential equations that can be solved by
standard techniques. Solving (5.27) yields the joint venture’s state trajectory. Let
(y™ (1), y**(1), y>*(1)} denote the solution to (5.27). Transforming x’ = (y')? , we
obtain the state trajectories of the joint venture over the time interval s € [y, T] as

o}, = 0. 0.0},

2 2 2T
= "o ol o), (5.28)
Once again, we use the terms x'*(¢) and x/* interchangeably.

Remark 5.1 One can readily verify that
W(to){1’2’3}(t, XU 2, x3*) _ W(t){1,2,3}(t7 Xl 2, x3*) exp[—r(t _ fo)],

fori e {1,2,3}.

5.3.2 Time (Optimal-Trajectory-Subgame) Consistent Venture
Profit Sharing

Since the firms agree to share their joint profit proportionally to their noncooperative
profits, the imputation scheme has to fulfill the following condition.

Condition 5.2 In the game [ (xg, T — fp), an imputation

V0 (19, xp)

£ (19, x0) = : .
Z'}zl V)i (1, x(l))

W23 (4 4l (2 13,
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is assigned to firm i, for i € {1,2, 3}, and in the subgame I.(x},T — ), for 7t €
(to, T], an imputation

i VO (T, xp) 1,2,3 1« 2% 3
g0 (‘c,x:) = S V(r)j(-:- po w2, }(T’xr*,xf*’xr*)’ (5.29)
j= X7

is assigned to firm i, for i € {1, 2, 3}.

To formulate a payoff distribution procedure over time so that the agreed impu-
tations in Condition 5.2 are satisfied we present the following proposition.

Proposition 5.1 A PDP with a terminal payment q' (x7)) at time T and an instan-
taneous payment at time Tt € [ty, T']

3 [ Vi, x*) .
Ly veiaad)

" . .
_Z 9 Vi, x) W(r){1,2,3}(r e 2 xa*)
axf* 3 ; J* [ ARt L 4
T ZJ‘:]

=1 V®J (t,xz7)

Bi(t) =

WO 13 )

2
x [:‘_uyw@)(xf*)l/z —8xf*j|, forie{l,2,3, (530
ce

would lead to the realization of the solution imputations f;‘(f)i (t,x¥),fori e{l,2,3}
and t € [tg, T, satisfying Condition 5.2.

Proof Invoking Lemma 5.1, one obtains an equation similar to (5.11) with

2
o
i€{1,2,3) and f[r,x% i (r,x5)] = [4—€A,§1*2’3}(r)(xf*)1/2 - axf*].
Ce
Hence Proposition 5.1 follows. (|

In particular, from (5.17) and (5.24),
3[ VO, x[*)
ot 23:1 VI, x*)
[A{IZS}(_L_)( 1*)1/2+A {1,2,3} ('L’)( )1/2+A123 ('L’)( 3*)1/2+C{123}(‘E)]
3
X [(Z[A{]}(T)( )1/2 C;]}(.L,)])
j=1

ol Doy 4 @1+ 1AM @@ + ¢ o))
Oy 1[A{”(r)(xr)‘ﬂ o2

W(‘E){l 23}( th* x?*)‘f :|
’ =T




5.3 A Cost-Saving Joint Venture 123
~[A @)+ o)
AV @ i)12 + o)) + [Aﬁ.”m(x-f*)l/z+C'j-”<r>])}
(oA @2+ )2

[A{i}(f)(xl*)l/2+C.{l}(f)]
AV @ a2+ Vo2

x (r[Al 2P @ (62 4 a2 (@) (6292
+A 123( )( 3*)1/2+C“23}(r)]
+[A“23}(r)( 1*)1/2+A 123}( )( )1/2

+A'{31’2’3}(t)(x§*)1/2+C{1’2'3}(t)]);

and

d |: V(r)l(‘f,xlr*) W<T){1’2’3}(‘Cx* 2 3*)i|
axlr* 23:1 V(f)j(r,xi*) T ‘L’ ’ T

:[A§1’2’3}(r)(xl*)1/2+A{21’2’3}(t)(x3*)1/2+A§1’2’3}(r)(x3*)1/2+C{]’2’3}(r)]
y |:_ [A{i}(t)(xi*)1/2 C{l}( )]lA;h}(r)(xh*)_l/z]
a2+ e on?

[Al{l}(l.)(xz*)l/Z—i—C{’}(f)] 1A{123}( )( h*) 172,
LAY @12+ 22" ’

9 |: V(r)i(‘C,xi*) ' W(f){1’2,3}( e 2x xz*):|
oxt* Ly, v (e, x{%)

= [A"2 Y @) (x4 AV 2 () (x2) 2 4 A2 () (x24) 7 4 1123 ()]
x [_[Aﬁ”(rxxf*)‘/z + Cf”(r)]%A,i’”(r)(xh*)1/2]
O @iz e on?
(A @2+ )
i aY @ @dH12 + V)2
forh #1i.

A time (optimal-trajectory-subgame) consistent solution can be obtained as
P(xo, T — o) = {u(s) and B(s) for s € [to, T] and £ ") (1o, x¢)} where

1 _
E h123()( ) 1/2’

(i) u(s) for s € [tp, T] is the set of group optimal strategies ¥ *(s, x}) in (5.25), and
(i) B(s) ={Bi1(s), Ba(s), ..., By(s)} for s € [tg, T] is given as in (5.30).
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Using the cooperative strategies the instantaneous receipt of firm i at time instant
T is
012

{1,2,3}
m[A (t )] (5.31)

1/2
Gi(o) = Pi(xi)"
fort ety,T]and i € {1, 2, 3}.
According to Proposition 5.1, the instantaneous payment that firm i should
receive under the agreed-upon optimality principle is B;(t), for T € [#p, T'] and
i €{1,2,3}, as stated in (5.30). Hence an instantaneous transfer payment

x'(t) = Bi(r) — & (1), (5.32)

has to be given or charged to firm i at time 7, fori € {1,2,3}and t € [ty, T].

5.4 A Shapley Value Solution to Joint Venture

Consider again the dynamic venture model in (5.1) and (5.2). If firms are allowed
to form different coalitions consisting of a subset of companies K € N. There are k
firms in the subset K. The participating firms in a coalition can gain core skills and
technology from each other. In particular, they can obtain cost reduction and with
absolute joint venture cost advantage

cKluj®)] <chlujs)], forjeL K, (5.33)

where c/K [uj(s)] represents the costs of the controls of the firm j in the subset K

and cf-‘ [u j(s)] represents the costs of the controls of the firm j in the subset L.
Moreover, marginal cost advantages lead to

acK [uj(9)]/0uj(s) <ack[uj(s)]/ouj(s), forjeLCK.  (5.34)

At time 1y, the profit to the joint venture K becomes

/ x](s)]—c [l(s)]}exp|: fr(y)dy:|ds
1) I

]EK 0

+Zexp[ / r(y)dyi| J(x(T)), for K CN. (5.35)

jeK

To compute the profit of the joint venture K we have to consider the optimal control
problem @ [K; 19, xé( ] which maximizes the joint venture profit in (5.35) subject to
the technology accumulation dynamics in (5.1).

Invoking Bellman’s technique of dynamic programming in Sect. A.1 of the Tech-
nical Appendixes, the solution to the optimal control problem @ [K; #, X, X7 can be
characterized as follows.
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Corollary 5.2 A set of controls {wK*(t xKy, fori e K and t € [ty, T1}, provides an
optimal solution to the control problem w[K; 1y, xo ] if there exists a continuously

differentiable function WK (1, xK) : [t9, T1 x R¥ — R satisfying the following
Bellman equation:

—Wt(tO)K (t, xK) = max{

ug

. . t
> e/ (0. x7) =k (uﬂ]eXp[— f r(y)dy}
fo

jek

+ZWéﬁ“’f(r,x’f)ff[s,x-tuj]}, 536

jeK

T
WK (7. Ky — [_/ d} i (7).
(T.x%) =exp [Or(y)yiq(X)

jekK

Following Corollary 5.2, one can characterize the maximized payoff W™Kz,
xX) to the optimal control problem @ [K; T, x; K7 which maximizes

/ > gl (s. 67 (9)) — (u,(s))]exp[ /r(y)dy:|ds

T JjeK

+Ze><p[ / r(y)dy] I (I (1)), (5.37)

jekK

subject to
()= fIs,x7(s),uj(s)], x/(r)=x{, for jeK. (5.38)

Invoking Remark 3.1 of Chap. 3, one can readily obtain WK xK) =
W(T)K(t,xK)exp[— fr; r(y)dy], for t € [tp, T] and ¢ € [t, T). Now consider the
case of a grand coalition N in which all the n firms are in the coalition. In the grand
coalition, firms will adopt the cooperative control {I//N *(t,xN),fori e Nandt €
[0, T']}, to obtain the maximized level of joint profit. The state dynamics of the
grand coalition can be obtained as in (5.6) and the optimal trajectory {x"‘(t)},:,0 as
in (5.7) {x*(t)},T:tO. Note that for group optimality to be achievable the cooperative
investment strategies {I/fiN *@t,x*(t)),fori € N and t € [y, T]}, must be exercised
throughout time interval [y, T'].

Along the cooperative control path {x*(t)},T:to the total venture profit over the
interval [z, T], for ¢ € [fo, T), can be expressed as

WOON (¢ xx / Zg [, x7% (), yrN* (s, x (s))]@Xp[ f Sr(y)dy} ds
1

0

T n . .
+exp[—/ r(y)dyi| > qf (xH(1)). (5.39)
To

j=1
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Moreover, the superadditivity of the coalition payoff can be demonstrated.
Proposition 5.2 The coalition profits W K (1, xX is superadditivity, that is,

W(T)K(r, xK) > W(T)L(r, xL) + WOK\L (r, xK\L), for LCKCN,
where K\ L is the relative complement of L in K.

Proof See the Appendix of this chapter. g

With joint profits under different venture coalitions characterized we proceed to
consider the distribution of venture profits according to the Shapley Value (1953).

5.4.1 Dynamic Shapley Value Imputation

Consider a joint venture involving n firms. The member firms will maximize their
joint profit and share their cooperative profits according to the Shapley Value (1953).
The problem of profit sharing is inescapable in virtually every joint venture. The
Shapley Value is one of the most commonly used sharing mechanisms in static co-
operation games with transferable payoffs. Besides being individually rational and
group rational, the Shapley Value is also unique. Specifically, the Shapley Value
gives an imputation rule

oy k=DIo—Rr .
cv(v)—KXC;v . [v(K) —v(K\)], forieN,  (540)

where K\i is the relative complement of i in K, v(K) is the profit of coalition K,
and [v(K) — v(K\i)] is the marginal contribution of firm i to the coalition K.

Though the Shapley Value is used as the profit allocation mechanism, there ex-
ist two features that do not conform with the standard Shapley Value analysis. The
first is that the present analysis is dynamic so that, instead of a one-time allocation
of the Shapley Value, we have to consider the maintenance of the Shapley Value
imputation over the joint venture horizon. The second is that the profit v(K) is the
maximized profit to coalition K and is not a characteristic function (from the game
in which coalition K is playing a zero-sum game against coalition N\ K). Applica-
tions of the Shapley Value in cost allocation usually do not follow the characteristic
function approach. Moreover, since profit maximization by coalition K is not af-
fected by firms outside the coalition, the analysis does not have to adopt arbitrary
assumptions like those in Petrosyan and Zaccour (2003) in which the left-out players
are assumed to stick with their feedback Nash strategies in computing a nonstandard
characteristic function.

Consider the situation when the firms in the joint venture agree to adopt an op-
timality principle which (i) maximizes the joint venture profit, and (ii) shares the
venture profit among participating firms according to the Shapley Value.
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To maximize the joint venture’s profits the firms will adopt the cooperative in-
vestment strategies {g[f,.N *@t,x*(t)),fori € N andt € [y, T]}, and the correspond-
ing cooperative investment path {x*(t)},T:,O = {xV *(t)}tT:to in (5.38) would result.

To share the venture profit among participating firms according to the Shapley
Value, the imputation has to satisfy the following condition.

Condition 5.3 In the game I.(x9, T — o), an imputation

. — | — | X .
£ (10, ) = Y KD O gk (1, ) @k gy, V)],
n!
KCN

is assigned to firm i, for i € N and in the subgame I.(x}, T — 1), for t € (to, T1,
an imputation

g0 (r,x?’*) _ Z (k= Dl(n —k)! [W(I)K(r,xtK*) _ oK\ (t,xf\i*)],

Pt n!
(541
is assigned to firm i, fori € N.
Note that £ ® (z, x¥*) = £ @i (r, xN*), @i (g, x V), ... v®i(z, xN*)], as spec-

ified in (5.41), satisfies the basic properties of an imputation vector as follows:

T

n
@ Y v (w ) =wOV(z,x)*),  and
= (5.42)

(i) v (r,xM*) = Wiz, x}*), forie Nandt et T].

Part (i) of (5.42) shows that &) (z, xN*) satisfies the property of Pareto optimal-
ity throughout the game interval. Part (ii) demonstrates that £ ¥ (r, xiv *) guarantees
individual rationality throughout the game interval. Crucial to the analysis is the
formulation of a profit distribution mechanism that would lead to the realization of
Condition 5.3. This will be done in the next section.

5.4.2 The PDP for Shapley Value

To formulate a payoff distribution procedure over time so that the agreed imputa-
tions satisfy the Shapley Value in Condition 5.3 we invoke Theorem 4.2 in Chap. 4
and obtain the following.
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Lemma 5.2 A PDP with a terminal payment q' (x7) at time T and an instantaneous
payment at time T € [ty, T']

k=)= [ o . DR\ »
B =Y %{[wf (1K) ] = [ (1K) ]

n!
KCN

o 3 [ WK k)| et e )]

hekK

- X [ et e i) 64

heK\i

fori € N, will lead to the realization of the Shapley Value imputations & ™ (t, x?’*)
in Condition 5.3.

Proof Invoking Theorem 4.2 in Chap. 4 one can obtain Lemma 5.2. (]

A time (optimal-trajectory-subgame) consistent solution can be obtained using
the set of group optimal strategies ¥ *(s, xy) characterized in Corollary 5.2 and
B(s) ={B1(s), Ba(s), ..., By(s)} in (5.43).

With firms using the cooperative investment strategies {v(z,x;),fort €
[0, T] and i € N}, the instantaneous receipt of firm i at time instant 7 is

T

G(r) =g (v.x*) =V [yf(z.x})]. forteltp,Tlandi e N. (5.44)

According to Lemma 5.2, the instantaneous payment that firm i should receive
under the agreed-upon optimality principle is B;(t), for 7 € [tp, T] and i € N, as
stated in (5.43). Hence an instantaneous transfer payment

x' (1) = Bi(v) — & (1), (5.45)

would be given or charged to firm i at time 7, fori € N and 7 € [tg, T'].

5.5 A Joint Venture with Shapley Value Profit Sharing

Consider the joint venture with technology spillovers in Sect. 5.3. In particular, the
participating firms would share their cooperative profits according to the Shapley
Value (1953). In the case when each of these three firms acts independently, we
follow the analysis in Sect. 5.3 and obtain

W(IO)i(t, xi) = [Al{i}(t)()ci)l/2 + Ci{i}(t)] exp[—r(r - to)], fori € {1, 2,3},
(5.46)
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where

o 8 . e . az . 2
Al = (r - 5)A§"<t) -p, o=rcf'n-—=[AV 0T,
16¢; (5.47)

AN Ty=g;, and (1) =0.
Moreover, one can easily derive for, T € [fy, T],

w @i (t, xi) = [Al{i}(t)(xi)l/2 + Ci{i}(t)] exp[—r(t - T)],
fori € {1,2,3}and 7 € [ty, T].

5.5.1 Coalition Payoffs

Through knowledge diffusion, participating firms can gain core skills and technol-
ogy that would be very difficult for them to obtain in a coalition. In particular, the
cost savings in a joint venture are depicted as follows:

< et ford, je{1,2,3) and i # J,

- (5.48)
I <t PR fori, j ke (1,2,3  and i # j #k.
The firms in the joint venture maximize the sum of their profits
TS i \11/2 1,2,3
/ [P )] = el u ()] exp[—r (s — 10)] ds
t i—1
g » 1/2
+ 3 exp[—r(T —10)]q; [x/ ()], (5.49)

j=1

subject to (5.48).
Following the analysis in Sect. 5.3, one can obtain

W(IO){1’2’3}(t,x1,x2,x3)
:[A{II’Z'S}(Z‘)(XI)I/Z+A{2]’2’3}(t)(x2)1/2+Aél’2’3}(t)(x3)l/2+C{1’2’3}(t)]
x exp[—r(t —1p)], (5.50)

as in (5.24).

The investment strategies of the grand coalition joint venture can be derived as in
(5.25) and the dynamics of technological progress of the joint venture over the time
interval s € [fo, T'] can be expressed as in (5.28).
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Once again, we denote the state trajectories of the joint venture over the time
interval s € [tg, T] as {xl*(t),xz*(t),x3*(t)},T=,O = {x*(1)}/_,,. and use the terms
x"*(¢) and x!* interchangeably.

For the computation of the dynamic in the Shapley Value, we consider cases
when two of the firms form a coalition {7, j} C {1, 2, 3} to maximize joint profit

T . , .
/ [Pi [)c"(s)]l/2 — cl{l’]}ui(s) + P; [x/ (s)]l/2 — c}l’]}uj(s)] exp[—r(s — t())] ds
fo

+exp[—r(T — i) {ai[x (D)]"* + ;[ (1)]'?}, (5.51)
subject to
£ () = [a;[ui ()x' (9] = oxi ()], ¥ (1) = x} € X', (5.52)

fori,je{l,2,3}and i # j.
Following the above analysis, we obtain the following value functions:

W(to){i,j}([’ xi’xj) — [Al{i,j}([)(xi)l/z + A;i,j}(t)(xj)l/z
+ C{i’-i}(t)] exp[—r(t — 10)], (5.53)

fori, j € {1,2,3} and i # j, where A"/ (1), Aji’f'}(t), and CU-7) (1) satisfy

Ay = (r + —)Aﬁ””(r) — P, and AMNT)=g;,

2
fori, je{l,2,3} and i # j;
o

C{i‘j}([) — I"C{i’j}(l) — Z i [A]{,li’j}(t)]zv
neti,jy 16¢h”

cl Ty =0.

The block-recursive system in (5.54) can be solved readily by standard techniques.
Moreover, one can easily derive for, T € [f9, T,

W(IO){i’j}(t, xt, xj) =exp[—r(r — to)]W(f){i’j}(t, x', xj),
fori,je{l,2,3}andi # j.

5.5.2 PDP for Shapley Value

To formulate a payoff distribution procedure over time so that the agreed imputa-
tions satisfy the Shapley Value in Condition 5.3 we present the following.
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Proposition 5.3 A PDP with a terminal payment q' (x7) at time T and an instan-
taneous payment at time t € [tg, T']

k—DI3 —k)!
Bi(t) = — Z k= DIG-K)!

!
Kc{1,2,3}) 3

y {[wf”K(r,xff*)Lﬂ] WK S ]

0 Otz cn1/2
+3 |:—8x?* WOK (¢, xf*)] [—hA}j’z’”(r)(x;*) 2 _ Sx?*:|

4c,
hek h

0 ; ; o (123 iy 172 A
—2:|:—8xh*W(f)K\l(r,xTK\”)}I:EA,{1 }(r)(x;*) —3x7* | ¢,

hek\it""T
forie{l,2,3}, (5.54)

will lead to the realization of the Shapley Value imputations € ' (z, x?’*) in Condi-
tion 5.3.

Proof Invoking Theorem 4.2 in Chap. 4 one can readily obtain Proposition 5.3. [
Using (5.46), (5.50), and (5.53),

(W™ (e x07)|

fori e {1,2,3};

[Wt(f){i,j}(t’xti*)‘

172

J=r[Al' @)+ @]+ AT 0 () + @),

t=t1

= r[AP @) (x) 2 + AV () (xf*) 2 + ) (o))

t=t1

+HAM @)+ AT @ ()

+ )],
fori,je{1,2,3}andi # j;
[Wt(r){1,2,3}(t’x;'*)|t:r] :r[A{11'2’3}(r)(x§*)1/2 +A{21’2'3}(r)(x$*)1/2
+A§1’2’3}(r)(x3*)1/2

+ [A£1’2’3}(T)(x.}*)1/2 +A‘{21,2,3}(r)(x$*)1/2

+ 23 ()]

1/2

+ Aél’2’3}(r)(x?*) + C{1,2,3}(.L,)]; and

9 1 _
[WWWK(T, xf*)i| - EA,f(r)(xf*) 2 forhe K C{1,2,3).
xT

A time (optimal-trajectory-subgame) consistent solution can be obtained using
the set of group optimal strategies ¥*(s, x}) and B(s) = {Bi(s), B2(s), ..., Ba(s)}
in (5.54).
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Finally, using the cooperative strategies, the instantaneous receipt of firm i at
time instant 7 is

2
i\ 1/2 o; {1,2,3} 2
gi(r) = Pi(xt* - — | A (t) (5.55)
i t( T ) 16(c§1’2’3})[ i ]
fort € [ty, T]and i € {1, 2, 3}.
According to Proposition 5.3, the instantaneous payment that firm i should

receive under the agreed-upon optimality principle is B;(t), for T € [#p, T] and
i €{1,2,3}, as stated in (5.54). Hence an instantaneous transfer payment

x (1) = Bi(t) — (1) (5.56)

has to be given or charged to firm i at time 7, fori € {1,2,3}and t € [ty, T].

5.6 Infinite-Horizon Analysis

Consider the case when the horizon of the analysis approaches infinity. The state
dynamics of the ith firm is characterized by the set of vector-valued differential
equations

() = fI[x" ), ui(s)],  x'(to) = x{, fori € N. (5.57)

The objective of firm i to be maximized is
o . . .
/ (g’ [x' (s)] — ci{l}[ui(s)]) exp[—r(s — to)] ds, (5.58)
fo

fori e N.
Consider the alternative formulation of (5.57) and (5.58) as

rnax/oo(g" [x' ()] - c}i}[ui(s)]) exp[—r(s —1)]ds, forieN, (5.59)
u; t

subject to
()= filx () ui(s)], x'()=x', fori e N. (5.60)

The infinite-horizon theory of the firm problem in (5.59) and (5.60) is independent
of the choice of ¢t and dependent only upon the state at the starting time.

Invoking Theorem 2.4 in Chap. 2, a noncooperative feedback Nash equilibrium
solution can be characterized by a set of strategies {¢/ (x"), fori € N}, constitut-
ing a firm’s equilibrium solution to the problem in (5.59) and (5.60), if there exist
functionals V(x?) : R" — R fori € N, satisfying the following set of partial dif-
ferential equations:

A .

rv? (xi) = max{g(xi) - ct{i}(ui) + f/; (x)f[xi, u,]} (5.61)

uj
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5.6.1 Dynamic Joint Venture

Consider the case when all these n companies form a joint venture. The cost of
control of firm j under the joint venture becomes c;.v (). With the absolute joint
venture cost advantage

Ny =Py, forjen,
and
acl (uj)/ou; <BC{]}(u])/8uj, for j € N. (5.62)

The joint venture would maximize the joint venture profit
/ xf (s)] —c} [ ,(s)]) exp[—r(s - t)] ds, (5.63)

subject to (5.60).
An optimal solution of the control problem in (5.60) and (5.63) can be character-
ized using Theorem A.2 in the Technical Appendixes as follows.

Corollary 5.3 A set of control strategies (] (x) fori € N} provides a solution to
the control problem in (5.57) and (5.63), if there exist continuously differentiable
Sfunctions W(x) : R" — R, satisfying the following partial differential equation:

rWx) = . max Z[gj (xj) — cﬁ-v (uj)] + Z ij (x)fj (xj, uj) , (5.64)
o j=1 j=1

where x = {x!, x2 ,x"}

Hence the firms will adopt the cooperative control {y/*(x), for i € N} to obtain
the maximized level of joint profit. Substituting this set of control into (5.57) yields
the dynamics of technology advancement under cooperation as

()= fx ). ¥ (x ()], x'(to) =xj, fori e N. (5.65)

Let x*(r) = {x"*(r), x**(¢), ..., x"™(t)} denote the solution to (5.65). The opti-
mal trajectory {x*(1)};2, can be expressed as

t
xf*(;)=x3+/ FIx™ (), ¥ (x*(s))]ds,  forieN. (5.66)
fo

For notational convenience, we use the terms x*(¢) and x; interchangeably.
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Substituting the optimal extraction strategies in {y*(x),fori € N} into (5.63)
yields the venture profit as

W(x,*)=/ Z(gj[xj*(s)] —ch[x/fj(x*(s))])exp[—r(s—t)]ds. (5.67)
1

5.6.2 Time (Optimal-Trajectory-Subgame) Consistent Venture
Profit Sharing

Consider the case when the firms in the venture share the excess of the total cooper-
ative payoff over the sum of individual noncooperative payoffs proportional to the
firms’ noncooperative payoffs.

The imputation scheme has to fulfill the following condition.

Condition 5.4 An imputation

. Vi)
£, x}) = ———W(x}), (5.68)
(r.x7) S i (x7)

is assigned to firm i, for i € N at time t € [#g, 00).

To formulate a payoff distribution procedure over time so that the agreed impu-
tations satisfy Condition 5.4 we obtain the following.

Proposition 5.4 A PDP with an instantaneous payment at time T € [ty, 00)
)

AL i T
2?21 Vi (xi *)

n 0 \71()(;*) % BT hs el
_ ]; 3x£t* [Z - W(x,)]f [xT RV (xr)]’ (5.69)

~ . x
’;’:1 Vf(xg )

Bi(‘[) =r|:

fori € N, will lead to the realization of the solution imputations in Condition 5.4.
Proof Invoking Theorem 4.3 in Chap. 4 one can obtain Proposition 5.4. U

A time (optimal-trajectory-subgame) consistent solution can be obtained as
P(t, x;) = {u(s) and B(s), for s € [, 00) and & V) (1, x;)}, with

(i) u(s) for s € [t, 00) being the set of group optimal strategies ¥*(x)) character-
ized in (5.64), and
(i) B(s) ={Bi(s), B2(s), ..., Bu(s)} in (5.69).
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With firms using the cooperative investment strategies {1/ (x}), for i € N}, the
instantaneous receipt of firm i at time instant t is

G(r)=g'(x*) — ) [vj(x¥)]. fortelty,00)andi € N.

According to Proposition 5.4, the instantaneous payment that firm i should re-
ceive under the agreed-upon optimality principle is B; (t), for T € [fg, c0) andi € N,
as stated in (5.69). Hence an instantaneous transfer payment

x' (1) = Bi(v) — &i(v),

has to be given or charged to firm i at time 7, fori € N.

5.6.3 Shapley Value Profit Sharing

Consider again the infinite-horizon dynamic venture model in (5.59) and (5.60). The
member firms would maximize their joint profit and share their cooperative profits
according to the Shapley Value. If firms are allowed to form different coalitions
consisting of a subset of companies, K C N. There are k firms in the subset K. In
particular, under the coalition they can obtain cost reduction and with absolute joint
venture cost advantage

K luj)] <chlujs)], forjeL K, (5.70)

where cj.( [ (s)] represents the costs of the controls of the firm j in the subset K

and c]L. [uj(s)] represents the costs of the controls of the firm j in the subset L.
Moreover, marginal cost advantages lead to

et [uj(9)]/0uj(s) < ockuj(s)]/ou;(s), forjeLCK.

The profit to the joint venture K becomes

/ Z s, x/ (s) —c;j [u] (s)]) exp[—r(s — t)] ds, (5.71)

jeK

for K C N.

To compute the profit of the joint venture K we have to consider the optimal
control problem in (5.70) and (5.71). Invoking Bellman’s technique of dynamic
programming as in Theorem A.2 of the Technical Appendixes, the solution to the
optimal control problem can be characterized as follows.

Corollary 5.4 A set of controls {lpiK*(xK),fori € K and t € [ty, 00)} provides an
optimal solution to the control problem in (5.57) and (5.71) if there exists a contin-
uously differentiable function WX (xX) : R¥ — R satisfying the following Bellman
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equation:
K( K\ _ F(vi\ _ K¢, K( K\ pil[+J o, .
rWw (x )—nulix{Z[g (x ) c; (uj)] + Z ij (x )f [x u,]} (5.72)
jeK jeK
Now consider the case of a grand coalition N in which all the n firms are in the
coalition. Using the result in Corollary 5.3, the cooperative state trajectory can be
obtained as in (5.66).

To share the venture profit among participating firms according to the Shapley
Value the imputation has to satisfy the following condition.

Condition 5.5 An imputation

g(t)i (t,x?’*) — Z W[Wk(xf*) _ wk (xf\i*)] (5.73)
KCN ’

is assigned to firm i for i € N at time v when the state is x}.

To formulate a payoff distribution procedure over time so that the agreed impu-
tations satisfy the Shapley Value in Condition 5.5 we obtain the following.

Proposition 5.5 A PDP with an instantaneous payment at time T € [fo, 00)

B —— Y W{WW(XM WK ()
KCN ’

+ X[ ) | i)

hek T

_ Z [%WK\i(xf\i*)}fh[X?*, w;:(x;k)]}, fO}"i c N, (574)

hek\i-""T

will lead to the realization of the Shapley Value in Condition 5.5.
Proof Invoking Theorem 4.3 in Chap. 4 one can readily obtain Proposition 5.5. [

A time (optimal-trajectory-subgame) consistent solution can be obtained with the
group optimal strategies ¥ *(x)) characterized in (5.72) and B(s) = {Bi(s), Ba2(s).
..., By(s)} in (5.74).
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5.7 An Infinite-Horizon Joint Venture

Consider the infinite-horizon version of the three-company joint venture in Sect. 5.3.
The planning period is [tp, c0). Company i’s profit is

/oo[Pi [)c’.(s)]l/2 — cl{i}ui (s)] exp[—r(s — to)] ds, (5.75)
]

fori e N=1{1,2,3}.
The evolution of the technology level of company i follows the dynamics

i) = [o[ui)x ()]* = 82 (9],
x'(t0) = x{ € X', fori € {1,2,3}. (5.76)

In the case when each of these three firms acts independently, using Theorem A.2
in the Technical Appendixes, we obtain the Bellman equation as

rw! (xi) = n}‘z}x{[P,- (xi)l/2 — cl-{i}ui] + ch',- (xi)[oti (uix,')l/2 — Sxi]}, 5.77)
fori € {1,2,3}.
Performing the indicated maximization yields
2
S [vi ()P, fori e {1,2,3).

X

Ui

= 4(61{1'})2

Substituting #; into the Bellman equation yields

2
in1/2 o 2
er(xl)—Pz(xl)/ _4cl{i}[v)iz(xl)] l
1
a? Lo o .
+ . ’{i}[V;i(x’)] x! —SV;,-(x’)x,-, fori e[1,2,3].
C)

1

Solving the above system of partial differential equations yields

Vi) =[aP ()2 + ], forief1,2,3), (5.78)
where
3\ 4 0 _ % i
0=<}’+E>Ai —Pi, rCi :16;!{”(Ai ) .

After obtaining the noncooperative outcome we move on to consider the formation
of a joint venture with these three firms.
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5.7.1 Joint Venture and Costs

Consider the case when all three firms agree to form a joint venture and share their
joint profit proportional to their noncooperative profits. With joint venture cost ad-
vantage

{123} {}

c; for j € N, (5.79)

the profit of the joint venture is the sum of the participating firms’ profits
f xj (s)]l/2 — c§1’2’3}uj(s)] exp[—r(s - to)] ds. (5.80)

The firms in the joint venture then act cooperatively to maximize (5.80) subject
to (5.76). Using Theorem A.2 in the Technical Appendixes, we obtain the Bellman
equation as

uy,uz,u3

3
rW{1’2’3}(x1,x2,x3)= max {Z[Pi(xi)l/z—cgl’w}ui]
i=1

3
+ 3 WA 2 ) e [wix]? — 6271 1.(5.81)

i=1
Performing the indicated maximization yields

0[2

i 2 .
uj = W[Wi} P2 ) Pal, forief(1,2,3). (5.82)
i

Substituting (5.82) into (5.81) yields

rW{1,2,3}(x1 , x2, x3)

3 2.0
12 X 2.3 )
I L e U
i

i=1

3 2
o . .
+ E W;il»Zﬁ}(xl,xz,xg,)[M[Wiil,Zﬁ}(xl,xz,X3)]xl _le].
— 2

Solving (5.83) yields
W{]’2’3}(x],x2,x3) _ [A{11’2'3}(x1)]/2 + A§1,2,3}(x2)1/2

+Agl’2’3}(x3)1/2+C{l’2’3}]’ (5.84)
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where A{ll’2’3}, A{21’2’3}, A{31’2’3}, and C{1-2:3} satisfy
3\ 11,23
O=<r+§>Az{' - }—P,'

fori, j,he{l,2,3}andi # j #h,

3

2
o 1,2,31\2
rC{1,2,3}=Zﬁ(Al{ e, (5.85)
i=1 16¢;

The investment strategies of the grand coalition joint venture can be derived as

2
{1,2,3} o; {1,2,31\2 .

y )= — L (A , forief{l,2,3). (5.86)
l 16(61-{1’2’3})2( )

The dynamics of the technological progress of the joint venture over the time inter-
val s € [ty, 00) can be expressed as

2
x"(s)=%A}‘*2*3’[xi(s)]‘/2—Sx"(s), x (1) =xi), fori € {1,2,3}. (5.87)
1

Taking the transforming y(s) = x?(s)!/2, for i € {1,2, 3}, the equation system in
(5.87) can be expressed as

2
: o S . . ,
V' (s) = S—C{_A?’w — 3y ). Y= (x5)'/2, fori €{1,2,3}. (5.88)
l
Equation (5.88) is a system of linear differential equations that can be solved by
standard techniques. Solving (5.88) yields the joint venture’s state trajectory. Let
{(y (1), y**(1), y**(t)} denote the solution to (5.88). Transforming x = (y')? , we
obtain the state trajectories of the joint venture over the time interval s € [fy, 00) as

o)z, = 000 o)L,

= "0 Dol o), (5.89)

Once again, we use the terms x'*(¢) and x/* interchangeably.

5.7.2 Time (Optimal-Trajectory-Subgame) Consistent Venture
Profit Sharing

If the firms agree to share their joint profit proportional to their noncooperative
profits the imputation scheme has to fulfill the following condition.
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Condition 5.6 An imputation

e S MRS SRS
SRS SR T A |

is assigned to firm i, for i € {1, 2, 3} at time T when the state is x}.

To formulate a payoff distribution procedure over time so that the agreed impu-
tations in Condition 5.6 are satisfied we obtain the following.

Proposition 5.6 A PDP with an instantaneous payment at time T € [tg, 00)

Bi(‘[) :r%w{liﬁ}( 1*,)62*, 3*)
Zj’;l Vj(xé*) T r X7

_23: J ‘A/i(xi*) W{1’2‘3}( I 2% 3*)

A . T -r ’ T
Oxg* 323 Vi (xix)

h=1

[4” AlL23) () 12 —5x§'*(s)], forie{1,2,3}, (591
Ch

will lead to the realization of the imputation in Condition 5.6.
Proof Invoking Proposition 5.4 one can obtain Proposition 5.6. (I
In particular,

Vi(xi®) W{1,2,3}( e | 2% 3*)
> Vi) o
[A{i}(xi*)l/Z C{l}]
(VA ENT?) {j}
(Z A D24+ CD

« [A{11,2,3}(xg*)1/2+A{21,2,3}(x2*

T

)1/2+A§1’2’3}(x3*)1/2+C{l’2’3}];

0 Vi(xl) W23 ((1x 2% (3%
9xi* N3 (rj(vir (" a7 a7 )
T ijl Vj (-xr )

=[A{II’Z’S}()C%*)I/Z-{-A£1’2’3}(X$*)1/2+Agl’2’3}()€2*)1/2+C{1’2’3}]

[(21 IA{J}(XJ*)I/Z C{J}]) A{’ (xi*)=1/2
(I [V d 12 4 2
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(A a2 + Cf”(r)]%AE"}(xf*)—lﬂ]
(I 1aY @z 4 ey
A0 GH12 e 1 0y

M S— (x"*)il/z;
(Zizl[A;J}(xg*)l/Z_}_C}J}])Z2 ! T

and
ah* 3V’(ic’,'*)' W23 (% 2%, x2%)
Ox7 Zj;l VI (xi¥)
1,23} 1%\1/2 (1,23} 27\ 1/2 (12317 3 1/2 s
=[A] (x:) "+ A (x2)/7 + A () Lo }]
(Zizl[Ay}(Xg*)l/z+C§j}])2
Al (ixy172 4 oli)
[ i (.X' ) + i ] 1 {1,2,3}(xh*)_1/2
— _ ( |
(22:1[14;]}(36%*)1/2 + Cj_l}])z 2 T
for h #£1i.

A time (optimal-trajectory-subgame) consistent solution can be obtained with the
group optimal strategies ¥ *(x) characterized in (5.86) and B(s) = {Bi(s), Ba2(s),
..., By(s)} in (5.91).

Using the cooperative strategies the instantaneous receipt of firm i at time instant
T is

_ ix\1/2 %2 {1,2,3}2 592
gi(t) = Pi(xy") —W(Ai )’ (5.92)
fori € {1, 2, 3} along the cooperative path {x*(t)}?ilo.

According to Proposition 5.6, the instantaneous payment that firm i should re-
ceive under the agreed-upon optimality principle is B;(t), fori € {1, 2, 3}, as stated
in (5.91). Hence an instantaneous transfer payment

x'(¥) = Bi(v) — &(v), (5.93)

has to be given or charged to firm i at time 7, for i € {1, 2, 3} along the cooperative
path {x*(1)}72,,.

5.7.3 Shapley Value Solution

Consider the case when the participating firms agree to share their cooperative prof-
its according to the Shapley Value. For the computation of the dynamic in the Shap-
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ley Value we consider cases when two of the firms form a coalition {i, j} C {1, 2, 3}.
In particular, they can obtain cost reduction, and with joint venture cost advantage

c,{i}fc,{i'j}’ fori, je{1,2,3}and i # j,
N o (5.94)
I < 0PR fori, ke {1,2,3) and i # j #k.

To maximize the joint profit of coalition {i, j}, the firms consider the problem of
maximizing

/Oo[Pi [xi(s)]l/2 — c}i’j}u,‘(s) + P [)cj(s)]l/2 — cﬁ.i’j}uj(s)] exp[—r(s — to)] ds
fo

(5.95)
subject to (5.76).
Following the above analysis, we obtain the following value functions:
Y (i Y [ alidY i 1/2 {i.j}(, j\1/2
WS () = [A () 7+ AT () I, (5.96)

fori, j.€{1,2,3} and i # j, where A"/, AU} “and €1} satisfy

8
0= (r + E)Aj‘*z} — P, fori,j,e{1,2,3}andi#j, and

2

(i,j} _ Y {i,j}\2

reth= 3 16C{i,j}(Ah )
heli,j} h

To formulate a payoff distribution procedure over time so that the agreed impu-
tations satisfy the Shapley Value in Condition 5.5 we obtain the following.

Proposition 5.7 A PDP with an instantaneous payment at time T € [ty, 00)

Bo=— Y W{rWK\i(xf\i*)—rWK(xf*)

!
Kc(1,2,3} ’

d o? .
# 3 [ v e [ a2y 2 - o

hekK T acn

_ K\t K\i* Y 411,2,3) 1/2 h

2 [ [ aen o]
forie{l,2,3}, (5.97)

will lead to the realization of the Shapley Value in Condition 5.5.
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Proof Invoking Proposition 5.5 the results in Proposition 5.7 follow. g

In particular, WK (xX*) is given in (5.78), (5.84), and (5.96), and

[ ! WK(xK*)}zéAf(xf*)_l/z, forh € K <{1,2,3}.

h T
ox*

A time (optimal-trajectory-subgame) consistent solution can be obtained with
the group optimal strategies 1 *(x}) characterized in (5.86) and the PDP B(s) =
{Bi(s), B2(s), ..., Ba(s)} in (5.97).

5.8 Exercises

5.1 Consider the case when there are three companies involved in a joint venture.
The planning period is [0, 2]. We use x' (s) to denote the level of technology of com-
pany i at time s € [0, 2], and u; (s) C R is its physical investment in technological
advancement. The discount rate is 0.05. The salvage values of the firms’ technolo-
gies are 2[x!(2)]'/2, [x?(2)]'/?, and 3[x>(2)]!/2. If they act independently, the costs
of the physical investment of these three companies are, respectively,

2u1(s), 3ur(s), and 2us(s).
The profits for companies 1, 2, and 3 are, respectively,

2
/ [10[x"()]"/* = 2u1(s)] exp(—0.05s) ds + exp[-0.05H |2[x' 2)]",
0

2
f [9[x2()]"/? = 3ua(s)] exp(—0.05s) ds + exp[-0.05#)][x2(2)]'/*, and
0

2
f [8[x*($)]'"/? = 2u3(s) ] exp(—0.05s) ds + exp[-0.05H |3[x*2)]/*.
0

The evolution of the technology level of company i € {1, 2, 3} follows the dynamics
i) = [2[ur(9)x (9)]"? = 0.01x(5)],  x'(0) =20,
22(s) = [[u2(9)x%()]"* = 0.03x%(s)], x*©)=10, and
B5) = [15[us()x*()]* —0.02x39)],  **(0) =15.

Compute a Nash equilibrium solution when these three firms act independently.

5.2 Consider the case when these three firms form a joint venture. The participating
firms in a coalition can gain core skills and technology from each other. In particular,
they can obtain cost reduction and, with absolute joint venture, cost advantage.
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With joint venture cost advantage, the cost of investment of firm j € {1, 2, 3}
under the joint venture becomes c{.l’z’S}uj(s), where 651,2,3} =1, 051’2’3} =1.2, and

J
A" =08
If the joint venture firms agree to maximize their joint profit and share the excess
gain equally, characterize a time (optimal-trajectory-subgame) consistent solution.

5.3 Consider the joint venture in exercise 5.2. In particular, the firms would like
to share the venture profit according to the Shapley Value. The costs under joint
ventures in different coalitions K C {1, 2, 3} are

=1 A o2 and PV =08;

cil’Z} =1.5 and cél’Z} =2;
C$1,3} =13 and Célﬁ} =1.2;

BV _18 and P =1.1;
=2 =3 and =2

Characterize a time (optimal-trajectory-subgame) consistent solution.

5.4 Prove that the coalition profits in Exercise 5.3 are superadditive.

Appendix: Proof of Proposition 5.2

To prove Proposition 5.2 we first use /), for j € L, to denote the optimal trajec-
tory of the optimal control problem @ [L; 7, xTL], which maximizes

/T Z{g,/ [5.x7 ()] — ¥ {uj(s)]} exp|:— /rs r(y) dyi| ds

T

jeL
T . .
+Zexp[— / r(y)dy}qf(xfm)
jeL fo
subject to
*(s)= fj[s,xj(s),uj(s)], x/ (1) =x{, for j e L.
Note that

w L (1:, xTL)

T K
:/ Z{gj[s,)éj(“(s)] — CJL»[WJ(.T)L*(S,XL(L)(S))]}epr:—/ r(y) dy] ds

T jeL
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+Zexp[ / r<y>dy]qf'(£f<L><T))

JjeL

/ Z s XJ(L)(S)] [w(r)L*(s xL(L)(s))]}exp[— /Sr(y)dy} ds

T

JjeL
+Zexp[ / r(y)dy] J(& ()
jeL
because c; [ ](s)] <c" [u] (s)] forje LCK. (5.98)

Similarly, for the optimal control problem @ [K\L; t, xTK \L], we have

W(r)K\L(_L,’ xK\L)

/ Z S x](K\L)(s)] JK\L[wj('r)K\L*(S,iK\L(K\L)(S))]}

jeK\L

X exp|: / r(y) dy:| ds

+ ) exp[ f r(y)dy}q-"(f“’“”(T))

jeK\L

< [1 X (e 0] [y R )

JjeK\L

Xexp[ /r(y)dyi|ds

+ Z exp[ / r(y)dy} (xf(K\L>(T))

jeK\L

because ¥ [u;(s)] < cf\L[uj(s)], for je K\L C K. (5.99)
Now consider the optimal control problem @ [K; 7, xTK ] that maximizes

/ S e[ 9] - ! [,@)]}exp[ fr(y)dy}ds

T jeK

+Zexp[ / r(y)dy} I (xd (1)),
jeK

subject to

)'cj(s)zfj[s,xj(s),uj(s)], x/(r)—x for j € K.
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Since wj(.T)K*

optimal state trajectory of the control problem @ [K; 7, x

W(‘L’)K(_L_’ xK)

T

T N
:/ Z{g-/[s,i-j(l()(s)]—CJK[IpJ(.I)K*(s,fK(K)(s))]}exp[—/ r(y)dy] ds

T

(s, 2K (5)) and X&) (5) are, respectively, the optimal control and

K
‘[]’

jeK
T
+ ZGXP[—/ r(y) dy}qj()?j(K)(T))
jek !
T K
Z/ Z{gj[s,)?j(“(s)] _ C;( [w;T)L*(s,)?L(L)(S))]}CXP[—/ r(y) dy:| ds
T jeL T
T . .
+Zexp[— / r(y)dy}qf()%“”(n)
jeL T
T . .
[ 0]~ [ s D )
T jeKk\L
X exp[— /S r(y) dy] ds
T
+ Y exp|:—/ r(y)dyi|qj()?j(K\L)(T)). (5.100)
jeK\L T

Invoking (5.98), (5.99), and (5.100), we have
W(I)K(t, xTK) > W(T)L(r, er) + WOK\L (r, er\L).

Hence Proposition 5.2 follows.



Chapter 6
Collaborative Environmental Management

After decades of rapid technological advancement and economic growth, alarming
levels of pollution and environmental degradation are emerging globally. Due to
the geographical diffusion of pollutants, the unilateral response of one nation or
region is often ineffective. Reports portray the situation as an industrial civilization
on the verge of suicide, destroying its environmental conditions of existence, with
people being held as prisoners on a runaway catastrophe-bound train. Though global
cooperation in environmental control holds out the best promise of effective action,
limited success has been observed. This is the result of many hurdles, ranging from
commitment, monitoring, and sharing of costs to disparities in future development
under the cooperative plans. One finds it hard to be convinced that multinational
joint initiatives, like the Kyoto Protocol, can offer a long-term solution because
there is no guarantee that participants will always be better off within the entire
extent of the agreement. More than anything else, it is due to the lack of these kinds
of incentives that current cooperative schemes fail to provide an effective means to
avert disaster. This is a “classic” game-theoretic problem.

To construct a theoretical framework capturing the essence of a transboundary
industrial pollution paradigm a differential game approach is adopted. Differential
games provide an effective tool to study pollution control problems and to analyze
the interactions between the participants’ strategic behaviors and the dynamic evo-
lution of pollution. Applications of noncooperative differential games in environ-
mental studies can be found in Yeung (1992), Dockner and Long (1993), Tahvonen
(1994), Stimming (1999), Feenstra et al. (2001), and Dockner and Leitmann (2001).
Cooperative differential games in environmental control are presented by Dockner
and Long (1993), Jgrgensen and Zaccour (2001), Fredj et al. (2004), Breton et al.
(2005, 2006), Petrosyan and Zaccour (2003), Yeung (2007), and Yeung and Pet-
rosyan (2008).

To formulate the foundation for an effective policy to tackle one of the gravest
problems facing the global market economy this chapter presents a cooperative ini-
tiative involving a set of environmental policy instruments including taxes, subsi-
dies, and pollution abatement activities. The implementation of such a scheme will
inevitably bring about different implications in cost and benefit to each of the par-
ticipating nations. To construct a cooperative solution that every party will commit

D.W.K. Yeung, L.A. Petrosyan, Subgame Consistent Economic Optimization, 147
Static & Dynamic Game Theory: Foundations & Applications,
DOI 10.1007/978-0-8176-8262-0_6, © Springer Science+Business Media, LLC 2012
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to from beginning to end, the arrangements must guarantee that every participant
will be better off and the originally agreed-upon arrangement remains effective at
any time within the cooperative period along the cooperative trajectory.

An analytical framework for studying transboundary industrial pollution man-
agement is established in Sect. 6.1. Noncooperative outcomes appear in Sect. 6.2.
Cooperative arrangements, cooperative state trajectory, and time consistent impu-
tations are derived in Sect. 6.3. Benefit distributions leading to a time (optimal-
trajectory-subgame) consistent collaborative environmental management scheme
are obtained in Sect. 6.4. Policy implications are examined in the following section.
An explicitly solvable model of transboundary industrial pollution management is
given in Sect. 6.6 and a time (optimal-trajectory-subgame) consistent solution is
presented in Sect. 6.7.

6.1 An Analytical Framework

In this section we present an analytical framework to study transboundary industrial
pollution management.

6.1.1 The Industrial Sector

Consider an international economy with n nations. At time instant s the demand
system of the outputs of the nations is

Pis) = f[q105),q2(5), .- qu(s),s], i€N={1,2,...,n},  (6.1)

where g (s) is the output of nation j and P; (s) is the price of the output of nation i.
The demand system of (6.1) shows that the multination economy is a form of a
generalized differentiated products oligopoly.

Industrial profits of nation i at time s can be expressed as

F1a1),9209), - qu(s),5]ai () — ¢ [qi (). vi ()], fori e N, (6.2)

where v; (s) is the set of environmental policy instruments of government i. Policy

instruments may include tools like taxes, subsidies, technology choices, and pollu-

tion legislations. The cost of producing ¢, (s) under policy v; (s) is ¢/ [g; (s), vi (s)].
Profit maximization by the industrial sectors yields

F1a19).q209). ... qu(), 5]+ £1.[q1(). q2(5), -, Gu(s). 5]qi (5)
— ¢l [4i().vi(9)] =0, forieN. (6.3)

Equation (6.3) is a system of implicit functions in g(s) = [q1(s), g2(5), ..., gn(s)]
with government policies v(s) = [v1(s), v2(s), ..., v, (s)] being regarded as param-
eters. The existence of a market equilibrium reflects the satisfaction of the Implicit
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Function Theorem in (6.3) and nation i’s instantaneous market equilibrium output
can be expressed as

gi () =G [vi(s), v2(5), ..., vn(5), 5] =¢'[v(s),s], forieN.  (6.4)

One can readily observe from (6.4) that each nation’s output decision depends on
the government’s environmental policies.

6.1.2 Impacts and Accumulation Dynamics of Pollutants

Industrial production emits pollutants into the environment and the amount of pol-
lution created by different nations’ outputs may be different. For an output of g; (s)
produced by nation i, there will be an instantaneous damaging environmental im-
pact of ef [gi(s)] on nation i itself and a damaging impact of 8;. [gi (s)] on its adjacent
nation j for j € K. On the other hand, nation i will receive instantaneous damaging
environmental impacts from its adjacent nations measured as 82/ [g;(s)] for j K.
This first type of externality is typical in static analysis and the second in dynamic
analysis.

Moreover, the pollutant will then add to the stock of existing pollution. Each
government adopts its own pollution abatement policy to reduce the pollution stock.
Let x(s) C R™ denote the level of pollution at time s, the dynamics of pollution
stock is governed by the differential equation

xX(s) = Zaj [qj(s), vj(s)] - ij[uj(s), x(s)] - 8[x(s)]x(s),

Jj=1 j=1
x(t0) = Xy, (6.5)

where a;[q;(s), vj(s)] is the amount of pollution created by g;(s) (the amount of
output produced under policy v;(s), u ;(s) is the pollution abatement effort of na-
tion j), bj[u;(s), x(s)] is the amount of pollution removed by u;(s) (the unit of
abatement effort of nation j), and §[x(s)] is the natural rate of decay of the pollu-
tants. Moreover, §(x) is negatively related to x, reflecting the phenomenon that the
natural rate of decay declines as the level of pollution stock rises.

6.1.3 The Governments’ Objectives

The governments have to promote business interests and at the same time handle
the financing of the costs brought about by pollution. In particular, each government
maximizes the net gains in the industrial sector, plus tax revenue, minus expendi-
tures on pollution abatement and damages from pollution. A lump-sum income tax
is levied on the industrial sector to balance the government budget. The last item
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turns out to be a net transfer between the government and the public (with no effect
on industrial output). The instantaneous objective of government i at time s can be
expressed as

Fa1(), q208), - qn(9), s]qi(s) — ¢ [qi (), vi ()] — ] [vi ()] = ¢ ui ()]
—eilai®] = Y el[a;@] - mix®)]. ieN, (6.6)

jeKi

where cip [vi(s)] is the cost of implementing the vector policy instrument v;(s),
cf[u;(s)] is the cost of employing the u; amount of pollution abatement effort, and
hi[x(s)] is the value of damage to country i from an x(s) amount of pollution.

The governments’ planning horizon is [fy, T]. It is possible that 7" may be very
large. The discount rate is r. At time 7', the terminal appraisal of pollution damage
is g'[x(T)], where g’ /dx < 0. Each one of the n governments seeks to maximize
the integral of its instantaneous objective found in (6.6) over the planning horizon
subject to the pollution dynamics in (6.5) with controls on the level of abatement
effort and output tax.

Substitute g; (s), for i € N, from (6.4) into (6.5) and (6.6) one obtains a differen-
tial game in which government i € N seeks to

[ |
max {/ |:fl{él[v(s),s],cﬁ[v(s),s], . "’én[v(s)ys],s}é’[v(s),s]
fo

v; (s),ui (5)

—c{g'[v(s).s] vie)} = ¢f [vi)] = ¢ [ui ()] — el{G" [v(s), 5]}

= > e {a/[ves).s }—hi[x(s)]:|e_r(s_’°) ds +g'[x(T)]e T 1, (6.7)

]EK’

subject to

x(s)—Za (). s].v(9)} Z 1j(5), x(5)] = 8[x()]x(s).

x(to) = %y (6.8)

Thus the economic interactions among nations in industrial production, pollution
emission, and abatement are characterized as a differential game with the payoffs in
(6.7) and pollution dynamics in (6.8).

6.2 Noncooperative Outcomes

In this section we discuss the solution to the noncooperative game in (6.7) and (6.8).
Since the payoffs of nations are measured in monetary terms, the game is a transfer-
able payoff game. Invoking Theorem 2.3 in Chap. 2, a feedback Nash equilibrium
solution can be characterized as follows.
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Corollary 6.1 A set of feedback strategies {u}(t) = u;(t,x),v;(t) = ¢;(t,x),
fori € N}, provides a feedback Nash equilibrium solution to the game in (6.7) and
(6.8) if there exist suitably smooth functions V(’O)i(t, x):[tg, T]x R™ - R,i €N,
satisfying the following partial differential equations:

v, x) = max{ [f"{c?l[vi, bz (6, 2),1], G [vis pi (1, 2), 1], -,

Vi, Ui

én[viv ¢75i(t»x)vt]}
[vl’d);él(t x) t] - c{q/\l[vlv(p;ﬁi(tvx)’ t]’ Ui}
o

_c,-P[vi]—c?[u 1— {(p bt 1])
_ Z Hovi, ¢ (2, ), 1]} —hi(x):|e—r(t—zo)
jeKi

- ij[uj(t,x),x]—a(x)x“, (6.9)

j=1
J#i
V(tO)i(T, )C) — gi [x]e*r(T*fO)’ (610)
where
¢2i(t. 1) =[¢'(1.2). 7. x).... "7 (.x). " (1 x). 9" (0]

In a prevailing Nash equilibrium the function V0 (¢, x) is then the integral

/;T |:fi{qu[¢(s, x(s)),s], é2[¢(s,x(s)), s], e, c?”[d)(s,x(s)), s],s}

X c}i[qb(s,x(s)), s] - ci{c}i[¢(s,x(s)), s], i (s,x(s))}
— ¢ (¢ (s x<s>>] =i [wi(s,x®)] = £i{d[¢ (s, ). 5]}
— Z s x(s)),s]}

]EK’
- hi[x(s)]i|e_r(s_’°) ds + g'[x(T)]e™" T~ fori e N. (6.11)

x(t)=x’
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The game equilibrium dynamics then becomes
n .
i)=Y a;{d'[¢(s. x()). 5], 6 (5. x()}
j=1

- ij[ﬂj (S, X(S)), x(s)] — S[x(s)]x(s),
j=1
*{fo) = . (6.12)

Remark 6.1 One can readily verify that V™i(¢,x;) = Vi(t,x;)e’ @), for 7
[to, T], is the value function to nation i at time ¢ € [t, T'] when the state x(¢) = x;
in the game of (6.7) and (6.8), which starts at time 7.

With negative externalities in pollution a noncooperative outcome is suboptimal.
International collaboration in industrial pollution management is an effective way
out of this situation.

6.3 Cooperative Arrangement

Now consider the case when all the nations want to cooperate and agree to act so
that an international optimum can be achieved. For the cooperative scheme to be up-
held throughout the game horizon both group rationality and individual rationality
are required to be satisfied at any time. Group optimality ensures that all potential
gains from cooperation are captured. The failure to fulfill group optimality leads to
the condition where the participants prefer to deviate from the agreed-upon solution
plan to extract the unexploited gains. Individual rationality is required to hold so that
the payoff allocated to a nation under cooperation will be no less than its noncoop-
erative payoff. The failure to guarantee individual rationality leads to a condition
where the concerned participants will reject the agreed-upon solution plan and play
noncooperatively. In the absence of a punishment scheme, the cooperative plan will
dissolve if any of the nations deviate from the agreed-upon plan.

In addition, as mentioned above, an agreeable optimality principle must uphold
group optimality and individual rationality throughout the period of cooperation.

6.3.1 Group Optimality and Cooperative State Trajectory

Consider the collaborative environmental scheme with the participating nations’
payoff structure in (6.7) and the pollution dynamics in (6.8). To secure group opti-
mality the participating nations seek to maximize their joint payoff by solving the
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following control problem:

max { [ [Z o). 51,8000 5], [u00).51.5])

X C?i[v(s),S] —c {q [v(s),s]. vi(s)}
—cf [0i)] = ui )] = el{g ) s]} = D e/ {d7[vs). 5]}

jeK!

— hi[x (s)]i|er(“°) ds + Z g [x(m]e T, (6.13)

i=1

subject to (6.8).

Invoking Theorem A.1 in the Technical Appendixes, a set of controls {[vi™(z),
u* ()] = [¥i(t, x), @i (t,x)], fori € N}, constitutes an optimal solution to the con-
trol problem in (6.13) and (6.8) if there exists a continuously differentiable function
W@ (r, x) : [to, T] x R™ — R,i € N, satisfying the following partial differential
equations:

—W,(IO)(I,)C)Z max {Zf q (v 1),q (v 1), ..,é”(v,t),l]

i=1
x ' (v, t) —'[§' w0, vi] =] W) — f ) — el (v, )]

=Y &[G . 0] = hi)]e T + WO, x)
jeki (6.14)

x [Zaj[qj(v,t),vj] = bjuj,x) —5(x)x:|}, and
=1

j=1

n
WOT x) =) g (e 70
i=1

Hence the nations will adopt the cooperative control {[y; (t, x), @; (¢, x)], for i €
N and t € [#o, T]}. The optimal trajectory under cooperation becomes

= za 6. 50).5]. 05 5. x9)

- ij [ (5. %)), x(5)] = 8[x()]x(s),
=1
x(to) = Xso- (6.15)
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The solution to (6.15) can be expressed as

x*(t):x0+/ {Za s X (s)) ] Wj(S,x*(s))}

= bjlw(s. %) x* ()] = S[x* () ]x*(s)  ds.  (6.16)

j=1

We use {)c"‘(z‘)},T:,0 to denote the solution path generated by (6.16). The terms x;
and x*(¢)are used interchangeably.

The cooperative control for the game I.(xg, T — fp) over the time interval [zy, T']
can be expressed more precisely as

Y (t,x*(t)), w; (t,x*(t)), fort e[tp, T]andi € N. 6.17)
Note that, for group optimality to be achievable, the cooperative controls in (6.17)

must be exercised throughout time interval [#g, T'].
The value function W) (¢, x) is then the integral

Tl n
/ |:Z fi{él[w(s,x*(s)),s],r}z[l//(s,x*(s)),s],...,(}”[I/f(s,x*(s)),s],s}
o Li=1

X (}i[lﬂ(s, x*(s)),s] - ci{c}i[l/f (s, x*(s)), 5], i (s, x*(s)) }
= [Wi(s, 2" )] = ef [ (5. " ()] = el {@" [w (5. " (9)). 5]}

- Y ). ) —hi[x*@)]}rw "

jeK’

n
+) [ ()]e T, forieN, (6.18)

where ¥ (s, x*(s)) = {Y]' (s, x*(5)), Y3 (5, x (), ..., Yy (5, x* () }.

Remark 6.2 One can readily verify that W® (¢, x¥) = W) (¢, x)e" =0 for 7 €
[f0, T], is the value function at time ¢ € [7, T'] of the control problem in (6.8) and
(6.13) which starts at time 7 with x(r) = x;".

6.3.2 Individually Rational and Time
(Optimal-Trajectory-Subgame) Consistent Imputation

An agreed-upon optimality principle must be sought to allocate the cooperative pay-
off. In a dynamic framework individual rationality has to be maintained at every



6.4 Benefit Distribution in Collaborative Environmental Management 155

instant of time within the cooperative duration [fg, T'] along the cooperative path
{x;"}zzto. For 7 € [to, T, let §®i(x, x7}) denote the imputation (payoft according to
the agreed-upon under optimality principle) over the period [7, T'] to nation i € N
along the cooperative path. Individual rationality along the cooperative trajectory

requires
D (,x3) 2 VWi(z,x}), forieN,xfeXfandtelln, Tl. (6.19)

Since nations are asymmetric and the number of nations may be large, a reason-
able optimality principle for gain distribution is to share the gain from cooperation
proportional to the nations’ relative sizes of noncooperative payoffs. As mentioned
before, time (optimal-trajectory-subgame) consistency is required for a credible co-
operative solution under a dynamic framework. In particular, the agreed-upon opti-
mality principle must be maintained in any subgame that starts at a later time along
the cooperative state trajectory so that no nation has the incentive to deviate from
the previously adopted optimal behavior throughout the game.

Hence the solution imputation scheme {& ™% (z, x}); fori € N} has to satisfy the
following condition:

Condition 6.1

y@i(g, xk
> = V@i(z,x3)

£ (5, x7) = WO (e, x9) (6:20

fori e N,x} e X¥and 7 € 1o, T].

The imputation scheme in Condition 6.1 satisfies individual rationality. Crucial
to the analysis is the formulation of a payment distribution mechanism that will lead
to the realization of Condition 6.1. This will be done in the next section.

6.4 Benefit Distribution in Collaborative Environmental
Management

The solution to the optimality principle guiding the multinational collaboration in
environmental management can then be expressed as

P(x;. T —1)={[y(s.x*®)]i_,. [mi (s, x* )], [B®]_ £ (1. x7)}
forr e [1ty, T],

where ¥ (s, x*(5)) = {1 (s, x*(5)), Y2(s, x*(5)), ..., ¥u (s, x*(s))} is a set of joint
payoffs maximizing the environmental policy instruments, and

w(s, x*(s)) = {w1 (s, x*(s)), wz(s, x*(s)), .., Dn (s, x*(s))}
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is the set of joint payoffs maximizing pollution abatement efforts in the collaborative
environmental scheme; &z, x/) is an imputation scheme satisfying Condition 6.1
and B(s) is the payoff distribution procedure leading to Condition 6.1.

All the participating nations in a collaborative scheme will have no incentive to
exit the venture if the agreed-upon optimality principle is maintained at every instant
teln, Tl

To formulate a payoff distribution procedure over time so that the agreed impu-
tations satisfy Condition 6.1 we obtain the following.

Proposition 6.1 A distribution scheme with a terminal payment —gi[x; — il at
time T and an instantaneous payment at time T € [ty, T]

Bi(t) = 0 ACL Y
S LY Vi, x)
9 V@i (g, xi¥)

dxz |:Z’]1'=1 V@i(z,x{%)

y [Z, (@[ (5. x2). 2] 0 (55)])

w® (l, xt*) |t—r:|

WO (e

S by ey )] —s<x:>x:},
j=1
fori €N, 6.21)

will lead to a realization of the imputations & ' (z, x),forie Nandt € [ty, T,
satisfying Condition 6.1.

Proof Invoking Theorem 4.3 in Chap. 4 the results in Proposition 6.1 follow. U

A time (optimal-trajectory-subgame) consistent solution can be obtained using
the set of group optimal strategies 1 *(s, x;) characterized in (6.14) and B(s) =
{B1(s), B2(s), ..., By(s)} in (6.21).

With the nations using the cooperative environmental policy instruments
¥ (s, x*(s)) and pollution abatement efforts @ (s, x*(s)), the instantaneous receipt
of nation i at time instant 7 is

G = 1§ (wx). o] [y (e xp) o] 4" W (2. x7) ] s
{@'[v(e.x7). o] vi(z. x7)}

— ¢ [Wi(r.x7)] = cf [mi(s. ()] = e {@'[v (5. % (9)). 5]}

=Y @l v (e xp) <]} = hilx)), (6.22)

fort e[ty, T]andi € N.
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According to Proposition 6.1, the instantaneous payment that firm i should re-
ceive under the agreed-upon optimality principle is B;(t), for t € [fo, T] and i € N,
as stated in (6.21). Hence an instantaneous transfer payment

x' (1) = Bi(r) — £ (7) (6.23)

would be given or charged to firm i at time t, fori € N and 7 € [f9, T].

6.5 Policy Implications

Facing an increasing demand for a sustainable solution, the international commu-
nity has responded to the deteriorating problem of global pollution. Over a decade
ago most countries joined an international treaty—the United Nations Framework
Convention on Climate Change (UNFCCC)—to consider solutions to reduce global
warming and to cope with whatever temperature increases are inevitable. Recently,
a number of nations approved an addition to the treaty: the Kyoto Protocol, which
has more powerful and legally binding measures. In brief, the Kyoto Protocol is an
international agreement, which builds on the United Nations Framework Conven-
tion on Climate Change, and sets legally binding targets and timetables for cutting
the greenhouse-gas emissions of industrialized countries. Conditions for entry are
that some UNFCCC parties cut greenhouse-gas emissions of at least 5% from 1990
levels in the commitment period 2008-2012. As of December 2006, 169 countries
and other governmental entities ratified the agreement. Notable exceptions include
the United States. Other countries, like India and China, which have ratified the
protocol, are not required to reduce carbon emissions under the present agreement
despite their relatively large industrial production activities.

As mentioned before, placing a constraint just on certain types of pollution emis-
sions cannot offer a long-term solution because the plans are limited to a confined
set of controls, like gas emissions and permits, which is unlikely to be able to offer
an effective means to reverse the accelerating trend of environmental deterioration.
In addition, there is no guarantee that participants will always be better off and hence
be committed within the entire duration of the agreement. Guided by the analysis
shown previously, a grand coalition of all nations should be formed to pursue a
comprehensive cooperative scheme of industrial pollution abatement. In particular,
the entire set of policy instruments available—including environmental taxes and
charges, a subsidy for the replacement of polluting techniques, and the restoration
and preservation of the natural ecosystem—will be used to achieve an optimal co-
operative outcome. A payment distribution mechanism has to be formulated so that
cooperative gains will be shared according to the proportions of the nations’ relative
sizes of noncooperative payoffs throughout the planning horizon. In sum, the appro-
priate policy coordination will lead to the enhancement of economic performance
and the realization of a cleaner environment.

This analysis opens up a novel policy forum for the international community.
A particularly relevant instance would be the formation of a United Nations Agency
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to coordinate international cooperative actions on pollution and climate change. The
proposed agency is to be comprised of three divisions. An executive branch will be
established to coordinate the adoption and development of clean technology, pol-
lution abatement activities, use of materials, waste disposal, mode of resource ex-
traction, and cooperation in environmental R&D. A financial branch (or FUND)
would be set up to handle pollution charges, clean technology subsidies, and allo-
cate payoff distributions so that the agreed-upon optimality principle will be real-
ized throughout the cooperative period. Lastly, a legislative body would be in place
to enact regulations on the activities damaging the environment and in violation of
the cooperative agreement. Finally, a large-scale scheme is in order for research in
the mechanism design theory initiated by Hurwicz (1973) and refined and applied
by Myerson (1989) and Maskin (1999). In particular, the mechanism designs for
conventional markets in the face of the impact from a comprehensive set of environ-
mental policy instruments, including taxes, subsidies, technology choices, pollution
abatement activities, pollution legislations, and green technology R&D, have to be
considered. In addition, the mechanism designs for intergovernment transfers, insti-
tution formation, like-market, and beyond-conventional market arrangements have
also to be investigated.

6.6 A Model of Transboundary Industrial Pollution
Management

As an illustration of a collaborative scheme for transboundary industrial pollution
management we consider the deterministic version of the Yeung and Petrosyan
(2008) game.

6.6.1 A Multinational Economy with Industrial Pollution

We first present a multinational economy with n asymmetric nations or regions.
Industrial pollution is generated via the production process.

6.6.1.1 The Industrial Economy

Consider a multinational economy that is comprised of n nations. To allow differ-
ent degrees of substitutability among the nations’ outputs a differentiated products
oligopoly model has to be adopted. The differentiated oligopoly model used by Dixit
(1979) and Singh and Vives (1984) in industrial organizations is adopted to charac-
terize the interactions in this international market. In particular, the nations’ outputs
may range from a homogeneous product to n unrelated products. Specifically, the
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inverse demand function of the output of nation i € N at time instant s is

Pi(s)=a' =) Biq;j(s), (6.24)

j=1

where P;(s) is the price of the output of nation i,g;(s) is the output of nation
j, and ofand ,Bj. for i € N and j € N are positive constants. The output choice
q;j(s) €[0,q;] 1s nonnegative and bounded by a maximum output constraint g;.
The output price is equal to zero if the right-hand side of (6.24) becomes negative.
The demand system in (6.24) shows that the economy is a form of differentiated
products oligopoly with substitute goods. In the case when o’ = o/ and ﬁ; = ,Bij for
all i € N and j € N, the industrial outputs resemble a homogeneous good. In the
case when ,35. =0 for i # j, the n nations produce n unrelated products. Industrial
profits of nation i at time s can be expressed as

n,-(s>=[a"—Zﬂ;’-q,-<s>}qi(s)—ciqi(s)—vxs)q,-(s), forieN, (6.25)

j=1

where v; (s) > 0 is the tax rate imposed by government i on its industrial output at
time s and ¢; is the unit cost of production. At each time instant s, the industrial
sector of nation i € N seeks to maximize (6.25). Note that each industrial sector
would consider the information on the demand structure, each other’s cost struc-
tures, and tax policies. The first-order condition for a Nash equilibrium for the n
nations economy yields

> Biqj(s) + Blgi(s) =o' —ci —vi(s), forieN. (6.26)
j=1

With output tax rates v(s) = {vi(s), va(s), ..., v, (s)} being regarded as parameters,
(6.26) becomes a system of equations linear in g(s) = {g1(s), g2(s), ..., qn(s)}.
Solving (6.26) yields an industry equilibrium

qi(s) =i (v(9)) =& + Y Biv;(s), (6.27)

JEN

where &' and B;, for i € N and j € N, are constants involving the model
parameters {81, B}, ..., 8L B2, B3, ... B . BLLBY, ... Bih el a2, L o),
and {c(, ¢, ..., cn}.

The industry equilibrium generated by this oligopoly model is computable and
fully tractable. One can readily observe from (6.26) that an increase in the tax rate
has the same effect as of an increase in cost. Ceteris paribus, an increase in nation
i’s tax rate would depress the output of industrial sector i and vice versa. Given that
outputs are substitutable products and the linear demand functions of (6.24), indus-
trial sector i’s output and nation j’s tax rate, where j # i, are positively related.
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6.6.1.2 Local and Global Environmental Impacts

Industrial production emits pollutants into the environment. The emitted pollutants
cause short-term local impacts on neighboring areas of the origin of production in
forms like passing-by waste in waterways, wind-driven suspended particles in the
air, unpleasant odor, noise, dust, and heat. For an output of ¢; (s) produced by nation
i there will be a short-term local environmental impact (cost) of efqi (s) on nation i
itself and a local impact of s; gi (s) on its neighbor nation j. In particular, 8; is a pos-
itive constant. Nation i will receive short-term local environmental impacts from its
adjacent nations measured as &/ ¢;(s) for j € K'. Thus K' is the subset of nations
whose outputs produce local environmental impacts to nation i. Moreover, indus-
trial production will also create long-term global environmental impacts by building
up existing pollution stocks, like greenhouse gases, chlorofluorocarbons (CFC), and
atmospheric particulates. Each government adopts its own pollution abatement pol-
icy to reduce the pollution stock. Let x(s) C R™ denote the level of pollution at time
s, the dynamics of the pollution stock is governed by the differential equation

i)=Y ajqi) = Y bjuj©)[x®)]"* —8x(s), x(t0) =x,. (6.28)

j=1 j=1

where a; > 0,b; > 0,8 > 0 are positive constants, a;q; is the amount added to the
pollution stock by a unit of nation j’s output, u ; (s) is the pollution abatement effort
of nation j, bju;(s)[x (s)]'/2 is the amount of pollution removed by the u (s) unit
of abatement effort of nation j, and § is the natural rate of decay of the pollutants.

6.6.1.3 The Governments’ Objectives

The governments have to promote business interests and at the same time handle
the financing of the costs brought about by pollution. In particular, each government
maximizes the net gains in the industrial sector minus the sum of expenditures on
pollution abatement and damages from pollution. The instantaneous objective of
government i at time s can be expressed as

{a" - Zﬂ;’-q,»(s)]qi(s) —cigis) =t {ui ()] = Y €l [q; ()] = hix(s),

Jj=1 jel?"
fori e N, (6.29)

where cf’ > 0 and h; > 0 are constants, c?[ui(s)]2 is the cost of employing a u;
amount of the pollution abatement effort, and /; x (s) is the value of damage to coun-
try i from an x (s) amount of pollution.

The governments’ planning horizon is [#y, T]. It is possible that 7 may be very
large. At time T, the terminal appraisal associated with the state of pollution is
gi[ii — x(T)], where gi > 0 and X' > 0. The discount rate is . Each one of the n
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governments seeks to maximize the integral of its instantaneous objective in (6.29)
over the planning horizon subject to the pollution dynamics in (6.28) with controls
on the level of the abatement effort and output tax.

By substituting g; (s), for i € N, from (6.27) into (6.28) and (6.29) one obtains a
differential game in which government i € N seeks to

L[] e i)

heN heN

—¢ [5/ + Zﬁ;uj(s)} [ui ()]’ - & [af + Zﬂg ve(s)}

JEN jekKi teN
— h,-x(s)i|er(s’°) ds — g'[x(T) —&']e™ T~ fo)} (6.30)
subject to
i(s) = Za, [al +y° ﬁ]vh(s):| > bjui)[x()]"? — 6x(s),
heN j=1
x(tg) = Xy, (6.31)

In the game in (6.30) and (6.31) one can readily observe that government i’s
tax policy v;(s) is not only explicitly reflected in its own output but also on the
outputs of other nations. This modeling formulation allows some intriguing sce-
narios to arise. For instance, an increase of v;(s) may just cause a minor drop in
nation i’s industrial profit, but may cause significant increases in its neighbors’
outputs, which produce large, local, negative environmental impacts to nation i.
This results in the nations’ reluctance to increase or impose taxes on industrial out-
puts.

6.6.2 Noncooperative Qutcomes

In this section we discuss the solution to the noncooperative game in (6.30)
and (6.31). Invoking Theorem 2.3 of Chap. 2 a feedback Nash equilibrium solu-
tion can be characterized as follows.

Corollary 6.2 A set of strategies {u] (t) = u;(t, x), v/ (t) = ¢;(t, x), fori € N} pro-
vides a feedback Nash equilibrium solution to the game in (6.30) and (6.31) if there
exist suitably smooth functions y (o) (t,x):[t0,T] Xx R — R,i € N, satisfying the
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following partial differential equations:

—y i, x) =13)a}‘>§[ [(ai > B [&j + > Bl x) + Bijvi])

/= =i
x {aﬂ + > Bign(t, %) +B{vi]
heN
#i

—¢ |:6/ + Z ,3_5‘¢j(t:x) +vaii| — i

JEN
J#
-y g/ |:o7j +Y Blvi(s) +/§ijv,-j| —hixi|e_r(t_’°)
JjeKi Y
. n . . .
+ V{0, x>[2 aj [&f + > Blon.x)+ B v,}
j=1 heN
h#i
n
—ijuj(t,x)xl/z—biuixl/z—éx:|}, (6.32)
j=1
J#i
VT, x) = —g'[x — &' ]e™" T, (6.33)

Performing the indicated maximization in (6.32) yields

b; .
wi(t, x) = _ﬁvx@oﬁ (t, x)e (=10 1/2 (6.34)
i

. n . . n . . n . . . .

(a‘ > B [&f + Y Bion, x>Dﬂ; - [Z ﬁ}ﬁ;’} [&' + Y B, x)}
j=1 heN j=1 heN
n
Bl = & B+ VO x)D aiple T =0, (6.35)
jeKi j=I1

forteltgy<T]landi e N.

The system in (6.35) forms a set of equations linear in {¢1(t, x), $2(t,x), ...,
Gu(t, )} with (VI (1, x)er =) yIO2 (¢t x)ert=o) v x)er(=0)} pe-
ing taken as a set of parameters. Solving (6.35) yields

git.x)=6"+Y BV et~ ieN, (6.36)
JjeN
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where &' and Bi., fori e N and j € N, are constants involving the constant coeffi-

cients in (6.35). Substituting the results in (6.34) and (6.36) into (6.32) and (6.33)
we obtain the following.

Proposition 6.2 The system in (6.32) and (6.33) admits a solution
Vi, x) =[Ait)x + C;(H)]e™ "™, forieN, (6.37)

where {A1(t), Ax(t), ..., An(t)} satisfies the following set of constant coefficient
quadratic ordinary differential equations:

) b2 "b3
A =0 +940) - L[A0OF - 40 Y L A0+,
i =t (6.38)

Ai(T)=—g'; forieN,

and {C;(t);i € N} is given by
13
Ci(t) = el (t—10) |:/ F; (y)e—r(y—to) dy + C?i|’ (6.39)
0]
where

T
C)=g'xle T — f Fi(y)e "0~ dy,

fo

Fi<z>=—<a —Zﬁ {a + Zﬂh[AMZﬂkAk(z)“)

heNi keN

x (a +> B [&”‘ + ZB,?Ak(t)D

heN keN

+ai {&f - B [&f + Zﬁ,{Akm“

JEN keN

+ > el [&f' +> B [6/ + ZﬁfAk(t)]}

jeKi teN keN

— A (r)[Za, [a +> B [Ah +Y B Aku)} H

heN keN

Proof See Appendix 1 in this chapter’s appendixes. O
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The corresponding feedback Nash equilibrium strategies of the game in (6.30)
and (6.31) can be obtained as

b; r .
it )= =52 AMOx'? and g =+ BiA;(0).  (640)
! JEN

fori e Nandt € [ty, T].
A remark that will be utilized in the subsequent analysis is given below.

Remark 6.3 Let VDi(z, x,) denote the value function of nation i in a game with the
payoffs in (6.30) and dynamics in (6.31) that starts at time 7. One can readily verify
that V®i(z, x,) = VOi(¢, x,)e" @) for T € [19, T].

6.7 Collaborative Scheme in Transboundary Industrial Pollution
Management

Now consider the case when all the nations want to cooperate and agree to act so
that an international optimum can be achieved. Since nations are asymmetric and the
number of nations may be large, a reasonable optimality principle for gain distribu-
tion is to share the gain from cooperation proportional to the relative sizes of the
nations’ noncooperative payoffs. As mentioned before, to ensure that the coopera-
tive solution is time consistent, the above optimality principle must be maintained
throughout the game.

6.7.1 Cooperative Optimization and State Trajectory

To secure group optimality the participating nations seek to maximize their joint
payoff by solving the following optimal control problem:

max { TZ|:<aZ—Z,Bf|:&j+ZB}{vh(s):|>
Un 1 j=1 ’

0 ¢=1 heN

« |:5/ + Z B;fvh (s)i| — ¢y [6/ + Z vaj (s):| —c [w(s)]2

heN JEN

— Z 8/5 |:&/ + Zﬁ,ka(s)] - hEX(S)]e_’(S_’O) ds

jEIEZ keN

n
= g (1) =& ]e T } (6.41)
=1

subject to (6.31).



6.7 Collaborative Scheme in Transboundary Industrial Pollution Management 165

Invoking Theorem A.1 in the Technical Appendixes, a set of controls {[v}*(z),
u* ()] = [¥i(t, x), w;(t, x)], fori € N} constitutes an optimal solution to the con-
trol problem in (6.41) and (6.31) if there exists a continuously differentiable func-
tion W("))(t, x):[to, T1x R — R,i € N, satisfying the following partial differential
equations:

WZ(IO) (t, x)

o B | (- S+ S )|

.....

=1 heN heN
—ce |:Ol + 2,3 v,] — clue)? — Z e |:af + Z,Bk vk:| — hgxi|e_’(s_’0)
JEN jekt keN
n . .
+W)§t0)(l,)€)|:zaj |:&J + Zﬁ}fvh:| Zb,u,x —Sx:“ (6.42)
j=1 heN
n . .
WONT, x) == g [x(T) — ¥ ]e™ T, (6.43)

i=1

Performing the indicated maximization in (6.42) yields the optimal controls under
cooperation as

b;
@i(t, ) =75 aw<f0>(z x)e (=012 fori e N; (6.44)

3 (oS g o]

=1 j=1 heN

- [Zﬁfﬁf} [a/ +3 Bﬁwha,x)ﬂ
j=1

heN

—Z[cm‘ +> el :|+W(’O)Za Bl =0 =0, forieN. (6.45)

jekKi j=1
The system in (6.45) can be viewed as a set of equations linear in {y (¢, x),

Va(t, x), ..., Yn(t, x)} with Wy (¢, x)e"~%) being taken as a parameter. Solving
(6.45) yields

wl_ (t, x) — &i + Bi W)Eto) (L x)er(lfto)’ (646)

where &' and i, for i € N, are constants involving the model parameters.
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Proposition 6.3 The system in (6.42) and (6.43) admits a solution

W (1, x) = [A*(1)x + C*(1)]e ™71, (6.47)
with
2 —1
A*t)= Al + 0¥ (t)|:C* / } , and
t
C*(1) = (=10 [ / F*(y)e 00 dy + Cf},
fo
where

t n b2
D*(1) =exp{/ [ZZJGAPJr(rH)} dy}
fo

j=1"J

@*(y)dy,

or_ PN /
(AP +Z] 1g])

1/2 n 2

b4

Af(t)z{(r+8)—|:(r+8)2+4z Zh} ]/ZC—;,
j=1"J

]jl

F¥(1) = —Z[(a‘f - Zﬁf{&f + > B +/§hA*(t)]}> {5/

=1 j=l1 heN

+ B+ 5“*0)]} - Ce{&e + 3 BUA + éf'A*m]}

heN JjeN

-y s{{&/ + > Ble* +;§ka*0)]”

jel?‘ keN
- Aj(;)[zaj {&f' +Y Bia" + B A1) H and
j=1 heN

n

T
CQ — Zgjfjefr(T*fo) _ / F*(y)e*r(y*lo) dy.

j=1 10

Proof See Appendix 2 in this chapter’s appendixes.



6.7 Collaborative Scheme in Transboundary Industrial Pollution Management 167

Using (6.44), (6.46), and (6.47), the control strategy under cooperation can be
obtained as

U b;
Vit,x)=a' + B A*(r) and w,-(t,x):——zlaA*(t)xl/z, (6.48)
C

1

fortetp<T]andi=1,2,...,n.

Substituting the optimal control strategy from (6.48) into (6.26) yields the dy-
namics of pollution accumulation under cooperation. Solving the cooperative pollu-
tion dynamics yields the cooperative state trajectory

b2
[f,:)[ i1 5o AT (5)=51ds]

x*(t)=e J

x |:x,0 +f Zaj{&/ + ZB,{[&" +,§hA*(s)]}
d 1

0 j= heN

X

b2
2 (8-X1—y 5 A*(0))d]
g 0 T ds |, (6.49)

for t € [tg, T].

We use X/ to denote the set of realizable values of x*(r) at time ¢ generated
by (6.49). The term x;" is used to denote an element in the set X}

A remark that will be utilized in the subsequent analysis is given below.

Remark 6.4 Let W™ (¢, x;) denote the value function of the optimal control prob-
lem with the objective in (6.41) and dynamics in (6.31), which starts at time t. One
can readily verify that

WO, xF) = WO (1,x7)e" ™) fort € [to, T1.

A group optimal scenario will be realized with the nations adopting the co-
operative strategies in (6.48). To construct a cooperative solution that every party
will commit to throughout cooperation period, a time consistent solution has to be
sought. This will be investigated in the following subsection.

6.7.2 Consistent Imputation and Benefit Distribution

To satisfy the property of time (optimal-trajectory-subgame) consistency, the op-
timality principle has to remain in effect throughout the cooperation period along
the cooperative trajectory {X*(T)}rT:z0~ Hence the solution imputation scheme

{g@i(g, x¥); fori € N} has to satisfy the following:
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Condition 6.2

. V@i (g, x*
i (g, x*) = Tt WO (g, xk 6.50
§ ( ’xr) Z?:l V©J (7, x¥) ( ,xr), (6:50)

fori e N,x} e X¥and v €[to, T].

To formulate a payoff distribution procedure over time so that the agreed impu-
tations satisfy Condition 6.2 we obtain the following.

Proposition 6.4 A distribution scheme with a terminal payment —gi[x; — i at
time T and an instantaneous payment at time T € [ty, T]

d V@i, x¥)

Bi (‘L') = —— 7 - ! "

ot ijl V@i, x})
9 VOi(r, xi*)

oxt [z’;zl V@i (z, x4

x [zaj [&f YA x;ﬂ - byt () - ax:},
j=1 j=1

heN

W(r) (t, X;*)|z=r:|

WO(rx)|

(6.51)

fori € N, will lead to the realization of the solution imputations & (z, x¥), for
i € N and T € [y, T), satisfying Condition 6.2.

Proof Invoking Theorem 4.2 in Chap. 4, Proposition 6.4 follows. (|

Using Propositions 6.2, 6.3, and (6.48), one can express B;(t) in Proposition 6.4
as

—[Ai(0)x7 + Ci(7)]
(3 LA (D)xf + Cj (D))
[A(D)x} + C(0)]
O304 (DxE £ C (D))
x {[Ai()x} + Ci(0)] — r[Ai(D)xF + Ci (D]}
[A;(D)x] + Ci (D][A(T)x] + C(7)]
(C3i[Aj(Dx: + Cj(D))?

Bi(r) =

{[A@xf +C()] - r[A@xF + C(0)]}

x Q2 A[Aj@x7+ € @] =r[A;j@x7 + C; @]}

1

2
j=
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N |:[A ()X + Ci(DIA@x] + C(1)] <ZA ( )):|

(Z, 1[Aj(OxF +Ci ()32

n b2
><|: a|:1+2ﬂf<x +/3 A*(r)i|+2 ]A(r)x —6x,],
J

=1 heN
(6.52)

fori e N.
A time (optimal-trajectory-subgame) consistent solution to the multinational col-
laboration in environmental management can then be expressed as

P(x;. T —1) = {[v(s.x*®)]i_,. [m (5. x*®)],_,. [B&]i_, £ (. )},
fort €19, T,

where

AL b;
Vils, x* ) =&+ BAGs),  @i(s.x* () = —2—aA ®)[x*©]"?

B; (1) is given as in (6.52), and £ (z, x;) is an imputation scheme satisfying Con-
dition 6.2.

When all nations are adopting the cooperative strategies the rate of instantaneous
payment that nation £ € N will realize at time ¢ with the state being x; can be
expressed as

e (1) = (a —Zﬂ ia’+2ﬂh +5hA*<t>]}>

heN

x {5/ + > Bilé" +§hA*(t)]}

heN

N 2
- ce{&‘f + Zﬁf[&f + ,é-/A*(t)]} —cf I:zb—aA*(t):|

JEN

-y el {&j + 3 Bi[ak + g4 A*(r)]} — hex?. (6.53)

je[z[ keN

Since, according to Proposition 6.4 under the cooperative scheme, an instantaneous
payment to nation £ equaling B,(¢) at time ¢, and a side payment of the value By (t) —
Ne () will be offered to nation £.
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6.8 Exercises

6.1 Consider a two-nation international economy in which transboundary pollution
is generated by the production process. The planning horizon is [0, 2]. The inverse
demand function of the outputs of nations 1 and 2 at time instant s € [0, 2] are,
respectively,

P1(s) =100 — 2g1(s) —0.5g2(s) and Pr(s) =120 — g1 (s) — 0.5¢2(s),

where P;(s) is the price of the output and g;(s) is the output of the nation. The
unit costs of production in these nations are ¢y = 1 and ¢, = 1.5. The instantaneous
industrial profits of nations 1 and 2 at time s can be expressed as

mi(s) = [100 — 2¢1(s) — 0.592(s)]q1 (s) — q1(s) — vi(s)q1(s) and
ma(s) = [120 — 0.5g1 (s) — q2(5)]g2(s) — 1.5g2(s) — v2(5)q2(s),

where v;(s) > 0 is the tax rate imposed by government i on its industrial output
at time s. At each time instant s, the industrial sector of nation i € {1, 2} seeks to
maximize its instantaneous profit.

Derive the market equilibrium at time instant s.

6.2 Industrial production emits pollutants into the environment. The emitted pollu-
tants cause short-term local impacts on neighboring areas of the origin of production
in forms like passing-by waste in waterways, wind-driven suspended particles in the
air, unpleasant odor, noise, dust, and heat. For an output of g1 (s) produced by nation
1 there will be a short-term local environmental impact (cost) of 0.2g; (s) on nation
1 itself and a local impact of 0.1¢;(s) on its neighbor nation 2. On the other hand,
for an output of g2 (s) produced by nation 2, there will be a short-term local environ-
mental impact (cost) of 0.3g>(s) on nation 2 itself and a local impact of 0.25¢>(s)
on its neighbor nation 1.

Moreover, industrial production will also create long-term global environmental
impacts by building up existing pollution stocks, like greenhouse gases, CFC, and
atmospheric particulates. Each government adopts its own pollution abatement pol-
icy to reduce the pollution stock. Let x(s) denote the level of pollution and u ; (s)
the pollution abatement effort of nation j at time s, the dynamics of the pollution
stock is governed by the differential equation

£(5) =41 (s) +3q2(s) — 0.05u ()[x()]"* = 0.02u2(5)[x()]'* = 0.04x(s),
x(0) = 100.
The governments have to promote business interests and at the same time handle the
financing of the costs brought about by pollution. The damages to countries 1 and

2 from an x(s) amount of pollution are 0.15x(s) and 0.1x(s). In particular, each
government maximizes the net gains in the industrial sector minus the sum of the
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expenditures on pollution abatement and damages from pollution. The instantaneous
objective of governments 1 and 2 at time s are, respectively,

[100 —2q1(s) — O.qu(s)]ql(s) —q1(s) —0.2g1(s) — 0.25¢>(s) — 0.15x(s), and
[120 — g1 (s) — q2(5) ]q2(s) — 1.5g2(s) — 0.1q1(s) — 0.3q2(s) — 0.1x(s).

The governments’ planning horizon is [0, 2]. At terminal time 2, the terminal
appraisal associated with the state of pollution is 5[60 — x(2)] for nation 1 and
4[40 — x(2)] for nation 2. The discount rate is 0.05. Each government seeks to max-
imize the integral of its instantaneous objective over the planning horizon subject to
pollution stock dynamics.

Construct a differential game of noncooperative pollution management by these
two nations. Obtain a feedback Nash equilibrium solution for the game.

6.3 Consider the case when both nations want to cooperate and agree to act so that
an international optimum can be achieved.
Obtain the optimal cooperative levels of outputs and abatement efforts.

6.4 These cooperating nations adopt an optimality principle that distributes the gain
from cooperation proportional to the relative sizes of the nations’ noncooperative
payoffs. Characterize a time (optimal-trajectory-subgame) consistent solution.

Appendix 1: Proof of Proposition 6.2
Using (6.34), (6.36), and (6.37), the system in (6.32) and (6.33) can be expressed as

r[Ai(Ox + Ci ()] — [Ai(D)x + Ci (1))

b gl el

heNi keN
x (a" +> B [&h + ZB,’:Ak(r)])
heN keN
—c,-{af+ 25;[af+23,{Ak<z>”
JEN keN
- [2aA(t):|x—Zs {af+ZﬁJ[A@+ZﬁkAk(z)]} }
JjeK! teN keN
+ Ai(t)|:Zaj{5tj +Y B [&h + Z,é,?Ak(t)“
j=1 heN keN

+Zb A i(O)x —Sx:| (6.54)
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[Ai(T)x + Ci(T)] = —g'(x — %), forieN. (6.55)

For (6.54) and (6.55) to hold, it is required that

2 b2
Ai(t) = (r +8) A (1) — A(I)Z ’A()——[A()] hi, (6.56)
J#t K
Ai(T) = —¢', (6.57)
Ci(t) =rCi(t) - (a" - Zﬂ;i{&f + > B [&” + Zﬁ/ﬁf\k(t)} })
j=1 heNi keN
x (&" +> B [&h + Zﬁ,?AkmD
heN keN
+c,-{&" -> B [&f + ZB,{Ak(t)”
jeN keN
> s,.f{&f Y [ . zﬁ,fAka
jeki LeN keN
— Ai(1) [Za, {oﬂ +Y B [A” +> Bt Ak(t)} ”
heN keN
=rCi(t) + F; (1), (6.58)
Ci(T)=g'x". (6.59)

Equations (6.56)—(6.59) form a block recursive system of differential equations,
with (6.56) and (6.57) being independent of (6.58) and (6.59).
Solving {A1 (), A2(t), ..., Ay(¢)} in (6.56) and (6.57) and substituting them into
(6.58) and (6.59) yields a system of linear first-order differential equations
Ci(t) =rCi(t) + Fi (1), (6.60)

Ci(T)=g'x", forieN. (6.61)

Since C;(t) is independent of C;(¢) fori # j, C;(¢) can be solved as

t
Ci(t) =" [ / Fi(y)e "0~ dy + c?}, (6.62)
To
where
T
C)=g'xle™T—10) f Fi(y)e "0~ gy, (6.63)
o

Hence Proposition 6.2 follows.
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Appendix 2: Proof of Proposition 6.3

Substituting (6.44) and (6.46) into (6.42) and using (6.47) one obtains

r[A*(x + C*(1)] = [A*(D)x + C*(1)]

£i-5

X {&Z

- c,g{&f + Z Ef[&f' + 5!’A*(r)]

>

jekt

heN

+ Y BLE" + éhA*(t)]}

heN

JEN

&) {&f +3 BllaF + 5"/’A*(z)]

keN

by
}_C?[zcz *

&+ BI[a" + prar (r)]])

-+

+ Aj(z)[zaj {af +> Blla" + éhA*(t)]}

+Z

[A*(T)x + CX(T)] =

For (6.64) and (6.65) to

A*() = (r +

j=1 heN

f A (H)x — Sx]

hold, it is required that

Zg x(T)—x

8A*(t) — Z A(t) ~|—Zh

j=1

n
ANT) == g
j=1

C*(t) = rC*(t)

-2

|

heN

@'+ B + B aro]

heN

|

E

&+ Y Bll&" + A (z)]})
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(6.64)

(6.65)

(6.66)

(6.67)
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—ct {&‘3 + > Bal + ﬂﬁ"'A*(t)]}

JjeN

=3 eg{&f + > Bl +/§ka*(¢)]”

jek? keN
— A%(1) [Za, {oﬂ + Y Bla"+ 5’%*@)]”
heN
=rC*(t) + F*(1), (6.68)
(6.69)

CHT)=) glx/.

Equations (6.66)—(6.69) form a block recursive system of differential equations
with (6.66) and (6.67) being independent of (6.68) and (6.69). Moreover, (6.68) and
(6.69) are a Riccati equation with constant coefficients, the solution to which can be

obtained by standard methods as

—1
A*(1) = AP +<1>*(r)[ / f qb (y)dy:| , (6.70)
0]

j= 1
where

[ n b2
qb*(z):exp{/ [Zz’ A”+(r+a>] dy}
fo

a
j=1""J

~k

—¢7(T) / f 7@ () dy,  and
(AP +Y g

1/2 n b2
={(r+8)—|:(r+8)2+42 Z i| }/ C_é
j=1"1J

J}l

is a particular solution of (6.66).
Substituting A*(z) above into (6.68), the system in (6.68) and (6.69) becomes a

system of linear first-order differential equations

C*(t) =rC*(t) + F* (1), (6.71)

CH(T)=) g/l

j=1

(6.72)



2 Proof of Proposition 6.3

Solving (6.71) and (6.72) yields
t
CH(t)=e"'=) [ / F*(y)e "7 dy + CS]
]

where

n T
CS — Zg/)?je_r(T_[") _ f F*(y)e "0~ gy,
=1

]

Hence Proposition 6.3 follows.
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Chapter 7
Dynamically Stable Dormant Firm Cartel

In this chapter, the optimization by cartels that restricts outputs to enhance their
joint profit is examined. In particular, we consider oligopolies in which firms agree
to form a cartel to restrain output and enhance their profits. Some firms have cost
disadvantages that force them to become dormant partners. In Sect. 7.1 a dynamic
oligopoly in which there are cost differentials among firms is presented. Pareto
optimal output path, imputation schemes, profit sharing arrangements, and time
(optimal-trajectory-subgame) consistent solution are derived for a dormant firm car-
tel in Sect. 7.2. An illustration is shown in the following section. The case when the
planning horizon becomes infinite is analyzed in Sect. 7.4, including an illustration
with an explicit solution following in the subsequent section.

7.1 A Dynamic Oligopoly

For analytical purposes we develop a dynamic model of oligopoly in which cost
differentials among firms are present.

7.1.1 Basic Settings

Consider an oligopoly in which » firms are allowed to extract a renewable resource
within the duration [tp, T]. Among the n firms, n; of them have cost advantages
over the other np, = n — n; firms. For notational convenience, the firms with cost
advantages are numbered from 1 to n; and the firms with cost disadvantages are
numbered from 7 4 1 to n. The subset of firms with cost advantages is denoted by
N7 and that of firms with cost disadvantages is denoted by N,. The firms with cost
advantages are identical and so are the firms with cost disadvantages.

D.W.K. Yeung, L.A. Petrosyan, Subgame Consistent Economic Optimization, 177
Static & Dynamic Game Theory: Foundations & Applications,
DOI 10.1007/978-0-8176-8262-0_7, © Springer Science+Business Media, LLC 2012
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The dynamics of the resource is characterized by the differential equations

X(s):f[s,x(s),Zuj(s)i| =f|:s,x(s), Dup+ Yy sz(s)],
j=1

JTeN] j2eN,
x(tp) = xp € X, (7.1)

where u; € U; is the (nonnegative) amount of resource extracted by firm i, for
i € N, and x(s) is the resource stock.

The extraction cost depends on the quantity of resource extracted u’(s) and the
resource stock size x (s). In particular, the extraction cost for the n| firms with cost
advantages is

I [uji(s),x(9)], for j' e Ny,

and the extraction cost for the n; firms with cost advantages is
2
¢/ [uja(s),x(s)],  for j*> € Na.

This formulation of unit cost follows from two assumptions: (i) the cost of extrac-
tion is positively related to the extraction effort, and (ii) the amount of the resource
extracted, seen as the output of a production function of two inputs (effort and stock
level), is increasing in both inputs (see Clark 1976). In particular, firm j' € Ny has
cost advantage so that

acT [uj1(5), x ()] /0u 1 () < c? [u 2(5), % (5)] /9w 12 (s),

forall levels of uj1 € U;1 anduj2 € U2 atany x € X.

The market price of the resource depends on the total amount extracted and sup-
plied to the market. The price-output relationship at time s is given by the fol-
lowing downward-sloping inverse demand curve P(s) = g[Q(s)], where Q(s) =
3 jien, Ujt )+ j2eN, U2 (s) is the total amount of the resource extracted and
marketed at time s. At time 7, firm j1 € Np will receive a termination bonus
¢’'[x(T)] and firm j2 € N> will receive a termination bonus ¢/°[x(T)]. There ex-
ists a discount rate r, and the profits received at time ¢ have to be discounted by the
factor exp[—r(t — t9)].

At time f¢, firm j1 € Ni, which has cost advantages, seeks to maximize its profit

T B
/ <g|:2 up(s) + Z ug(s):|uj1 (s) — ¢’ [I/tjl (s),x(s)]) exp[—r(s — to)] ds
0]

heN; LeN>
+exp[—r(T —10)]g” [x(D)], (72)

subject to (7.1).
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At time fg, firm j2 € N;, which has cost disadvantages, seeks to maximize
profit

T
/ <g|:2 up(s) + Z ug(s):|ujz (s) — ch [ujz(s), x(s)]) exp[—r(s — to)] ds
fo

heN; LeN,

+exp[—r(T — 10)]g” [x()], (7.3)

subject to (7.1).
The noncooperative market equilibrium of the oligopoly game in (7.1)—(7.3) will
be characterized next.

7.1.2 Market Outcome

We use I'(xg, T — tp) to denote the game in (7.1)—~(7.3) and I"(x;, T — 1) to de-
note an alternative game with state dynamics in (7.1) and the payoff structures in
(7.2) and (7.3), which starts at time t € [fp, 7] with initial state x; € X. Invoking
Theorem 2.3 in Chap. 2, a noncooperative Nash equilibrium solution of the game
I'(x;, T — 1) can be characterized as follows.

Corollary 7.1 A set of feedback strategies {qb;fl (t,x) for j' € Ny and 4272 (t,x)

for j* € Na} provides a Nash equilibrium solution to the game I'(x;, T — ©) if
there exist continuously differentiable functions V(©)J : (t,x):[t,T] x R™ — R for
j' e Ny and V(f)jz(t,x) :[t,T] x R™ — R for j> € Na, satisfying the following
partial differential equations:

1
_ VI(T)I (t, .X)

:Tax{(g[ Z qb;f(t,x)—i-ujn + Z ¢>Z(t,x):|uj|,—cjl(uj1,x)>

i heN; CeN,
h#j!

-1
X exp[—r(t — 7:)] + Vx(t)] (t,x)

x f|:t,x, o) tup+ Y ¢;‘(t,x)“, and

heN; £eNy
h#j!

vOINT, x) =exp[—r(T —10)]g’ (x), for j' € Ni; (7.4)
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= max{ (g|:z Grt.x)+ Y (t.x)+ uj2:|ujz - cjz(ujz,)c))
"2 heN; LeN,
)2
2
X exp[—r(t — ‘L’)] + Vx(f)j (t,x)

x f|:t,x, P ACGE RS ¢Z‘(t,x)+ujz:|}, and

heN; LeN,
e

V(f)jz(T, xX)= exp[—r(T — tO)]qu (x), for j2 € N.

Conditions satisfying the indicated maximization in (7.5) yield

{g( Z qﬁ,’:(t,x)—i-uju + Z ¢Z‘(t,x))

heN; LeN,
hetj!
+g’< Y prex) tup+ Y ¢z‘<r,x))u,-l
heN; LeN,
h#j!

— icjl(uj|,)c)} exp[—r(t — r)]

8uj1

! 9
+ v (;,x)—aujl f|:t,x, § o1, ) +ujn + § ¢2‘(l,x):| =0,
heN; LeN>
h#j!

for j! e Ny; (7.5)

:g<z Prt.x)+ Y ) (t.x) +uj2>

heN; LeN>
e£j?

+g/<2 ¢Z(tv-x)+ Z ¢Z([,x)+u]2>u]2

heN; (ENz
t#j?

0

2
- @cf (uj, x)} exp[—r(t —1)]
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. i)
+ V)C(T)]z(t,x)%f[t,x, Do)+ Y ¢ x) +“ﬂ} =0,
J

heN; LeN,
e£j?
for j> € Ny.

The profits of firm j! € N1, which has cost advantages, can be expressed as

.1 T
VO x) = f <g[2 $ils, x®]+ > ¢z‘[s,x(s>]}¢;’: [5,x()]

heN; LeN,

— cj1 [d);‘l (s, x(s)), x(s)]) exp[—r(s — 1')] ds

+exp[—r(T = D)]g’ [x(D)],

for j! € Ny. The profits of firm j> € N, which has cost disadvantages, can be
expressed as

) T
VO (¢ x) =/ (;;[Z o, x ()] + Z ¢Z‘[s,x(s)]:|¢;‘2[s,x(s)]

heN; LeN;
[ x ), x<s>]) explrts - )]s

+ exp[—r(T — r)]qu [x(T)],

for j2 € N, where

)'c(s)=f|:s,x(s), dDupe)+ Y ujz(s)i|, x(t) =x; € X.

jieN; j2eN,

The dynamic oligopoly model presented above is an extension of the dormant firm
duopoly model in Yeung (2005).

7.2 Time (Optimal-Trajectory-Subgame) Consistent Cartel

Assume that the firms in the oligopoly agree to form a cartel to restrain output and
enhance their profits.
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7.2.1 Pareto Optimal Output Path

To achieve a group optimum these firms are required to solve the following joint
profit maximization problem:

T
max {/ <g|:2 up(s) + Zue(s):H:Z up(s) + Z”f(s)i|
UL,UD,ye.esUp to heN; heN;

LeN, LeN,

— |:Z ch[uh(s),x(s)] + Z ce[u/g(s),x(S)]:D CXP[_”(S - to)] ds

heN; LeN;

+exp[—r(T —1o)] [ Yo d"xM]+ qf[x(n]], (7.6)

heN; LeN,

subject to (7.1).
An optimal solution of the problem in (7.1) and (7.6) can be characterized using
Theorem A.1 in the Technical Appendixes as follows.

Corollary 7.2 A set of control strategies {1//;.‘1 (t,x) for j' € Ny and w;,kz (t,x)

for j* € N>} provides a solution to the control problem in (7.1) and (7.6), if there
exist continuously differentiable functions W (¢, x) : [t, T] x R™ — R, satisfying
the following partial differential equation:

(t0) _
R (PR PR
EN; €Ny

heN; LeN,
— |:Z MMup, x1+ Z c[[ug,x]jD exp[—r(t - to)]
heN; LeN, (7'7)
+ W;E'O)(t,x)f[t,x, Z up + Z uz} } and
heN; LeN>
W0 (T, x) = exp[—r(T — to)][z g"x+ ) qﬁx:|.
heN; LeN,

Conditions satisfying the indicated maximization in (7.7) include

{g[z up + ZW} +g’[2 up + ZWMZ up + ZW]

heN; LeN, heN; LeN, heN; LeNy

alzijl

a
o f|:t,x, Z up + Z uei| <0, ujp=0,
hEN]

LeNy

¢! (i, x)} exp[—r(t —t0)] + W0 (1, x),
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and if uj > 0, the equality sign must hold, for jl e Ny;

HZ"” Zw} +g/[zuh+ Zue][zw Zw}

heN; LEN, heN; LeN, heN; 123\%3
0 .
- a—C'/z(ujz, x)} exp[—r(t —to)] + W0z, x), (7.8)
u;2
J

0
8Mj2f|:t,)c, Z up + Zug:| <0, U2 >0,

heN; LeN,

and if u j» > 0, the equality sign must hold, for j 2 e Ns.
. il 2 .
Since %c-/ (ujr,x) < %cl (uj2,x), all the firms that have cost disadvan-
j j

tages will refrain from extraction. The optimal extraction strategies under coopera-
tion become

Wi (1) = ¥ (1, %) for j' e Ni and W (1) =0 for j2€ N».  (7.9)

The optimal cooperative state dynamics follows

X(s) = f[s,X(S), Yo v (s,X(S))], x(to) = xo. (7.10)
jieN
The solution to (7.10) yields a group optimal trajectory, which can be expressed as
t
x*(t):xo—i—/ fls,x*(s), Z 1//71 (s,x*(s)) ds. (7.11)
to . ’
J'EN]

Substituting the optimal extraction strategies in (7.9) into (7.6) yields the cartel
profit as

T
W(TO) (t07 xO) = / <g|:2 'Q[f;lk[s, _x*(s)]:| |:Z 1//;:[5" x*(S)]:|
o heN; heN;

- [Z AR O] x*(s>]D exp[—r (s — 10)]

/’IGN,'

+exp[—r(T — to)]|:z THERCIEDY qz[x*(T)]:|. (7.12)

heN; LeNy

Let W (s, x/) denote the total venture profit from the control problem with
dynamics in (7.1) and payoff in (7.6), which begins at time 7 € [y, T] with initial
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state x. Invoking Remark 3.1 of Chap. 3, one can readily obtain

T
exp[f r(y) dy] W (1, x)) = WO (1, x}),
0]

fortety,T]and t € [7,T).
The design of an imputation scheme to share cartel profits over time will be
examined next.

7.2.2 Imputation Scheme and Cartel Profit Sharing

In a dormant firm, cartel firms having cost disadvantages will refrain from extraction
to enhance the cartel’s profit to a group optimum. Compensation must be made
to the dormant firms for stopping their production activities. Since there are cost
differentials among firms in the cartel, the sizes and earning potentials of the firms
cannot be identical. Consider the case when the firms in the cartel agree to share
the excess of the total cooperative payoff over the sum of individual noncooperative
payoffs proportional to the firms’ noncooperative payoffs.
The imputation scheme has to fulfill the following condition.

Condition 7.1 An imputation

y (' (to, x0)

W (19, xo),
ZheNl v (to)h (to, x0) + ZZGNZ y (to)¢ (10, x0)

1
£ (19, x0) =

is assigned to firm j!, for j! € Ny at the outset. An imputation

V)7 (19, xo)

W (19, x0),
ZheNl V@ (1o, x0) + ZZeNz V)¢ (1, x0)

2
g1 (19, x0) =

is assigned to firm j2, for j2 € N, at the outset. An imputation

@' *
£®7' (z,x) = Vit (o x) WO (2, x7)
i ZheNl VOh(z,x3) + ZleNz VLT, x¥) i

is assigned to firm j!, for j! € Ny at time t € (fp, T]. An imputation

2 V(’)jz(r,x*)
£OF (7, x%) = 11 wO(z,x*)  (7.13)
( r) ZheNl V(T)h(l',x’:) + Z/ZENZ V(f)g(-c’x;k) ( r)

is assigned to firm jz, for j2 e Ny attime t € (19, T].
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The optimality principle guiding the cartel can then be expressed as

P(xt*, T — t) = {[w*(s,x*(s))]zzt, g® (tx,*)} fort €[y, T],

where ¥ *(s, x*(s)) = {¢71 (t,x) for j! € Ny} andé(’)(t,xt*) is an imputation
scheme satisfying Condition 7.1.

To formulate a payoff distribution procedure over time so that the agreed im-
putations satisfy Condition 7.1 we invoke Theorem 4.2 in Chap. 4 to obtain the
following.

Corollary 7.3 A PDP with a terminal payment q' (x7) at time T and an instanta-
neous payment at time t € [to, T']

y @i (t,x)
le ()= o [ZheM V©h(q, xF) + ZéeNz VO, )
-2 VO xp)
OxF L pen, VM@ x) + X pen, VOUT X))

W(r)(t,x;ﬁ)|l=ri|

T

WO, x*)i|

X f|:s,x*(s), Z w}kl (s,x*(s)):|, for j' € Ny;

e (7.14)
Bj2(7) [ V@, xp)

2(1)=——

! ALY pen, VORU X)) + X pen, VOLL xf)
0] y @) (1, x%)
Oxr LY pen, VORI, x) + Ygen, VOU(T xd)

X f|:s,x*(s), Z Iﬂjl (s,x*(s))i|, for j* € Ny,

jienN

w® (l‘, x[*) |l—r:|

W(f)(r,x:):|

leads to the realization of the solution imputations &% (z, x5, forieNandt e
[t0, T'], satisfying Condition 7.1.

A time (optimal-trajectory-subgame) consistent solution can be obtained using
the set of group optimal strategies ¥*(s, x;) characterized in (7.9) and B(s) =
{B1(s), B2(s), ..., By(s)} in (7.14).

With firms having cost advantages producing an output 1/f;.‘1 (t,x) for jl e N
and firms having cost disadvantages refraining from production, the instantaneous
receipt of firm i at time instant 7 is

£ 0) = g[z w;:<r,x:>]w;z (1.5) = [W (x2)xE 0],

hGN,'

for v € [to, T] and j' € Ny, and $j2(r) =0, for 7 € 19, T'] and j2eN,.
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According to Corollary 7.3, the instantaneous payment that firm i should receive
under the agreed-upon optimality principle is B;i(t) for j' e Ny and B j2(1) for
j? € N as stated in (7.14). Hence an instantaneous transfer payment

le(t) = g‘jl(r) — le(r), for firm j1 e Nyand T € [19, T], (7.15)
ij(T)Ile('L’), forﬁrmj26N2 and t € [to, T], '

would have to be arranged.

7.3 A Dormant-Firm Cartel

Consider the deterministic version of the dormant-firm duopoly game example in
Yeung (2005) in which two firms are allowed to extract a renewable resource within
the duration [#g, T']. The dynamics of the resource is characterized by the differential
equations

x(s) =ax($)? = bx(s) —ui(s) —ua(s), x(to) =xp€ X, (7.16)

where u; € U; is the (nonnegative) amount of the resource extracted by firm i, for
i € {1, 2}, a and b are positive constants.

The extraction cost for firm i € {1,2} depends on the quantity of the resource
extracted u; (s), the resource stock size x(s), and a parameter c;. In particular, firm
i’s extraction cost can be specified as c;ju;(s)x(s)~ /2. This formulation of unit
cost follows from two assumptions: (i) the cost of extraction is proportional to the
extraction effort, and (ii) the amount of resource extracted, seen as the output of a
production function of two inputs (effort and stock level), is increasing in both inputs
(see Clark 1976). In particular, firm 1 has absolute and marginal cost advantages
with ¢ < 2.

The market price of the resource depends on the total amount extracted and
supplied to the market. The price-output relationship at time s is given by the fol-
lowing downward-sloping inverse demand curve P(s) = 0(s) /2, where Q(s) =
u1(s) + un(s) is the total amount of the resource extracted and marketed at time s.
At time T, firm i will receive a termination bonus qix(T)l/ 2 where gi 1s nonneg-
ative. There exists a discount rate r, and the profits received at time ¢ have to be
discounted by the factor exp[—r(r — 1p)].

At time 7 the profit of firm i € {1, 2} is

T ui(s) Ci
/ro [[ums) T2 xR (S)] exp[ (s = 10)]ds
+exp[—r(T — 10)]qix(T)?. (7.17)

A set of strategies {u] () = ¢7(t,x),fori € {1,2}}, provides a feedback Nash
equilibrium solution to the game in (7.16) and (7.17) if there exist continuously
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differentiable functions V(’O)i(t, x):[to, T] x R — R,i € {1, 2}, satisfying the fol-
lowing partial differential equations:

(10)i uj Ci
—Vt fo (t, X) = max{ [m — mul} CXP[—I"(I - to)]

uj
+ VIO 1 x)[ax'? — bx —u; — ¢3¢, x)]}, and (7.18)
Vi(T x) = q[xl/zexp[—r(T —19)], forie{l,2},je(1,2}and j#i.

Performing the indicated maximization yields

X
1(.x) = ;
P e VI explrc — )1 27

. (7.19)
93(t1.x) =

4er + Vi explr(c — 10) /212
Proposition 7.1 The value function of firm i in the game in (7.16) and (7.17) is
VOi(t,x) = exp[—r(t — 1) [[Ai()x' + G ()], (7.20)

forie{l,2}andt € [ty, T], where A;(t), Ci(t), Aj(t),and C;(t),fori € {1,2} and
je{l,2}andi # j, satisfy

Ay = [r~|— E}Ai(t) 3 (E) [2¢; —ci+ Aj(1) —Ai(l)/Z]2

2 2)[cr+ca+ A1(2)/24+ Ax(t) /2]
(i)zci[ch—ci—i-Aj(l)—Ai(f)/z]
2) [e1+c+A1(1)/2+ Ax1)/2)3

n (2) A (1)
8/ [c1+ 2+ A1(1)/2+ Ax(1) /217
Ai(T)=gq,

Ci(t) = rCi(t) — %Ai(t), and C;(T) = 0.
Proof First, substitute the results in (7.19) and V@1 (z, x), Vx(t‘))1 (t,x), VIO2(¢ x),
and Vx(l‘))z(t,x) obtained via (7.20) into the set of partial differential equations

in (7.19). One can readily show that for this set of equations to be satisfied Proposi-
tion 7.1 has to hold. 0

One can readily verify that

VO, x) = exp[—r(t — 0)][Ai()x"/? + Ci(1)], forie{l,2}andt e[z, T].
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Assume that the firms agree to form a cartel and seek to solve the following joint
profit maximization problem to achieve a group optimum

T
max/ |:[”1(S) + Mz(s)]l/2 _cui(s) + czuz(s)i| exp[—r(s — 10)] ds
0]

uy,ug x(s)1/2

+exp[—r(T — 10)]lq1 + g2)x(T)'/2, (7.21)

subject to the dynamics in (7.16).

A set of strategies [wi"(s, x), 1//3‘ (s, x)], for s € [ty, T], provides an optimal con-
trol solution to the problem in (7.16) and (7.21) if there exist a continuously dif-
ferentiable function W0 (¢, x) : [to, T] x R — R satisfying the following partial
differential equations:

—W,(’O)(t, x) = max{[(ul +u)'? = (cruy + czuz)x_l/z] exp[—r(t - lo)]
up,uz
+ W, x)[ax'? —bx —u; —up]}, and (7.22)
W (T, x) = (g1 + g2)x"? exp[—r (T — 19)].

Performing the indicated maximization operation in (7.23) yields

X

i = 4ler + Wy explr(t — t9)]x /212

and ¥3(,x)=0.  (7.23)

Along the optimal trajectory, firm 2 has to refrain from extraction. The more effi-
cient firm (firm 1) would buy the less efficient firm (firm 2) out from the resource
extraction process. Firm 2 becomes a dormant firm under cooperation.

Proposition 7.2 The value function of the control problem in (7.16) and (7.21) can
be obtained as

W (1, x) = exp[—r(r — 10)[[A()x"/* + C(1)], (7.24)

where A(t) and B(t) satisfy
A [ + b}A(t) S
= |r — _
2 Aler+A@)/2)
A(T)=q1 + q2,
Ct)=rCt) — %A(r), and B(T)=0.

Proof First substitute the results in (7.23), and W) (¢, x) and W,EIO) (t, x) obtained
via (7.24) into the set of partial differential equations in (7.23). One can readily
show that for this set of equations to be satisfied Proposition 7.2 has to hold. O
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Again, one can readily verify that
WO, x) = exp[—r(t — D][A0x* + B®)].

Substituting ¥} (¢, x) and ¥} (¢, x) into (7.16) yields the optimal cooperative state
dynamics as

x(s)

0) = a0 = bx(o) = s

}, x(to) =xo€ X. (7.25)

The solution to (7.25) yields a Pareto optimal trajectory, which can be expressed as

t 2
x*(t) = {@(t,to)[xé/z—l-/ @1(s,to)%ds:|} , (7.26)
fo

t/—b 1
P 0= exp[/m (7 " 8ler 1 A<s>/212) ds]'

Consider the case when the firms in the cartel agree to share the excess of the total
cooperative payoff over the sum of individual noncooperative payoffs proportional
to the firms’ noncooperative payoffs.

The imputation scheme has to fulfill the following condition:

where

Vi xd)

i ()i *Y
Condition 7.2 £ (7, x}) = ST VO ()

[t0,T].

W(’)(r,x;‘), for i € {1,2} and 7 €

To formulate a payoff distribution procedure over time so that the agreed im-
putations satisfy Condition 7.2 we invoke Theorem 4.2 in Chap. 4 to obtain the
following.

Corollary 7.4 A PDP with a terminal payment q' (x7) at time T and an instanta-
neous payment at time t € [to, T']

a[ V@i, x¥)
ot Z?:l V@i, xF)

Bi(7) =

W(f) (l, 'xl*) |[_r]

d [ V@©i(, x¥)
8)(.’; Z?:l V(T)J'(‘L"x;")

WO, x:)]

* * T

V2w XT
X [a( 5 bx? e +A(f)/212}, (7.27)

for i € {1,2}, leads to the realization of the solution imputations é(’)i(t, xy), for
i €[1,2] and t € [tg, T, satisfying Condition 7.2.
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In particular, from (7.20) and (7.24), we have
3 V@i, xF

— (@ *
ot [22.21 V@i, x) AR )|’=f}

=[A@ ()" +c@)]

[(i[fx (O )”2+cj<r>])

j=1
L A@ED? + GOl + A + G
iA@Y+ € (D))

— [4im)(x)"? + Ci(0)]

5 YO lA (EH2 4 Ci(] + [Aj(r>(x:)1/2+c'j(r>]>}
o [Aj (D EHY2 + Ci(D])?
[Ai (D)) + Ci(0)]

3o [A; (DD + Ci()

x (r[A@ ) + c] +[A@ () + c@)):

and

9 V@i(g, x*
[ . (t -Xf) W(r) (‘L’, x;k):|
ox* Z. V@®@i(r, x¥)

=[A@ (1) +cm)]
I [A;(OGH2 + CH@D LA (D) () 712
[ (3o (A (D GHY2 + CH(D))?
CAI@GD P+ GO 314,06
i [A (D G2+ Ci(D))? }
[Ai(DEH2+Ci(m] 1

—A@ )T
I A;(EHY2+Ci (D)) 2 (x0)

A time (optimal-trajectory-subgame) consistent solution can be obtained using
the set of group optimal strategies ¥ *(s, xJ) in (7.23) and B(s) = {B1(s), B2(s), ...,
B, (s)} in (7.27).

Under cooperation, firm 1 would derive a payoff

T
W(ZO)I(Z‘o,xo) :/ [[W?(S,x*(s))]l/z _ x*(csﬁwr(s’x*(s))]

4]

x exp[—r(s — 10)] ds + exp[—r(T — 10)]qux*(T)?,
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where ¥ (s, x*(s)) = m#mz, and firm 2 would derive a payoff
W2(z5, x9) =0 for being dormant. (7.28)

The instantaneous receipt of firm 1 at time instant 7 is

(x)1/2 c1(x)1/?

GO = A2 Ala A RE

for T € [ty, T].
The instantaneous receipt of firm 2 at time instant t is

() =0, fortelty, T).

According to Corollary 7.4, the instantaneous payment that firm i should receive
under the agreed-upon optimality principle is B(t) and B,(t) as stated in (7.27).
Hence an instantaneous transfer payment

x'(t)=1t¢1(t) = Bi(r), forfirm 1 at time 7 € [fo, T,
(7.29)
Xz(r) = By(t), for firm 2 attime 7 € [tg, T],

would be arranged.

7.4 Infinite-Horizon Cartel

In this section we consider the Dormant-Firm Cartel in Sect. 7.1 with an infinite
horizon. Consider an oligopoly in which n firms are given extraction rights of a
renewable resource.

The dynamics of the resource is characterized by the differential equations

X(S)=f{X(S),Zuj(S)} =f[x(S), dup)+ Yy, ujz(S)],
j=1

Jjien; j2eN,
x(to) = x0 € X, (7.30)
where u; € U; is the (nonnegative) amount of resource extracted by firm 7, for

i € N, and x(s) is the resource stock.
The extraction cost for the 7 firms with cost advantages is

i1
¢/ [ujis).x(s)]. for j' € Ny,
and the extraction cost for the n; firms with cost advantages is

c-/z[u 2(s),x(s)], for jZeN,
Jj2\Ww/s ) .
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In particular, firm j! € N has absolute and marginal cost advantage so that
-1 :2
¢! [ujl(s),x(s)] <c! [ujz(s),x(s)] and

ac! w1 (), x(9)]/9u 1 () < 97 [u 2 (5), x(5)] /3w 12 (s),

for any levels of Uji,uj, and x.

The market price of the resource is governed by the following downward-sloping
inverse demand curve

P(s)=g[0()].

where Q(s) = ZjieNl uji (s.) + ijeNz ujzgs) is th.e total amount of the resource
extracted and marketed at time s. There exists a discount rate », and the profits
received at time ¢ have to be discounted by the factor exp[—r(t — tp)].

At time tg, firm j I e Ny, which has cost advantages, seeks to maximize its profit

/ <g|:z up(s) + Z u/g(s):|uj1 (s) — cj1 [Mjl (s),x(s)]) exp[—r(s — to)] ds,
fo

heN; LeN>
(7.31)

subject to (7.30).
At time tg, firm j2 € N;, which has cost disadvantages, seeks to maximize profit

/ (g|:z up(s) + Z M((S):|uj2 (s) — cj2 [ujz (s), x(s)]) exp[—r(s — to)] ds,
0]

heN; LeN>
(7.32)
subject to (7.30).
Consider the alternative formulation of (7.30)—(7.32) as
oo A
max f g Z up(s) + Z ug(s) |uji(s) —c’ [ujl(s),x(s)]
A heN; LeN,
x exp[—r(s —1)] ds}, (7.33)

for j! € Ny, and

rgix{/t‘m<g|:2 un(s) + Z ug(s):|ujz(s) - c-iz[ujz(s),x(s)])

heN; LeN>

X exp[—r(s — t)] ds} (7.34)
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subject to the state dynamics

)'c(s)zf|:x(s), dDupe)+ Y ujz(s):|, x(f) =x. (7.35)

jieN; j2eN,

The infinite-horizon autonomous game in (7.33)—(7.35) is independent of the choice
of ¢ and dependent only upon the state at the starting time, that is, x.

Invoking Theorem 2.4 in Chap. 2, a noncooperative feedback Nash equi-
librium solution can be characterized by a set of strategies {qﬁ;‘l (x) for j! €

N and ¢*, (x) for j2 € N, } constitutes a feedback Nash equilibrium solution to the
j
game in (7.33)—(7.35) if there exist functionals vi' (x) : R™ — R for j! € Ny and

Vi (x) : R™ — R for j? € N», satisfying the following set of partial differential
equations:

erl(x) =r£1§11x[ <g|: Z & (x) +uj+ Z ¢Z‘(x):|uj1 - cjl(ujl,x))

J heN; LeN>
e j!
A il
+ VY (x)f[x, Do i@ +up+ Y ¢z‘<x)“,
heN; LeN>
hetj!
forjl e Ni; and (7.36)
PV () ZIB?‘ZX{ ({Z G+ D 9i () +M;2}M;2 - Cjz(“jz’“)
J heN; 123\

e£j?

+ \7,{'2(x)f[x, P ACI R IR HES! +ujz} } for j2 € Ny.
heN; LeN>
e£j?

In particular, the profits of firm jl € Nj, which has cost advantages, can be ex-
pressed as

vi'(x)

_ / ”(g[z ALOIEDD ¢z<[x<s>]}¢;a [x()] =/ [#7, (x(s))w(s)])

heN; LeN;

X exp[—r(s — r)] ds,
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for j e Ny; the profits of firm j2 € N;, which has cost disadvantages, can be ex-
pressed as

Vi (xr)

_ / ”(g[z ALOIEDD ¢z<[x<s>]}¢;z [x(9)] =/ [¢%: (x(s))w(s)])

heN; LeNy

X exp[—r(s - r)] ds,
for j2 € N»; where x(s) = f[x(s),zheNl ¢r(x(s)) + ZKENZ(/J)Z(X(S))]’
x(t)=x € X.
7.4.1 Pareto Optimal Trajectory

Assume that the firms agree to form a cartel to restrain output and enhance their
profits. To achieve a group optimum, these firms are required to solve the following
joint profit maximization problem:

ul,{};ﬁiun{[tm<g[2 w(s)+ Y MZ(S)][Z w(s)+ Y Mz(S):|

heN; LeEN> heN; LeNy
— |:Z o [uh (s), x(s)] + Z ct [ug(s), x(s)]j|> exp[—r(s — t)] ds} (7.37)
heN; LeN;

subject to (7.35).
An optimal solution of the problem in (7.35) and (7.37) can be characterized
using Theorem A.2 in the Technical Appendixes as follows.

Corollary 7.5 A set of control strategies {w;‘l (x) for j' € Ny and w;; (x) for j* €

N3} provides a solution to the control problem in (7.35) and (7.37) if there exist con-
tinuously differentiable functions W(x) : R™ — R, satisfying the following partial
differential equation:

rW) = {Eaxun{<g|:z up + ZW}[Z up + Z”E}

151250y
heN; LeN> heN; LeN>

- [Z Mlun, x1+ ) cz[ue,XJD

hENl‘ LeN,

+ Wx(x)f|:t,x, dwn+ Yy W} } (7.38)

heN; LeN,
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Conditions satisfying the indicated maximization in (7.38) include

{g[z up + ZW} +g’[2 up + ZWMZ up + ZW]

heN; LeN, heN; LeN> heN; LeNy
d j! d
=gl ) A W) f X,y un+ Y ug | <0,
u u;
]1 ]1 heN; 123\
u:.1>0,

] =

and if uj > 0, the equality sign must hold, for j1 e Ny;

{g[z up + ZW} +g’|:z up + ZWMZ up + ZW]

heN; LeN, heN; LeN> heN; LeNy
P g b W —— v Y i+ Y e | <0
— " (wa,x x)— f| x, u up | <0,
3uj2 ']1 * 814]2 h ¢
heN; 12\%
uiz2>0, (7.39)

J= =

and if u j» > 0, the equality sign must hold, for j*eN,.

()ua 31,48 2CJ (uj1,x), all the firms that have cost disadvan-

tages will refrain from extractlon The optimal extraction strategies under coopera-
tion become

. .1
Since ¢’ (ujr,x) <

wh (1) =¥ (x) for j'eN; and wh (1) =0 for j2e Ny (7.40)
The optimal cooperative state dynamics follows
i(s) = f[x(s), Yo v (x<s>)}, x(t0) = xo. (7.41)
jienN;
The solution to (7.41) yields a group optimal trajectory, which can be expressed as
X*(t) = xo + f [ *(s), Z ¥ (x () } (7.42)
jieN

Substituting the optimal extraction strategies in (7.40) into (7.35) yields the cartel

W<x>=/ <[th (S>MZ% (s)}

heN; heN;

- [Z ch [w;:(x*(s)),x*(s)]]) exp[—r(s — )] (7.43)

heN;
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7.4.2 Imputation Scheme and Cartel Profit Sharing

In a dormant-firm cartel, firms having cost disadvantages will refrain from extrac-
tion to enhance the cartel’s profit to a group optimum. Consider the case when the
firms in the cartel agree to share the excess of the total cooperative payoff over the
sum of individual noncooperative payoffs proportional to the firms’ noncooperative
payofts.

The imputation scheme has to fulfill the following condition.

Condition 7.3 An imputation
Vi
Shen VI + X pen, V)

is assigned to firm j!, for j! € Ny at time © € [y, 00) and an imputation

£07 (7, x7) =

W (x7).

VI ()
D heN, Vi) + D ten, Ve

is assigned to firm j2, for j? € N> at time T € [fg, 00).

W (x}). (7.44)

To formulate a payoff distribution procedure over time so that the agreed im-
putations satisfy Condition 7.3 we invoke Theorem 4.3 in Chap. 4 to obtain the
following.

Corollary 7.6 A PDP with instantaneous payments at time T € [ty, 00) equaling
.1 i1
B0 = () £ (o st T w60
JTeN
_ erl (x¥)
ZhGNl vh (xjfk) + Z@GNQ V@(x;k)

W (x7)

_i[ P (%) W(x*)}
OXF | e, VEED + ey, VEGH  F

x f[x;*, > it (x;‘)], for j' e Ny, (7.45)
JieN
Bp() =60 (r,47) = 0 (r.47) £ [x:’ 2.V (x:)}
JTeN
) %
rViT(x¥) W(x;k)

Doneny VIO 4+ X pen, VD)
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3 [ V() i }
T o x ~ ~ W(xr)
dx7 Doneny VIGE) + D pen, VEGD)
X f|:x;‘, Z 1/f71 (x:):|, forj2 eN,

jieN

yields a consistent solution to the cooperative game I'.(xg) with the imputation as
specified in Condition 7.3.

A time (optimal-trajectory-subgame) consistent solution can be obtained using
the set of group optimal strategies 1 *(s, xJ) characterized in (7.39) and B(s) =
{Bi(s), B2(s), ..., By(s)} in (7.45).

With the firms having cost advantages producing an output 1//;.‘, (x) for jl e Ny

and the firms having cost disadvantages refraining from production, the instanta-
neous receipt of firm i at time instant t is

£ji1(0) = g[Z v (x:‘)]w;: (7) = e/ v (x9), 51 )],

heN;

for t € [tp, 00) and j1 € Nq, and g“jz(t) =0, for t € [ty, 00) and j2 e N,.

According to Corollary 7.6, the instantaneous payment that firm i should receive
under the agreed-upon optimality principle is B;i(t) for j' € Ny and B j2(7) for
j? € N as stated in (7.46). Hence an instantaneous transfer payment

x' @ =t = Bu(o), forfirm j' € Ny and 7 € [1o, T1, 046
X (@) =Bp(r), forfim j% € Ny and 7 € 1o, T, '

would have to be arranged.

7.5 An Infinite-Horizon Dormant-Firm Cartel

Consider an infinite-horizon version of the game in Sect. 7.3. The dynamics of the
resource is characterized by the differential equations

%(s) = ax ()% — bx(s) —ui(s) —ua(s), x(to) =x0€ X, (7.47)

where u; € U; is the (nonnegative) amount of the resource extracted by firm i, for
i € {1, 2}, where a and b are positive constants.
At time 1 the profit of firm i € {1, 2} is

; e S [ )] d
/’0 [[ul(s)"‘”Z(S)]l/z _x(s)1/2u’(s)}exp —r(s —1o)]ds,

where c; < ¢. (7.48)
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Consider the alternative game problem

o u;i(s) Ci
ma [[ul © w2 X2 (s)} xplrl =) (749
subject to
1(s) =ax(s)"? — bx(s) —ui(s) —ua(s), x(t)=xeX. (7.50)

A set of strategies {¢](x), fori € {1, 2}} provides a feedback Nash equilibrium
solution to the game in (7.49) and (7.50) if there exist continuously differentiable
functions \7i(x) : R — R,i e {l1,2}, satisfying the following partial differential
equations:

Vi () = WG
rv (x)—n}ilx{[(ui T )12 x1/2M1:|

+ ‘A/)é'(t,)c)[axl/2 —bx —u; —¢;‘(x)]},
fori e {1,2},je{l,2}and j #1i. (7.51)

Performing the indicated maximization yields

X
¢y(x) = —————, and
: Afc; + V)x122
X

4lcr + szxl/z]z'

(7.52)
¢ (t, x) =

Proposition 7.3 The value function of firm i in the game in (7.49) and (7.50) is
Vie) =[Ax'?+¢;), foriefl,2), (7.53)

where A;, Ci, Aj,and Cj, fori € {1,2}, j €{1,2}, and i # j satisfy
0=|:r+é:|A,-—(§> [2cj—ci+Aj—A,-/2]2
2 2)[c1+ca+A1/2+ Ar/2]

+<3)2c,~[2cj—ci+Aj—A,~/2] +<9> A
2) le1+e+A1/2+ A2 8/ [c1+c2+ A1/2+ Ay /2]

Proof First, substitute the results in (7.52), and V' (x), V! (x), V2(x), and V2(x),
obtained via (7.53), into the set of partial differential equations in (7.51). One can
readily show that for this set of equations to be satisfied Proposition 7.3 has to
hold. -
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A noncooperative market equilibrium to the infinite-horizon resource extraction

duopoly in (7.47) and (7.48) is obtained with the game equilibrium strategies in
(7.52) and the value functions in Proposition 7.3.

7.5.1 Cartel Output and Optimal Resource Path

Assume that the firms agree to form a cartel and seek to solve the following joint
profit maximization problem to achieve a group optimum

ma);/ [[MI(S) + uz(s)]l/z _ciu (i)(:;ljiuz(s)} exp[—r(s —to)]ds  (7.54)
ui,u tO

subject to the dynamics in (7.47).
Consider the alternative optimal control problem

Ui,y x(s)l/2

maxfOO [[ul(s) + uz(s)]1/2 _am@)+ CZMZ(S)} exp[—r(s —)]ds  (7.55)
t

subject to (7.50).

A set of strategies [w{"(x), 1//; (x)] provides an optimal control solution to the
problem in (7.55) and (7.50) if there exist a continuously differentiable function
W(x) : R — R satisfying the following partial differential equations:

rW(x) = 51113}47;{[(“1 +u)'? — (cuy -I-Czuz)x_l/z]
+ W) [ax"/? — bx —uy — us]}. (7.56)

Performing the indicated maximization operation in (7.56) yields

¢T(X)=4

X *k
m and lﬂz ()C) =0. (757)

Along the optimal trajectory, firm 2 has to refrain from extraction. The more effi-
cient firm (firm 1) would buy the less efficient firm (firm 2) out from the resource
extraction process. Firm 2 becomes a dormant firm under cooperation.

Proposition 7.4 The value function of the control problem in (7.55) and (7.50) can
be obtained as

W) =[Ax"2 +C], (7.58)

where A and B satisfy

b 1 a
O=|r+—-|A————— and rC=-A.
2 4[c1 + A/2] 2
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Proof First substitute the results in (7.57) and W (x) and W, (x), obtained via (7.58),
into the partial differential equation in (7.56). One can readily show that for this

equation to be satisfied Proposition 7.4 has to hold. (I

Substituting wf‘(x) and w; (x) into (7.46) yields the optimal cooperative state
dynamics as

x(s)= [ax(s)l/z_bx(s)_4 x(s)

m}, X(to) = X0 € X. (759)

The solution to (7.59) yields a Pareto optimal trajectory, which can be expressed as

t 2
x*(z):{q)(t,to)[xé/z—l-/ @l(s,to)%ds]} , (7.60)
fo

D(t,1y) =ex [/t(;b—;>di|
=P\ T 8 ra22)

7.5.2 Sharing of Cartel Profits

where

Consider the case when the firms in the cartel agree to share the excess of the total
cooperative payoff over the sum of individual noncooperative payoffs proportional
to the firms’ noncooperative payoffs.
The imputation scheme has to fulfill Condition 7.3, that is,
"}i *
OO ),

£t x}) = 5——
UL viey

for i € {1, 2} along the cooperative path {x7}72, .

To formulate a payoff distribution procedure over time so that the agreed im-
putations satisfy Condition 7.3 we invoke Theorem 4.3 in Chap. 4 and obtain the
following.

Corollary 7.7 A PDP with an instantaneous payment along the cooperative path

{x7172,, equaling
"}i * 9 "}i *
Bty =r o) ery - L [# W(x*)i|
>3 Vi) axt Ly 2, Vi)
172 x¥
X [a(x?) —bx? — m], (761)

fori € {1,2}, leads to the realization of the solution imputations satisfying Condi-
tion 7.3.
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In particular,
Vi(x))
Z?:l Vi(xp)

AixHYV2 4 ¢
YIoilA; 012 4 ¢

[4Ge1) 2+ .

W) =

0 VAi(x?) " a1/2
— W =|A +C
ox* |:§ ?:1 Vj(x’;) (XT):| [ (x,) ]

. [<Z§=1[Aj(x:‘)‘/2+C,-]>%A,»<x;*>‘/2
(5 i[A; 2 4+ Cj1)2
AP+ Y %[Aj(x;ﬂ)‘/z]}
(3 1A @HV2 + Cj))2
2[Ai<x>:>1/2+c,-1 LA
QimilAj a2+ Cin 2

A time (optimal-trajectory-subgame) consistent solution can be obtained using
the set of group optimal strategies ¥ *(s, xJ) in (7.57) and B(s) = {B1(s), B2(s), ...,
B, (s)} in (7.61).

The instantaneous receipt of firm 1 at time instant t is

D2 aep'?
2er+A/2] Aler +A/2P

ti(r) =

for T € [ty, 00).

The instantaneous receipt of firm 2 at time instant 7 is
() =0, fort €[y, 00).

According to Corollary 7.7, the instantaneous payment that firm i should receive
under the agreed-upon optimality principle is B1(t) and B> (t) as stated in (7.61).
Hence an instantaneous transfer payment

x'(t)=¢1(t) = Bi(x) forfirm1 and

o0

Xz(r) = By(r) for firm 2 along the cooperative path {xf}rzto

would be arranged.

7.6 Exercises

7.1 Consider a duopoly in which two firms are allowed to extract a renewable re-
source within the duration [0, 3]. The dynamics of the resource is characterized by

%(s) =10x()? = x(s) — u1(s) — ua(s), x(0) =100,
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where x (s) is the resource biomass and u; (s) is the amount of resource extracted by
firm i at time s € [0, 3], fori € {1, 2}.

The extraction cost for firms 1 and 2 are, respectively, uj(s)x(s)™ and
2u1(s)x(s)~'/2. The market price of the resource depends on the total amount ex-
tracted and supplied to the market. The price-output relationship at time s is given
by the following downward-sloping inverse demand curve P (s) = Q(s)~'/?, where
Q(s) = u1(s) + ua(s) is the total amount of the resource extracted and marketed
at time s. At time 3, firm 1 will receive a termination bonus 2x(3)'/2 and firm 2 a
bonus x(3)!/2. The discount factor is 0.05.

At time O, the profits of firms 1 and 2 then are

3 uy(s) uy(s)
/0 |:[u1(s) ARG — x(s)1/2:| exp(—0.05s) ds

1/2

+exp[—0.05(3)]2x(3)7, and

3 2
fo [[ul(s)lffjg)(s)]l T x?sz)(f/i} exp(—0.055) ds + exp[~0.05(3)]x(3)?.

Obtain a feedback Nash equilibrium solution when these firms act independently.

7.2 If these two firms form a cartel show that firm 2 has to be dormant. Derive the
optimal output strategies of the cartel and the optimal output trajectory.

7.3 Consider the case when the firms in the cartel agree to share the excess of the
total cooperative profit over the sum of the individual noncooperative profit propor-
tional to the firms’ noncooperative profits. Characterize a time (optimal-trajectory-
subgame) consistent solution.

7.4 Consider the case when the firms in the cartel agree to share the excess of the
total cooperative profit over the sum of individual noncooperative profits equally.
Characterize a time (optimal-trajectory-subgame) consistent solution.



Chapter 8
Subgame Consistent Economic Optimization
Under Uncertainty

In many economic problems, uncertainty prevails. An essential characteristic of
time—and hence decision making over time—is that though the individual may,
through the expenditure of resources, gather past and present information, the future
is inherently unknown and therefore (in the mathematical sense) uncertain. There is
no escape from this fact, regardless of what resources the individual should choose
to devote to obtaining data, information, and to forecasting. An empirically mean-
ingful theory must therefore incorporate time-uncertainty in an appropriate manner.
This development establishes a framework or paradigm for modeling game-theoretic
situations with stochastic dynamics and uncertain environments over time. Again,
the noncooperative stochastic differential games discussed in Chap. 2 fail to reflect
all the facets of optimal behavior in n-person market games. Therefore coopera-
tive optimization will generally lead to improved outcomes. Moreover, similar to
cooperative differential game solutions, dynamically stable solutions of coopera-
tive stochastic differential games have to be consistent over time. In the presence
of stochastic elements, a very stringent condition—that of subgame consistency—is
required for a credible cooperative solution. In particular, the optimality principle
agreed upon at the outset must remain effective in any subgame starting at a later
time with a realizable state brought about by prior optimal behavior.

In Sect. 8.1 of this chapter, a general framework of economic optimization un-
der uncertainty is formulated. The principle of subgame consistency is discussed
and examined in Sect. 8.2. Section 8.3 presents payoff distribution procedures lead-
ing to subgame consistent solutions. An illustration in cooperative fishery under
uncertainty is given in Sect. 8.4. Infinite-horizon subgame consistent economic op-
timization is investigated in Sect. 8.5 and an illustration appears in the following
section. Though the analysis in this chapter focuses on the standard stochastic dif-
ferential game framework, it is worth noting that the development of applications of
the recently emerging robust control techniques (see Hansen and Sargent 2008) in
stochastic differential games should prove to be fruitful.

D.W.K. Yeung, L.A. Petrosyan, Subgame Consistent Economic Optimization, 203
Static & Dynamic Game Theory: Foundations & Applications,
DOI 10.1007/978-0-8176-8262-0_8, © Springer Science+Business Media, LLC 2012
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8.1 Dynamic Economic Optimization Under Uncertainty

Consider again the situation when the economic agents agree to optimize cooper-
atively in a dynamic context. Let I.(xg, T — fy) denote a cooperative stochastic
differential game in which economic agent i’s expected payoff is

T s
E,O{/ g’[s,x(s),ul(s),uz(s),...,u,,(s)]exp[—/ r(y)dyi| ds
fo 1

0

T
—I—exp[—/ r(y)dy:|qi(x(T))}, fori e N, 8.1)
fo

with E;{-} denoting the expectation operation taken at time ¢, and the dynamics of
the state is

dx(s) = f[s, x(s),u1(s), uz(s), ..., un(s)] ds + a[s, x(s)] dz(s), x(t) = xo,
(8.2)

where o [s, x(s)] is am x ® matrix and z(s) is a @-dimensional Wiener process and
the initial state xq is given. Let 2[s, x(s)] = o' [s, x(s)]o [s, x (s)]’ denote the covari-
ance matrix with its element in row /& and column ¢ denoted by £2”¢[s, x(s)]. More-
over, E[dz] =0, E[dzy df] =0, and E[(dz,)?] = dt, for @ €[1,2, ..., O], and
Eldz4 dzy] =0, forw €[1,2,...,0],w €[1,2,...,0],and o # w.

The participating agents agree to act according to an agreed-upon optimality
principle. The solution generated by the agreed-upon optimality principle includes
agreements on how to act cooperatively and allocate cooperative payoff.

Let there be an optimality principle agreed upon by all agents in the cooperative
game [,(xg, T — tp). Based on this optimality principle, the solution P (xq, T — o)
of the game I, (xg, T — tp) at time #y includes the following.

(1) A set of cooperative strategies
W% (s, xg) = [l 5, x0), uS (5, x5), .., ul* (s, x)],  for's € [10, T]

given that the state is x; at time s.

(i) An imputation vector £ (19, x0) = [E®™(19, x0), EM2(19, x0), ...,
g0 (1. x0)] to allocate the cooperative payoff to the agents.

(ili) A payoff distribution procedure B™(s,x,) = [B{(s, xs), By (s, Xs), ...,
B,tl0 (s, x5)] for s € [tg, T'], where Bit(’ (s, x5) is the instantaneous payments for
agent i at time s given that the state is x. In particular,

T N
£Wi (1, x0) = Ey {/ B (s, xs)exp[—/ r(y) d)’} ds
to K

0

T
+qf(xT)exp[—/ r(y)dy“, forieN. (8.3)
To

This means that the agents agree at the outset on a set of cooperative strategies
u0* (g x.), an imputation é(’())’ (to, xo) of the gains to the ith agent covering the
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time interval [fy, 7], and a payoff distribution procedure {B% (s, x;)}._, to allocate
payments to the agents over the game interval.

Recall that group optimality is an essential element in dynamic cooperation. Any
optimality principle has to require the agents to maximize their expected joint payoff

sS=to

0
T .
+Ze><p[—/ r(y) dy}q’(x(T))}, (8.4)
j=1 10

subject to (8.1).
Invoking Theorem A.5 in the Technical Appendixes yields the characterization
of the solution of the problem in (8.2) and (8.4) as follows.

{ [s, x(s), u1(s), ua(s), . un(S)]eXp[—/ r(y) dy} ds
-1 o 1

Corollary 8.1 A set of controls {u}(t) = ¥ (t,x), fori € N} constitutes an opti-
mal solution to the stochastic control problem in (8.2) and (8.4) if there exist contin-
uously twice differentiable functions W0 (¢, x) : [t, To] x R™ — R, satisfying the
following partial differential equation:

1 m
(t9) h (to)
- w (r,x)—gh% :1:2 )W (1, x)

t
=, max Zg t,x,up, uz,.--,un]eXp[—/t r(y)dy}

----- 0

+ wo) g, fX,uq,un, ...,
O x) flt x, uy, up Un] 8.5)

=Y /[t Y ) W) YD)
j=1

+ W, ) ftx, Ui @, ), Y5, %), Y, 0], and

n T
W T, x) =) g (x)exp[— / r(y)dy}.
4]

j=1

Hence the agents will adopt the cooperative control {y/ (¢, x), fori € N and ¢ €
[0, T']}, to obtain the maximized level of expected joint profit. Substituting this
set of controls into (8.1) yields the dynamics of the optimal (cooperative) trajec-
tory as

dx(s) = f[s, x(s), lﬂf(s, x(s)), W;(S, x(s)), B /4 (s, x(s))] ds + a[s, x(s)] dz(s)
x(tp) = xo- (8.6)
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The solution to (8.6) can be expressed as
t
K1) = x0+ / L5256 Y (52 % 5)) Y (52 2%(5)) oo 2 (527 (s)) ] s
fo

t
+f o[s,x*(s)] dz(s). (8.7)
fo

We use X; to denote the set of realizable values of x*(¢) at time r gener-
ated by (8.7). The term x; € X[ is used to denote an element in X;. We use
the terms x*(f) and x; interchangeably in cases where there is no ambigu-
ity.

The cooperative control for the game in (8.2) and (8.4) over the time interval
[0, T'] can be expressed more precisely as

{w/(t,x]), fori € N and 1 € [19, T] when x;" € X} is realized}. (8.8)

Note that, for group optimality to be achievable, the cooperative controls
{Y(t,x;), fori € N and ¢ € [to, T]} must be exercised throughout the time interval
[70, T1.

The expected cooperative payoff over the interval [z, T], for ¢ € [t9, T'), can be
expressed as

W([()) ([’ 'xt*)

_Eto{/ Zg 5, X5(9), Y (5, x5 (9)), Y5 (5, X5(9)), ..., i (5. x5 (9) ]

K T
X exp|:—/ r(y)dy:| ds +exp|:—/ r(y) dy]
to 0]

x Y gl (x*(1))

j=1

() =xe X;‘}. (8.9)

To verify whether the agent would find it optimal to adopt the cooperative con-
trols of (8.8) throughout the cooperative duration, we consider a stochastic con-
trol problem with the dynamics in (8.2) and payoff in (8.4), which begins at time
T € [fp, T'] with initial state x} € X7. At time t, the optimality principle ensuring
group rationality requires the agents to solve the problem

o, Iax {/ Zg 5, x(5), u1(s), ua(s), . un(S)]CXP[—/T r(y)dY] ds

.....

T no
+eXP[—/ r(y)dy]Zq’(x(T))}, (8.10)

j=1
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subject to

dx(s) = f[s,x(s), uy(s), uz(s), ..., un(s)] ds +a[s, x(s)] dz(s),
x(t)=x} e X (8.11)

Note that

max E,O{/ Zg s, x(8), u1(s), uy(s), . un(s)] exp[—/ r(y)dy] ds
UL, U,y To
T no
+eXp[—/ r(y) dy} > q! (x(1))
fo

j=1

T
= max E,O{exp[—/ r(y)dyj|
UL,UD,y.uny to

(/ Zg 5, %), u1(s), ua(s), . un(S)]eXp[—/ r(y)dy} ds
+eXp[—f r(y)dy} Zq-j(X(T))>
T =1

=6Xp[—/ r(y)dy]
fo

T n ‘
X - ngax {(/ ;g-’ [s,x(s), ui(s), ur(s),..., un(s)]

x(t)=x} € Xi}

x(t)=x} eXf}

,,,,,

X exp[— / r(y) dy] ds

+ exp[—/TT r(y) dy} zn:qj(x(T))>

=1

x(t)=x:‘}. (8.12)

Hence the stochastic optimal controls strategies for the problem in (8.10) and (8.11)
are analogous to the controls strategies for the problem in (8.2) and (8.4) in the time
interval [¢, T].

A remark that will be utilized in the subsequent analysis is given below.

Remark 8.1 Let W (¢, x;) denote the expected cooperative payoff function of the
control problem in (8.10) and (8.11). One can readily verify that

exp[ / ) dy]W““(r,x,*) = exp[ / r r(y)dy}W(”(t,x,*),
to 1o

fort €[tp, T]and ¢ € [r, T) and x} € X].
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For notational sake we use I.(x,, T — t) to denote the cooperative game with
agent payoffs in (8.1) and dynamics in (8.2), which starts at time ¢ € [ty, T)
given the state x(t) = x} € X7¥. Let there exist the solution P(x;, T —t) # ) un-
der the agreed-upon optimality principle fp <t < T along the optimal trajectory
{X*(t)}zr=[0~ If this condition is not satisfied it is impossible for the agents to ad-
here to the chosen principle of optimality since, at the very first instant #, when
P(x}, T —t) =, the agents cannot follow this optimality principle.

Moreover, for é(’ )(t, x[),t € [to, T] to be valid imputations it is required that
both group optimality and individual rationality have to be satisfied. Hence a valid
optimality principle would yield a solution P (x;, T — ¢t) that contains

(i) Yo D7, x) =W, x)), for t € [1, T, and
(i) €Di(t,x) > VWi, x¥), fori € N and ¢ € [to, T].

Part (i) yields group optimality, which guarantees that the sum of the expected impu-
tation equals the maximum expected joint payoffs. Part (ii) yields individual ratio-
nality so that the expected payoff allocated to an economic agent under cooperation
will be no less than its expected noncooperative payoff.

8.2 Principle of Subgame Consistency

Under a stochastic environment, it is known that stochastic dynamic cooperation
represents, perhaps, decision making in its most complex form. Interactions between
strategic behavior, dynamic evolution, and stochastic elements have to be considered
simultaneously in the process, thereby leading to enormous difficulties in analysis.
To ensure stability in dynamic cooperation over time in a stochastic framework, a
stringent condition—subgame consistency—is required. In particular, the optimal-
ity principle agreed upon at the outset must remain effective in a subgame with a
later starting time and any realizable state brought about by prior optimal behavior.
Therefore, a cooperative solution is subgame consistent if an extension of the solu-
tion policy to a situation with a later starting time and any realizable state brought
about by prior optimal behavior will remain optimal under the agreed-upon optimal
principle.

Assume that at the start of the game the agents execute the solution P (xo, T —tp)
generated by an agreed-upon optimality principle (which includes a set of coop-
erative strategies, an imputation to distribute the cooperative payoff, and a payoff
distribution procedure). When the game proceeds to time ¢ and the state becomes

;€ X7, the continuation of the scheme in P (xo, T — fp) has to be consistent with
the solution P(x;, T — ) to the game I.(x;, T — t) under the same optimality
principle. If this consistency condition is violated, some of the agents will have an
incentive to deviate from the initial agreement and instability arises. In particular,
the dynamic stability of a solution of a cooperative stochastic differential game is
the property that, when the game proceeds with any realizable state at each instant
of time the agents are guided by the same optimality principle, and therefore do not
have any incentive to deviate from the previously adopted optimal behavior.
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A recent advancement in the study of cooperative stochastic differential games
can be found in Yeung and Petrosyan (2004). In particular, a generalized theorem
for the derivation of an analytically tractable “payoff distribution procedure” that
will lead to subgame consistent solutions had been developed.

8.2.1 Subgame Consistent Solution

Let there be an optimality principle agreed upon by all agents in the cooperative
stochastic differential game I'.(xg, T — fg). At time £y, the solution generated by this
optimality principle is P(xo, T — o). At time ¢ € (f, T] when the state is x;" € X},
we have the game I (x/, T —t). According to the agreed-upon optimality principle
the solution of the game I (x;, T —1)is P(x;, T —1t).

A cooperative game [.(xo, T — tp) has a subgame consistent solution P (xg,
T — ty) if the continuation of the scheme from the solution P(xqg, T — fg) =
{¥*(s,x}) and B (s, x}) for s € [to, T1; £%0 (1, x0)} over the time period [z, T']
coincides with the solution P(x;, T — 1) = {y*(s, x)) and B'(s, x]) fors € [¢, T];
DO, x;)} generated by the same agreed-upon optimality principle at any time in-
stant ¢ € [f, T'] along the optimal trajectory {xx*}STZ,O.

If this coincidence does not appear, there is no guarantee that the agents will
not abandon the solution P(xg, T — fp) and switch to P(x;, T — ). Dynamical
instability will arise as participants find that their agreed-upon optimality principle
cannot be maintained after cooperation has gone on for some time.

To verify whether the solution P(xp, T — tp) is indeed time consistent, one has
to verify whether the agreed-upon cooperative strategies, payoff distribution proce-
dures, and imputations are all time consistent. Since in Sect. 8.1 it was shown that
joint payoff maximizing strategies are subgame consistent, we have to examine the
subgame consistent imputation and payoff distribution procedure.

8.2.2 Subgame Consistency in Imputation and Payoff Distribution
Procedure

Now we consider subgame consistency in imputation and payoff distribution proce-
dure. At time #y when the initial state is x, according to the solution P (xq, T — to)
generated by the agreed-upon optimality principle, the economic agents will use the
payoff distribution procedure {B" (s, x;")}sT:tO to bring about an imputation to agent
i as

£ (19, xo) = Ezo{/ Bito(&xs*)exp[—/ r(y)dyi| ds
) fo

T
+q"(x*(T))exp[—f r(y)dy:|}, fori e N. (8.13)
0]
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When the game proceeds to time ¢ € (fo, T, the current state is x;" € X;*. Accord-
ing to the solution P(xg, T — fo), agent i will receive an imputation (in the present
value viewed at time #y) equaling

T N
E(l")i(t,xf):Ezo{ / B,-’°(s,x;“)exp[— / r(y)dy}ds
t 1

0

T

+q' (x*(T)) exp [— / r(y) dyi| x(t) =x} } (8.14)
fo

over the time interval [z, T'].

Attime ¢ € (fp, T] when the current state is x;* € X}, we have a cooperative game
I'e(xf, T —1t). According to the solution P(x;, T —t) generated by the agreed-upon
optimality principle, the economic agents will use the payoff distribution procedure
{B'(s,x})}I_, to bring about an imputation to agent i as

T N
g0 (1, x)) = Ez{/ Bl (s, x]) exp[—/ r(y) d)’} ds
¢ t

T
+qi(x*(T))exp|:—/ r(y)dy“, forie N. (8.15)
t

For the imputation and payoff distribution procedure from P(xg, T — #() to be
consistent with those from P (x{, T —t), it is essential that

t
exp|:/ r(y)dy]é(’()) (t.x7) =&V (t,x}) e P(x}f, T —1), fortelty, T].
4]

In addition, at time 7o when the initial state is xg, according to the solution
P(xo, T — tp) generated by the agreed-upon optimality principle, the payoff dis-
tribution procedure is

Blo(s,x;k) = [Bio(s, x;k) B;O(s,x;“), e Bflo(s,xs*)], fors € [ty, T].

Consider the case when the game has proceeded to time ¢ and the state variable
became x;" € X. Then one has a cooperative game I'c(x;, T — t) which starts at
time ¢ with initial state x;. According to the solution P (x;*, T —t) generated by the
agreed-upon optimality principle, the payoff distribution procedure

B'(s,x}) =B (s, x}), By(s,x}), ..., Bi(s.x})], forselr,T],

will be adopted.
For the continuation of the payoff distribution procedure B™(s,x)) under
P(xo, T — fp) to be consistent with B’ (s, x¥) € P(x}, T — 1), it is required that

B"(s,x})=B'(s,x}), forse[r,Tland? € [to, T].

Therefore a formal definition on subgame consistent imputation and payoff distri-
bution procedures can be presented as below.
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Definition 8.1 The imputation and payoff distribution procedure {£ ) (fy, xo) and
BY(s, x}) fors € [to, T1} € P(xo, T —tp) are subgame consistent if

i t
v exp|:/ r(y) dyi|“§('0)i(t,x;‘)

I

0 t . s

zexp[/ r(Y)dY]E{f B (s, x}) exp|:—/ r(y) dy:| ds
1o t t
. T )
+4q' (x*(T)) exp|:—/ r(y) dyi| x(1) :xt*} — E([)’ (th*)
fo

T s
EE,{f Bl?(s,x;‘)exp[—/ r(y)dy] ds +q' (x*())
t t

T
X exp[—/ r(y) dy]}

€ P(x;,T—1t), forieNandte€ln,T].

(ii) The payoff distribution procedure B (s,x¥) = [B{’(s,x¥), BY(s,x5), ...,
B (s, x*)] for s € [t, T is identical to B (s, x*) = [Bi(s,x}), B5(s,x}), ...,
Bl (s,xH]1e€ P(x), T —1t).

Definition 8.1 will be used to guide the derivation of subgame consistent solu-
tions in the following section.

8.3 Payoff Distribution Procedure and Subgame Consistent
Solutions

Crucial to obtaining a subgame consistent solution is the derivation of a payoff dis-
tribution procedure satisfying Definition 8.1 in Sect. 8.2.

8.3.1 Payoff Distribution Procedures Leading to Subgame
Consistent Solutions

Invoking part (ii) of Definition 8.1, we have B (s, x¥) = B'(s, x}) for ¢ € [t, T']

and s € [t, T]. We use B(s,x)) = {Bi(s,x)), Ba(s, x)), ..., By(s, x})} to denote

B! (s, x¥) forall ¢ € [, T]. Along the conditional optimal trajectory {X*(S)}sT=z0 we
then have

T N
£ (1, x}) = Er{/ Bf (S’x*(s))exp[—f r(y) dy} ds
+4'(x}) exp[—f r(y) dyi|

fori e Nand t € [ty, T].

x*(r)=x}e Xf} (8.16)
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Moreover, for t € [t, T], we use the term

T N
g(f)"(t,x,*)zEr{ / Bf(s,x*(s))exp[— / r(y)dy}ds
t T

. T
+4q'(x7) exp[—/ r(y) dyi|

() =xFe X;‘} (8.17)

to denote the expected present value (with the initial time being t) of agent i’s
expected payoff under cooperation over the time interval [¢, T'] according to the
solution P (x}, T — ) along the cooperative state trajectory.

Invoking (8.16) and (8.17) we have

t
g<f>f(t,x;):exp[_ / r(y)dy}é(')i(f»xt*)» (8.18)

forie Nandt €[ty, T]and t € [z, T].

One can readily verify that a payoff distribution procedure {B(s, xs*)}ST:tO that

satisfies (8.18) will give rise to time consistent imputations satisfying part (i) of
Definition 8.1. The next task is the derivation of a payoff distribution procedure
{B(s, xj,‘)}ST:,O that leads to the realization of (8.16)—(8.18).

We first consider the following condition concerning the imputation & () (z, x5,
forte(ty,T]and t € [7, T].

Condition 8.1 Fori € N, € [t, T], and 7 € [t9, T, the imputation £ ™/ (¢, x¥), for
i € N, is a function that is twice continuously differentiable in ¢ and x; € X;.

A theorem characterizing a formula for B; (s, x}), for s € [to, T], x} € X} and
i € N, which yields (8.16)—(8.18), can be provided as follows.

Theorem 8.1 If Condition 8.1 is satisfied, a PDP with a terminal payment qi(x;)
at time T and an instantaneous payment at time s € [t, T']

Bi(s.x}) =—[&"(t.x7)|,_,]
— (6 () 1 Lo 0 (530 03 (5 30) - W (5,7
1 & ‘
3 > th(s,xé‘)[é,f?;;(t,x,*)|,:s]v
h,;‘:l t At
forie N andx} e X}, (8.19)

yields the imputation vector £ (t, xX), for T € [ty, T, which satisfy (8.16)—(8.18).
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Proof Invoking (8.16)—(8.18), one can obtain

£V (v, x7)

v+At K
:EU{/ Bi(s,x;")exp[—/ r(y)dyi| ds

v+At )
+ exp[— / r(y) dy:|§(“+m)’ (v+ At x) 4+ Ax})
v

forve[r,T]andi € N, (8.20)

x(v) =x} eX:’j},

where

Ax} = f[v, x5, I/fl*(v, xﬁ), /% (U, x,f), 1//:(1) xfj)]At
+o[v, x}]Azy +o(AD),
Azy=Z(@w+At) —z(v), and Ey[o(An)]/At—0 as Ar— 0.

From (8.17) and (8.20), one obtains

v+At K
EU{/ Bl-(s,xs*)exp[—/ r(y)dy] ds

) v+At .
=E, {’;‘(“)’ (U, xj) - exp|:— / r(y) dy:|$(v+m)’ (U + A, x5+ Ax:)}
v

= E (W (v, x)) — W (v + At x) + AxE) ], (8.21)

x(v) =x:}

forallve[ty,T]andi € N.
If the imputations E(“) (t, x}), for v € [ty, T], satisfy Condition 8.1, as At — 0,
one can express (8.21) as

Ey{Bi(v,x})At +o(AD)}
=E,{—| (U)l(t xt)] A
= [0 (01 [ v (0 3). 3 (v, 0 (0. x5) A
Z 2" (v, xk é(v)l( i)
h{ 1

[s(“”( Yo [v, x:]Azy —o(AD). (8.22)

Dividing (8.22) throughout by Az, with Ar — 0, and taking the expectation
yields (8.19). Thus the payoff distribution procedure in B; (s, x}) in (8.19) will lead
to the realization of £ ™ (t, x$), for T € [t9, T, which satisfies (8.16)—(8.18). O
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Assigning the instantaneous payments according to the payoff distribution pro-
cedure in (8.19) leads to the realization of the imputation £ (™) (z, xHePxlT—1)
for v € [1p, T] and x} € X7.

8.3.2 Subgame Consistent Solution

Consider the following optimality principle.

Principle PI It is an optimality principle that entails (i) group optimality and in-
dividual rationality, and (ii) the distribution of the total cooperative payoff accord-
ing to an imputation that equals & @z, x}) for T € [to, T] over the game duration.
Moreover, the function & ™) (, x}) is continuously differentiable in 7 and x}.

A theorem characterizing a subgame consistent solution for the cooperative game
I'c(xo, T — tp) under optimality Principle PI is presented below.

Theorem 8.2 For the cooperative game I'.(xo, T — ty) with optimality Principle PI,
the solution

P(xo, T —ty) = {u(s,x:) and B(s,x;k)fors € [tg, T and 5(’0)(t0,x0)}

in which

(i) u(s,x)) for s € [to, T is the set of group optimal strategies Yy*(s, x}) for the
game I'c(xg, T — tg), and
(i) the imputation distribution procedure

B(s,x:) = {Bl(s,x;‘), Bz(s,x;‘), e Bn(s,x:)} fors ety, T
where

Bi(s.x7) = —[&"" (t.x7)|,_,]
— (6 () ) Lo 0 (5 20), 03 (50, o W . ) ]

1 < i
=5 2 @ (s[5 () ),

h ¢

=1 t Xt
forie N and x; € X, (8.23)
and £O (s, x¥) = [EOV (s, x}), D2 (s, x1), ..., EO(s,x)] € P(x}, T — ) is

the imputation at time s € [ty, T] with the state being x} € X according to
optimality Principle Pl, is subgame consistent.
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Proof Following the algorithm that specifies P(xg, T — tp) as the solution to the
game [ .(xp, T — to) under Principle PI one can readily obtain the solution of the
cooperative game I.(x}, T — v), for v € [tg, T], as

P(x:, T — v) = {u(s,x;‘) and B(s,xs*) for s € [ty, T] and é(u)(v,xl"j)}
in which
(i) u(s,x)) for s € [v, T] is the set of group optimal strategies ¥* (s, xJ) for the
game [¢(x}, T —v), and
(i)
B(s,x;‘) = {Bl(s,xs*), Bz(s,xS*), e B,,(s,xs*)} fors € [v, T]

where
Bi(s,x7) = [ (1. 57 )li=s]

— (68 (1 ims ] [ 65 w7 (5, 65), 03 (5,20 0 (s, 7))

1« :
) Z th(s’x;k)[g;;);r: (t’xt*)|t=s],

=1
fori € N and x] € X}, (8.24)

and £ (s, x}) = [ (s, x7), EO2(s, x7), ..., £ (s, x)] € P(x}, T —5) is
the imputation at time s € [v, T] with the state being x; € X according to
optimality Principle PI.

As shown before, the group optimal strategies ¥ *(s, x;°) for the cooperative game
I'.(xp, T — tp) over the time interval [v, T] are identical to the group optimal strate-
gies for the cooperative game I¢(x}, T — v) over the same time interval.

Comparing (8.23) and (8.24) one can show that the payoff distribution proce-
dure B(s, x}) for the cooperative game I, (xo, T — o) over the time interval [v, T']
is identical to the payoff distribution procedure B(s, x)) for the cooperative game
I't(x}, T — v) over the same time interval.

Invoking Theorem 8.1 one can show that the payoff distribution procedure
B(s, x}) in (8.23) will yield

£V (y, x*) = Eu{/ B,»(s,x;‘)exp[— /SV(Y) dy] ds
' T
+qz(x;)exp|:—/

fori e Nyandv € [7, T].
Hence

T

r(y)dy]

x(v) =x;’j} € P(xfj, T — v),

exp|:/U r(y) dy]é(’())i (v.x}) =gWi (v.x}) € P(x}. T —v).
o
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In sum, the continuation of the solution P(xg, T — ty) over the time interval
[v, T'] coincides with the solution P(x};, T — v) of the game I.(x;, T — v) under
optimality Principle PI. Thus the solution P(xg, T — fy) in Theorem 8.2 is indeed
subgame consistent. O

8.3.3 Instantaneous Transfer Payments

With agents using the cooperative strategies {wl-*(r, x¥), fort e[tp, T1andi € N},
the instantaneous payment received by agent i at time instant 7 is

it x}) = gi[t,x:, Ui (t.x5). 5 (e x7). . (. x5) ],
fort €[r, T],x; € XFandi € N. (8.25)

According to Theorem 8.2, the instantaneous payment that agent i should receive
under the agreed-upon optimality principle is B;(t, x}), as stated in (8.23). Hence
an instantaneous transfer payment

X (r.x}) = Bi(r.x7) — &i(r.x7) (8.26)

has to be given to agent i at time t, for i € N and t € [fp, T], when the state is
xreX:.

Under a subgame consistent solution, an extension of the solution policy to a
situation with a later starting time and any realizable state brought about by prior
optimal behavior would remain optimal. Examples of cooperative stochastic differ-
ential games with solutions satisfying subgame consistency can be found in Yeung
(2005, 2007) and Yeung and Petrosyan (2004, 2006a, 2006b, 2007a, 2007b). The-
orem 8.2 can be applied to obtain a subgame consistent cooperative solution for
existing differential games in economic analysis.

8.4 An Illustration in Cooperative Fishery Under Uncertainty

Consider the stochastic resource extraction game in Sect. 2.4.2 of Chap. 2 with two
asymmetric extractors.
The resource stock x(s) € X C R follows the stochastic dynamics

dx(s) = [ax(s)/* — bx(s) — u1(s) — ua(s)] ds + ox(s) dz(s),
x(f0) = x0 € X, (8.27)

where u; (s) is the harvest rate of extractor i € {1, 2}. The instantaneous payoffs at

time s € [y, T] for extractors 1 and 2 are, respectively, [u] (s)l/ 2_ - (f;l u1(s)] and

[uz(s)V/? — x(;‘)zl/zm(s)], where c; and ¢, are constants and c| # c¢p. At time T,
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each extractor will receive a termination bonus gx (T)'/2. Payoffs are transferable
between extractors and over time. Given the constant discount rate r, the values
received at time ¢ are discounted by the factor exp[—r (¢t — 1p)].

At time 1y, the expected payoff of extractor i is

T .
E;, {/to |:Mi(S)1/2 _ x—(sc)ll/z ui(S)] exp[—r(t —19)] ds
+exp[—r (T — 10)]qx(T)? } fori e {1,2). (8.28)

Let [¢](z,x),¢5(t,x)] for t € [tp, T] denote a set of strategies that provide
a feedback Nash equilibrium solution to the game in (8.27) and (8.28), and
Vit x): 1y, T1 x R — R denote the value function of extractor i € {1, 2} that
satisfies the equations

) 1 )
— V) = 5oV )

= rr}lgx{ [(ui)l/z _ xclﬁu,} exp[—r(t — to)]

(8.29)
V(o' s = 0],

VT, x) = exp[—r(T — to)]qx(T)%, fori e{1,2},j€{1,2}, and j #1i.
Performing the indicated maximization in (8.29) yields the game equilibrium
strategies

X

4ei + Vi explr(t — 10)Jx1212

¢7(t,x) = fori € {1,2}.

Proposition 8.1 The value functions of extractor i € {1,2} in the game in (8.27)
and (8.28) is

VO (1, x) = exp[—r(t — 1) ][ A ()x'* + C (0], (8.30)
where for i, j € {1,2} and i # j, A;(t), Bi(t), A;(t), and B (t) satisfy

A-(z)—[ i 2+9}A-<t)— 1 + -
W) =1rrgo Ty |4 20ci +Ai(1)/2]  Alci + Ai(1)/2]2
A (1) Ai(t)

+

8[ci + Ai(1)/22 " 8lc; + A;(1)/21
Ci(t) = rCi(r) — %Aim,
Ai(T)=q, and Ci(T)=0.

Proof First substitute ¢} (z, x) and ¢3(z, x), Vi (z,x) from (8.30) and the cor-

responding derivatives V,(IO)i(t,x), VI ¢ x), and V% (¢, x) into (8.29). Upon
solving (8.29) one obtains Proposition 8.1. |
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Invoking Remark 2.2 in Chap. 2, we can obtain the value function of agent i in
a game with the dynamics in (8.27) and expected payoffs in (8.28), which starts at
time t for t € [ty, T), as

Vi, x) =exp[—r(t — D ][Ai(O)x"* + B;(1)], forie{l,2}.

Substituting the relevant derivatives of the value functions into the game equilib-
rium strategies yields a feedback Nash equilibrium solution to the game in (8.27)
and (8.28).

8.4.1 Cooperative Extraction Under Uncertainty

Now consider the case when the resource extractors agree to act cooperatively and
follow the optimality principle under which they would (i) maximize their joint ex-
pected payoffs and (ii) share the excess of the total expected cooperative payoff over
the sum of expected individual noncooperative payoffs proportional to the agents’
expected noncooperative payoffs.

Hence the extractors maximize the sum of their expected profits

T ‘ .
Eto{/to <[ul(s)l/2 B x(s)l/zul(s)} " [uZ(S)l/z Cx()172 MZ(S)D

X exp[—r(l — t())] ds + 2exp[—r(T — to)]qx(T)% }, (8.31)

subject to the stochastic dynamics in (8.27).
Invoking Theorem A.5 in the Technical Appendixes yields the characterization
of the solution of the problem in (8.27) and (8.31) as follows.

Corollary 8.2 A set of controls {u} (t) = ¥ (t, x), fori € {1, 2}} constitutes an op-
timal solution to the stochastic control problem in (8.27) and (8.31) if there exist

continuously twice differentiable functions W (¢, x) : [tg, T] x R™ — R, satisfy-
ing the following partial differential equation:

1
~ W) — 5ot W )

_ 1/2 €1 1/2 2
= Il;l’]li);{([ul — mu]i| + |:’/l2 — mll2:|> exp[—r(t — t())]

(8.32)

WN(T, x) = 2exp[—r(T — to)]qx%.
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Performing the indicated maximization we obtain

(t0)* X
Yt x) = , and
: Alcr + W explr(t — t0)]x /22

(8.33)

X

4lcs + W explr(t — 10)1x /22

Yy (e, x) =

The maximized expected joint profit function can be derived as follows.

Proposition 8.2 The maximized expected joint profit function is

W (1, x) = exp[—r(t — 1) [[A@)x"* + C(1)],

2

. o b 1 1
where A(t) = r+?+§ A(t) —

2Aci + A(0)/2]  2[ea+ A(t)/2]

C1 2

o+ A02E T Hea+ AW

(8.34)

A(n) A(r)
8lc1 +AM)/21>  8lca + A1) /2%

C(t):rC(t)—%A(t), A(T)=2q, and C(T)=0.

Proof Upon substituting the optimal strategies in (8.33), W) (¢, x) in (8.34), and
the relevant derivatives W,(IO)(t, x), W (£, x), and W (¢, x) into (8.32) yields the
results in Proposition 8.2. 0

The optimal cooperative controls can then be obtained as

X

R EEYGYA (8:33)

Vi, x) and Y5 (1, x)

T A+ AW/2P

Substituting these control strategies into (8.27) yields the dynamics of the state tra-
jectory under cooperation

. 12 _ x(s) _ x(s) ]
= [ax(s) PO e F AR HetAwar Y
+ox(s)dz(s), x(to) = xo. (8.36)

Solving (8.36) yields the optimal cooperative state trajectory as

s 2
x*(s):w(to,s)z[x(l)/z—i—/ @ (19, 1) Hy dt] , forsel, Tl, (837)
]
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where
[0 Javs [
w(to,s)zexp/ Hy(t) — — dv+/ —dz(v)i|,
o 8 10 2
H—1 d H()——[lb—k ! + ! +6—2]
P M T Y T Rl + A 2P T Bl + A®)2P ¢ 8

The cooperative control for the game I.(xg, T — tp) over the time interval [#g, T']
along the optimal trajectory can be expressed as

x¥ x¥
* t * — t d * t * — t
Vi) = g A M V) = e
for ¢ € [fp, T] and x;" € X} (8.38)

8.4.2 Subgame Consistent Cooperative Extraction

The agreed-upon optimality principle requires the extractors to share the excess of
the total expected cooperative payoff over the sum of individual noncooperative
payoffs proportional to the agents’ expected noncooperative payoffs. Therefore, the
following imputation has to be satisfied.

Condition 8.2 An imputation

V®i(r, x¥)

£ (1 x¥) = ‘
( r) Z?:l V(@) (z, x;k)

W (7, x%)

[A; () ()12 + Ci(7)] 1/2
= A()(xF + C(7) (8.39)
YA (@GN + C,,(rn[ x0) ]

is assigned to extractor i, for i € {1, 2} if x} € X occurs at time 7 € [#o, T].

Applying Theorem 8.2, a subgame consistent solution under the above optimal
principle for the cooperative game 1. (xg, T — o) can be obtained as P (xo, T —tg) =
{u(s, x)) and B(s, x}) for s € [to, T] and £ "0 (£, x0)} in which

(i) u(s,x)) fors € [y, T] is the set of group optimal strategies

* *) = L d * *) — L
ViR = e amar M e = e e

and
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(i) B(s,x))={Bi1(s,x]), Ba(s, x3)} for s € [tp, T'] where

B o) = 6 ) ] = 6 )] o) =

xg B Xy
e+ A2 4+ A(s)/zp}

—%o% (e (5. x7)], fori e 1,2}, (8.40)

where

[ (e, x7) ], ]

O [AGH2+ Ci9)]

LA )2+ Ci )
< {[A@) (x5)"? + E®)] = r[A®) (x)? + )]}

[AG) D2+ B(s)]
O5i[Aj () @)V + Bj(s)])
x {[4i) ()" + Bi9)] = r[Ai ) (x7) " + Bi(s)])
[A: () (&) + Bi()I[AG) () + B(s)]
(LA O GD2 4 Bj()])?

2
x S A& ) P+ Ci] - r[Aj () + )]k
j=1

61 (s.x))]
LA+ Ci()IAG) () T2+ A ()2 4+ C(9)]Ai () (x)) ™!/
23 AF ()2 + Cj(s)]

[A®EH' P+ G (S)][A(S)(x*)‘/2+C(S)]< ZA 5)(x 1/2).
I [AF () G2+ Cj(5)])? ’

and
(6505 (5. x))]

Ci(9)A(S)(x) 32 + C(s) A (5) (x) /2
42 A2+ Cj(5)]
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AN+ GOIAGED T+ A GED + C)1Ais) )2
@35[4 ()N + Cj(9)])?

2 . 12 4 *1/2
8 Z[Aj(s)(x;k)_l/z] n [Az(S)(XXZ) + Ci()IA()(x5) /= + C(s)]
st Qo i=1lAj ()24 Ci()D)?

(i) -(geeer)

j=1

|:A i()A(5) + 5[Ai ()C(s) + A()Ci ()] (x)) !/
(Z, 1A () D2+ Ci()D?

[A; *\1/2 C; A #\1/2 C _
(s)(xs) "/~ + (S)i[l/(zs)(x ) +3 ()] Z () 1/2i|.
(ijl[A](S)(xs) +Cj(s)D

J=1

With the extractors using the cooperative strategies in (8.38), the instantaneous
receipt of agent i at time instant 7 is

5 = o R 41609 M
(0 %) = S s Ayal  Fe+ AR
for v € [ty, T], x eX ,andi €{1,2}. (8.41)

Under cooperation the instantaneous payment that agent i € {1, 2} should receive
Bi(t, x¥) in (8.40). Hence an instantaneous transfer payment

X' (v, x7) = Bi(z, x}) — ¢ (v, x7) (8.42)

has to be given to agent i at time 7, for i € {1, 2} and 7 € [fo, T] when the state is
* *
x; e X3,

8.5 Infinite-Horizon Consistent Economic Optimization Under
Uncertainty

As discussed in Chap. 2, in many economic situations, the terminal time 7 is either
very far in the future or unknown to the agents. A way to resolve the problem, as
suggested by Dockner et al. (2000), is to set 7' = oco. In this section, we examine
infinite-horizon economic optimization and the corresponding subgame consistent
solutions.

Consider again the infinite-horizon problem in which economic agent i seeks to

max ET{/ gi [x(s), ui(s), usr(s),..., un(s)] exp[—r(s — r)] ds},

fori e N, (8.43)
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subject to the stochastic dynamics

dx(s) = fx(s), ur(s), ua(s), ..., un(s)]ds + o[x(s)]dz(s), x(r)=x.
(8.44)

Consider the alternative game that starts at time ¢ € [fp, 00) with initial state
x(t)=x

max E,{foo gi [x(s), ui(s), ur(s),..., u,,(s)] exp[—r(s — t)] ds},
uj t

i

fori e N, (8.45)
subject to the stochastic dynamics

dx(s) = f[x(s), uy(s), uz(s), ..., un(s)] ds +a[x(s)] dz(s), x(t)=x;.
(8.46)

Let 2[x(s)] = o[x(s)]o[x(s)]T denote the covariance matrix with its element in
row h and column ¢ denoted by QM [x 1.

The infinite-horizon autonomous game in (8.45) and (8.46) is independent of the
choice of ¢t and dependent only upon the state at the starting time, that is, x.

A Nash equilibrium solution for the infinite-horizon stochastic differential game
in (8.45) and (8.45) is characterized in Theorem 2.6 of Chap. 2.

The game equilibrium strategies {¢(x) € U I:i € N} and the agents value func-
tions V' (x) for i € N can be obtained if an equilibrium exists.

Now consider the case when the economic agents agree to act cooperatively. Let
I'.(7, x;) denote a cooperative game in which agent i’s payoff is (8.43) and the state
dynamics is (8.44). The agents agree to act according to an agreed-upon optimality
principle. As noted before, group optimality is an essential factor in cooperation and
we let the agreed-upon optimality principle be as follows.

Principle PII It is an optimality principle that entails (i) group optimality, and
(ii) the distribution of the total cooperative payoff according to an imputation that
equals £V (v, x>) for v € [t, 00) over the game duration. Moreover, the function
& Wiy, x}), fori € N, is continuously differentiable in v and x.

The solution P(t, x;) of the cooperative game I, (7, x;) under optimality Prin-
ciple PII includes the following.

(1) A set of cooperative strategies
u(f)*(s x*) = [um*(s x*) u(r)*(s x*) u(f)*(s x*)] for s € [1, 00)
s Ag 1 s Ag ) Up s Ag e Uy sAg )| ) .
(ii)) An imputation vector

O (1, x) =[N (2, x0), £ (1. x0), .. ED (1, x0)]

to allocate the cooperative payoft to the agents.
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(iii) A payoff distribution procedure B*(s,x]) = [B{(s,x]), Bj(s,x]),...,
B (s, x7)] for s € [t, 00), where B/ (s, xy) is the instantaneous payments for
agent i at time s when the state is x; € X} . In particular,

EDi(r, x) = Et{/oo B} (s, x})exp[—r(s — 7)] ds}, fori e N. (8.47)

The derivation of a subgame consistent solution satisfying optimality Principle PII
will be performed in Sects. 8.5.1 to 8.5.4.

8.5.1 Group Optimal Cooperative Strategies

To ensure group rationality the agents maximize the sum of their expected payoffs,
the agents solve the problem

oy max { / Zg [x(), 11 (5), u2(s), - un<s>]exp[—r<s—r)]ds},

(8.48)

subject to (8.44).

Invoking Theorem A.6 in the Technical Appendixes, a set of controls {y*(x) €
U';i € N} constitutes an optimal solution to the infinite-horizon stochastic control
problem in (8.44) and (8.48) if there exists continuously twice differentiable func-
tion W(x) defined on R™ — R, which satisfies the following equation:

1 m p
TW) =5 Y 28 W ()
h,=1
max Zgj[x wi,up, .., un ]+ We(x) flx,up,uz, ..., u,lg. (8.49)
u1 u,...,
Hence the agents will adopt the cooperative control {1/ (x), fori € N} to obtain

the maximized level of the expected joint profit. Substituting this set of control into
(8.71) yields the dynamics of the optimal (cooperative) trajectory as

dx(s) = f[x(s), U (x(s)), w;(x(s)), R /¢ (x(s))] ds + a[x(s)] dz(s),
x(T) = x¢. (8.50)

The solution to (8.50) can be expressed as
x*(s) = x; + / f[x*(v), w;‘(x*(v)), /2 (x*(v)), o w:[(x*(v))] dv

+ / o[x* )] dz(v). (8.51)
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We use X to denote the set of realizable values of x*(s) at time s generated
by (8.50). The term x; € X7 is used to denote an element in X}. We use the terms
x*(s) and x; interchangeably in cases where there is no ambiguity.

The expected cooperative payoff can be expressed as

!/ Zg X9, Y (x5 (9), 3 (). Y (7 (9)]

x*(1) =xf}.

Moreover, one can easily verify that the joint payoff maximizing controls for the
cooperative game [.(t,x;) over the time interval [f, co) is identical to the joint
payoff maximizing controls for the cooperative game I'.(¢, x;) over the same time
interval.

X exp[—r(s — l')] ds

8.5.2 Subgame Consistent Imputation and Payoff Distribution
Procedure

Let P(z, x;) denote the solution to the cooperative game I, (7, x;) under the agreed-
upon optimality Principle PII. According to P(t, x;), the economic agents would
use the Payoff Distribution Procedure {B* (s, x})}52, to bring about an imputation
to agenti as

o0
ez x) = E,{/ Bf(s,xs*) exp[—r(s — r)] ds}, fori € N.
T
We define

g (t,xF) = ET{/OO Bf (s, x})exp[—r(s — 7)]ds
t

fori e N, (8.52)

x(t)=x/€ X;‘}

where ¢ > 7 and x;* € {x*(5)}52,

According to P(t, x;), agent i is supposed to receive a payoff & (z, x/) over
the remaining time interval [z, oo) if the state is x; € X}

Consider the case when the game has proceeded to time ¢ and the state variable
became x;° € X;. Then one has a cooperative game I (¢, x;), which starts at time ¢
with initial state x;*. According to the solution P(t, x;), an imputation

s(t)i (t, xt*) —E, {/OO B; (s’ x;k) exp[—r(s — l‘)] ds
t

will be allotted to agent i, fori € N.

x(t) =x/ EX;‘},
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However, according to the solution P (7, x;), the imputation (in the present value
viewed at time 7) to agent i over the period [#, 00) is (8.52).

For the imputation from P (t, x) to be consistent with those from P (z, x;°), it is
essential that

exp[r(t — )@ (t,x7) =&V (t,xF) € P(t,x]), fort e (r,00). (8.53)

In addition, at time T when the initial state is x;, according to the solution
P(t, x;) generated by optimality Principle PII, the payoff distribution procedure
is

B (s,x}) =B (s.x}). B3 (s, x}), ..., Bi (s.x})], forse[r,00)and x} € X}.
When the game proceeds to time ¢ the state variable becomes x;* € X;. According

to the solution P (¢, x;*) generated by optimality Principle PII, the payoff distribution
procedure

Bt(s,xs*) = [Bi(s,x:), Bé(sxs*)qu(sx;k)] fors € [t,00) and x] € X},

will be adopted.
For the continuation of the payoff distribution procedure B* (s, x;) € P(t, x;) to
be consistent with B’ (s, x}) € P(t, x}"), it is required that

B"(s,x})=B'(s,x}), forse[r,o0)and? € [r,00) and x] € X"
Therefore, we have the following definition.

Definition 8.2 The imputation and payoff distribution procedure {£ @ (z, x;) and
B® (s, x}) for s € [t,00)} € P(t, x;) are subgame consistent if
@)

exp[r(r — r)]é(f)i (t,x])

= exp[r(t - r)]E,{/oo Bf(s,x;") exp[—r(s — t)] ds|x(t)=x] € X;“}
t

=gWi (t,xt*) € P(t,xt*), fort € (r,00) andi € N; (8.54)
and
(ii) the payoff distribution procedure BT (s, x}) for s € [t,00) is identical to

B'(s,x}) € P(t,x]).

Thus a payoff distribution procedure leading to a subgame consistent imputation
has to satisfy Definition 8.2.
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8.5.3 Payoff Distribution Procedure Leading to Subgame
Consistency

To derive a payoff distribution procedure leading to a subgame consistent impu-
tation we invoke Definition 8.2 and obtain B (s, x}) = B! (s, x}) = B;(s, x}), for

se(r,00),xfeX}andt e[r,00)andi € N.
Therefore, along the cooperative trajectory,

oo
5(7)’ (T,x7) = ET{/ B; (s,x;") exp[—r(s — 1:)] ds}, fori e N, and
T

£ (v, x7) = EU{/OO Bi(s, x})exp[—r(s —v)]ds

fori € N, and

DN (1,x7) = E,{/Oo Bi(s.x}) exp[—r(s —1)]ds
t

forie Nandt>v>rT.
Moreover, fori € N and ¢ € [t, 00), we define the term

EW (1, xF) = Ey{(/oo Bi(s,x})exp[—r(s —v)] ds)

to denote the present value of agent i’s cooperative payoff over the time interval
[t, 00), given that the state is x;* at time ¢ € [v, co], under the solution P (v, x}}).
Invoking (8.55) and (8.56) one can readily verify that

x(v) =x;, EXE},

x(t)=x€ X;‘} (8.55)

x(t) = xt*}, (8.56)

exp[r(t — D)W (t,x7) =D (r.x}), forieNandtelt, Tlands €[z, T].

The next task is to derive B; (s, x]), for s € [t, 00) and ¢ € [r, 00) so that (8.55)
can be realized. Consider again the following condition.

Condition 8.3 Fori € N and t > v and v € [t, T], the term S(“)i(t, x;) is a func-
tion that is continuously differentiable in ¢ and x;".

Lemma 8.1 If Condition 8.3 is satisfied, a PDP with instantaneous payments at
time s with the state being x} € X} equaling

Bi(s.x7) = —[&"" (.7 _,]
- [s(i” (6 x| o A Dt v (5 x2), 03 (5 x0), o 0t (5 x0)]

-5 Z 2" (x ?’;(f )]
h{ 1
forieN ands € [v, 00), (8.57)

yields imputation £ ) (v, x}) for v € [, 00) and x}; € X7, which satisfies (8.55).
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Proof Note that along the cooperative trajectory

V(1 xf) = Eu{ foo Bi(s,x}) exp[—r(s —v)]ds
t

x(t)=x/ eX;k}

=exp[—r(t — )]V (¢, x}), forie N andt € [v,00). (8.58)

For At — 0, (8.55) can be expressed as

W (1) = Eu{ /OO Bi(s, x})exp[—r(s — U)]ds}

v+At
= Eu{f B; (s, x;k) exp[—r(s — v)] ds

+EW (U + At xf + Ax}) } (8.59)

where
Axh= flxi i (). v (xh), . v (xh) At 4+ o (x)) Azy + o(AD),
Azy=Z@w+ A1) —z(v), and E,[o(An]/At—0 as Ar— 0.

Replacing the term x;) + Ax;; with x| ,, and rearranging (8.59) yields

v+At
EU{/ B;(s) exp[—r(s — U)] ds}

= Eo{§™ (v.x)) =6V (v + Arxl a0 )
forall v € [t,00) andi € N. (8.60)
With Condition 8.3 holding and At — 0, (8.60) can be expressed as

Ey{Bi(s,x}) At 4+ o(AD)}

= Ey 1 — [ (1.x7)],_, ] At
- [s;i” (tox)) |, )P i (s xd) w3 (s, x3) o W (5 x0) ] A

m
Z e (r.x7)] - Jar

—[62" (1. x7) ], Jo (x3) Azo —0(AD) . (8.61)
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Dividing (8.61) throughout by Af, with At — 0 and taking the expectation, yields
(8.57). Thus the payoff distribution procedure in B; (v, x}}) in (8.57) would lead to
the realization of the imputations that satisfy (8.55). O

Since the payoff distribution procedure in B;(t) in (8.57) leads to the realization
of (8.55), it would yield subgame consistent imputations satisfying Definition 8.2.

A more succinct form of Lemma 8.1 can be derived as follows.

If Condition 8.3 is satisfied, a PDP with instantaneous payments at time s equal-
ing

Bi(s,x7) =& (s, x7) — &8 (5, 20) FI w7 (), w3 (), - ¥ ()]

1 i
—3 2 EES ()] )

he=1
fori € N,x] € X} and s € [v, 00), (8.62)
yields the imputation £ ) (v, x¢), for v € [1, oo) which satisfies (8.55).

To demonstrate that (8.62) is an alternative form for (8.57) in Lemma 8.1, we
first define

éi(xj) = EU{/OO B;(s)exp[—r(s — v)]ds | x(v) =xj} =£Wi(7,x}), and

éi(x;‘) =Et{foo Bi(s)exp[—r(s —t)]ds x(t) =xt*} :S(l)i(t,x;"),
t

fori € N, and v € [1,00) and ¢ € [v, 00) along the optimal cooperative trajectory

152 -

We then have
W (1, x7) = exp[—r(t — v)JE' (x7).
Differentiating the above condition with respect to ¢ yields
(6 (1. x7) ] = ] = —rexp[—r(c = )& () = —rg“" (1. 57).
Attt =v, EWi(t, x¥) = Wiy, x}), therefore,
(6" (0. x) |, ] = & (0 27) = r& Y (v, 7). (8.63)
Substituting (8.63) into (8.57) yields (8.62).

Using (8.62), a subgame consistent solution in an infinite-horizon framework is
characterized in the section below.
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8.5.4 Subgame Consistent Solution

A theorem characterizing a subgame consistent solution P(t, x;) for the cooperative
game [ (7, x;) under optimality Principle PII is presented below.

Theorem 8.3 For the cooperative game I.(t,x;) with optimality Principle PII
the solution P(t,x;) = {u(s, x}) and B(s, xJ) for s € [t, 00) and €O (t, x;)}—in
which

(i) u(s,x)) for s € [t,00) is the set of group optimal strategies y*(x}) for the
game I.(t,x;), and
(ii) the imputation distribution procedure

B(s,x;k) = {Bl(s,x;k), Bz(s,xs*),...,Bn(s,x:)} fors €1, 00)

where
Bi(s,x}) =r&W (s,x7) = €3 (5, x7) F 8 v (7), 03 (0, - i (x0)]

1 — -
-5 > ek () [E5) (3 is]. fori €N, (8.64)
ni=1 t Xt

and £ (s, x¥) = [EO1 (s, x¥), EO2(s, x¥), ... EOn (s, x*)] € P(s,x¥) is the
imputation at time s € [t, 00) with the state being x} € {x*(t)};>; under opti-
mality Principle Pll—is subgame consistent.

Proof Following the algorithm that specifies P(t, x;) as the solution to the game
I'.(z,x;) one can readily obtain the solution of the cooperative game I (v, x}}),
for v > 7, as P(v,x%) = {u(s, x}) and B(s, x}) for s € [u, 00) and £V (v, x¥)} in
which

(i) u(s,x)) for s € [u, 00) is the set of group optimal strategies 1 *(x}) for the
game I¢(v, x}), and
(ii)
B(s,x;‘) = {Bl(s,x;‘), Bz(s,xs*), e, Bn(s, x:)} for s € [v, 00)

where

Bi(s,x7) = r&W (s, x7) — 62 (5, ) £ x5 v (67), ¥3 (7)o i ()]
L @R ()| L] forieN,  865)
ho=1 A

and 9 (s, x¥) = [EOV (s, x}), §W2(s, x7), ..., EON(s,x¥)] € P(s,x}) is the
imputation at time s € [v, 0o) with the state being x; € {x*(¢)};>o.
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Using the characterization of optimal control strategies in (8.49), one can show
that the group optimal joint expected payoff maximizing strategies ¥*(x;) for the
cooperative game I, (7, x;) over the time interval [v, 00) is identical to the joint
payoff maximizing strategies controls for the cooperative game (v, x;;) over the
same time interval.

Comparing (8.64) and (8.65) one can show that the payoff distribution procedure
B(s, x}) for the cooperative game I (, x.) over the time interval [v, 00) is identical
to the payoff distribution procedure B(s, x]) for the cooperative game I.(v, xJ})
over the same time interval.

Invoking Lemma 8.1 and (8.62), one can show that the payoff distribution proce-
dure B(s, x)) ={Bi(s,x)), B2(s), ..., Bu(s,x})} in (8.64) will yield

o0

-

B; (s,xs*) exp[—r(s — U)] ds} e P(U,x:j),

fori € N,and v € [1, 00).
Hence

exp[r(v — )] (v, x7)

=exp[r(v — )] E; {/ B;(s)exp[—r(s — 7)]ds

x(v) =x}) }
=£Wi(v,x})P(v,x}), forieNandv e|r, ).
In sum, the continuation of the solution P(t, x;) over the time interval [v, 00) is

consistent with the solution P (v, x;}) of the game I'.(v, x;}) under optimality Princi-
ple PII. Thus the solution P (7, x;) in Theorem 8.3 is indeed subgame consistent. []

With agents using the cooperative strategies {I/fl-* (x}),fori € Nand v € [7, 00)},
the instantaneous receipt of agent i at time instant v is

g(vxd) =g [xh v (k). wi(xh). ... vk (x})]. forieN,  (8.66)
when the state is x}; € X7.
According to Theorem 8.3, the instantaneous payment that agent i should receive

under the agreed-upon optimality principle is B; (v, x;;) as stated in (8.64). Hence
an instantaneous transfer payment

Xi(v,xj) = B; (U,xfj) - (v,x?j), fori € N, (8.67)

has to be given to agent i at time v when the state is x}; € X7.
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8.6 Infinite-Horizon Cooperative Fishery Under Uncertainty

Consider an infinite-horizon version of the cooperative fishery in Sect. 8.5. At
time t, the expected payoff function of extractors 1 and 2 are, respectively,

E; {/ [ul(s)l/z _ x(sc)ll/Zul(s):| exp[—r(t — t)] ds},

and

o0
E; {/r [uz(s)l/z _ x(;ﬁuz(s)} exp[—r(t — 1)] ds}. (8.68)
The fish resource stock x(s) € X C R follows the stochastic dynamics

dx(s) = [ax(s)"/? = bx(s) — uy (s) — ua(s)]ds + ox(s)dz(s), x(v) = xs.
(8.69)

Invoking Theorem 2.6 in Chap. 2, we let [¢] (x), #5(x)] for t € [to, T] denote a
set of strategies that provides a feedback Nash equilibrium solution to the game in
(8.68) and (8.69) can be characterized by

~ 1 .
rVi(x) — Eozsz;x(x)

12 Ci 5
:muz}x{ui/ - xll/zu,- + V;()c)[a)cl/2 —bx —u; —¢7(x)]},

fori, j e {l,2}andi # j. (8.70)

Performing the indicated maximization in (8.70) yields

X

= — , forie{l,2}.
Ac; + Vi(x)x1/2]?

7 (x)

Substituting qb’l* (x) and (;5; (x) above into (8.70) and upon solving (8.70) one obtains
the value function of agent i € {1, 2} as

Vi, x)=[aix"? + ¢, (8.71)

where for i, j € {1,2} and i # j, A;, C;, A, and C; satisfy

[ +02+b:|A 1 N ¢
P Y
8 20" 2ei+Ai/2] 4o+ A2
A; A;

0, and

+ + =
8lci + Ai /217 8[c;+ Aj/2)

a
Ci:EAi.
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The game equilibrium strategies can be obtained as

X X

¢1(x)=m, and ¢2(x)=4

[c2+ Ar/21%

8.6.1 Cooperative Extraction

Consider the case when these two nations agree to act according to an agreed-upon
optimality principle which entails (i) group optimality, and (ii) the distribution of
the excess of the total expected cooperative payoff over the sum of expected indi-
vidual noncooperative payoffs proportional to the agents’ expected noncooperative
payofts.

To maximize their joint expected payoff for group optimality, the nations have to
solve the stochastic control problem of maximizing

00 ol o
Et{/z ([ul(s)l/z N X(S)‘/zul(s)] " [MZ(S)I/Z B x(s)l/z”z(s)])

x exp[—r(t —1)] ds}, (8.72)

subject to (8.69).
Invoking Theorem A.6 in the Technical Appendixes yields the characterization
of the solution of the problem in (8.69) and (8.72) as follows.

Corollary 8.3 A set of controls {{} (x), fori e {1,2}} constitutes an optimal solu-
tion to the stochastic control problem in (8.69) and (8.72), if there exist continuously
twice differentiable functions W (x) : R™ — R, satisfying the following partial dif-
ferential equation

[ 1/2 C1 1/2 Cc2
rW(x)—EU X Wxx(x):E%§{<|:ul —mul + | u,y —mug
+ Wy [ax? — bx —uy —uz]}. (8.73)

Performing the indicated maximization in (8.73) we obtain

X
*
- . and
Y (x) e F W PP an
X

[c2 + Wy (x)x1/212

(8.74)

Y3 (x) = 1

The maximized expected joint profit function can be derived as follows.
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Proposition 8.3 The maximized expected joint profit function is

W) =[Ax"2+C], (8.75)
where
o b 1 1
r+—+-(A- -
8 ' 2 2Aci +A/2]  2[cr+ A/2]
oy e 4 A 0. and
=0, an
A1+ A2 Mea+A212  8ler+A/212 ' 8lea+ AJ2)2
c=2a
T

Proof Substituting the optimal strategies in (8.74), W (x) in (8.75), and the relevant
derivatives Wy (x) and Wy (x) into (8.73) yields the results in Proposition 8.3. [

The optimal cooperative controls can then be obtained as

Yix) = 2 (8.76)

Hervapp M V2=

[ea+A/217

Substituting these control strategies into (8.69) yields the dynamics of the state
trajectory under cooperation

x(s) _ x(s)
Ac1 +A/217 Al + AJ2)?
x(tp) = Xxo- (8.77)

dx(s) = |:ax(s)1/2—bx(s) — ]ds+ax(s)dz(s),

Solving (8.77) yields the optimal cooperative state trajectory as

K 2
x*(s):w(to,s)z[x(l)/z—i—/ wl(to,t)Hldt] , forselt,T], (8.78)
1o

where
|: s 02 S o
w (ty, s) = exp f |:H2(r)——i|dv+/ —dz(v)i|,
1) 8 fo 2
Hi=Ya and H ——[lb+ ! + : +"—2}
1=ga and ) = bt 2R T St A2 T 8

The cooperative control for the game can be expressed as
k *
Xt Xt

k(o) _ Mt -t
Vit = s A 4Her+ A2
for x/ € X}. (8.79)

and ¥ (x])
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8.6.2 Subgame Consistent Payoff Distribution

With the extractors using the cooperative strategies in (8.79) along the stochastic
cooperative path, they agree to share the excess of the total expected cooperative
payoff over the sum of individual noncooperative payoffs proportional to the agents’
expected noncooperative payoffs. Therefore, the following imputation has to be sat-
isfied.

Condition 8.4 An imputation

Vi(xk) . [Ai (x)% + Ci] 12
2 Cirn W) = =3 )1/2 [Ax7) ! +C]
2 =1 VI(x) 2 5=lAj )2+ Gl

(8.80)

£V (v.x7) =

is assigned to extractor i, for i € {1, 2} if x; € X occurs at time v € [7, 00).

Applying Theorem 8.3, a subgame consistent solution for the cooperative game
I'z(t, x;) can be obtained as

P(t,x;) ={u(s, x}) and B(s, x) for s € [t, 00) and g(f)(r,xr)}
in which
(i) u(s,x)) for s € [, 00) is the set of group optimal strategies
* ;k * k 'x;’k
Vi) = derane ™ Vi) = ag 1 anp

and
(i) B(s,x})={Bi(s,x]), Ba(s,x]), ..., By(s, x))} for s € [r, 00) with

Bi(s,x}) = rg®) (s, x¥)

* *

Ceoife o[ o2 e %
£y (s’xf)[“(xs) 5T 4o+ A2 4[cz+A/212]

_; ?(x: )é(r)l( x)), forie{l,2},

N

where

[Ai )2 + CIAGH T 2+ [AGDH 2 + ClA () ~!/?

E(i)l S,X* —
i) 25 5IA DY + G

CLAGH2 4+ GIAGH +C) ( 22: 1/2>
i [A; ()2 4+ )2 P
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and
CiA(xH) T2 4 CA;(x) 7312

437 A2+ ¢

[A; ()Y + CAAG) T2+ [AGHY? + ClA; (x) 712
- QY2 A2+ )12

2
« Z 1/2
j=1
LA+ ClAED! 2 + € (1 i PR
i [A )2+ )2 \4 il
2
(1 ZAJ 1/2)
j=1
|:A iA+ S[AC + AC(xH) 12
X
I [A; G2+ Cj))2

£ (0x) =

j=1

A GHY2 £ CAGHY2 + C 2 B
_ i) A TRl e
(oA, a0 2+ ¢
With extractors using the cooperative strategies in (8.79), the instantaneous re-
ceipt of agent i at time instant v € [T, 00) is
)'? ci(x})!/?
2[ci +A/2]1 4 +A/21

Gi(v,x)) = fori €{1,2}, (8.82)

if x5 € X7 occurs.
Under the cooperative agreement, the instantaneous payment that agent i € {1, 2}

should receive under the agreed-upon optimality principle is B; (v, x};) in (8.81).
Hence an instantaneous transfer payment

X (v.xg) = Bi(v.x3) — ¢i(v. 7). (8.83)

has to be given to agent i at time v, for i € {1,2} and x}} € X7.

8.7 Exercises

8.1 Consider the case of two nations harvesting fish in common waters. The growth
rate of the fish biomass is subject to stochastic shocks and follows the differential
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equation
dx(s) = [8x()/? — x(s) — u1(s) — uz(s)] ds +0.05x(s) dz(s), x(0) = 100,

where z(s) is a Wiener process, x(s) is the fish stock, and u; (s) is the amount of
fish harvested by nation i, for i € {1, 2}. The horizon of the game is [0, 3].

The harvesting cost for nation i € {1, 2} depends on the quantity of the resource
extracted u; (s) and the resource stock size x(s). In particular, nation 1’s extraction
cost is 1.5u1 (s)x(s)~ /% and nation 2’s is u»(s)x(s)~'/2. The fish harvested by na-
tion i at time s will generate a net benefit of the amount [u; (s)]'/2. At terminal time
4, nations 1 and 2 will receive termination bonuses 8x(3)!/% and 6x(3)1/ 2 while the
interest rate is 0.05.

At time O the expected payoffs of nations 1 and 2 are, respectively,

3 1
E{/O |:[u1(s)]1/2 _ ﬁui(s)} exp(—0.05s) ds +exp[—r(3)]8x(3)7}, and

3
3
E{/O |:[u2(s)]1/2 _ x(s)l/zui(s):| exp(—0.055) ds + exp[—r(3)]6x(3) }
Obtain a Nash equilibrium solution for this stochastic transnational market activity.

8.2 If these nations agree to cooperate and maximize their expected joint pay-
off, compute the optimal cooperative strategies and optimal stock path of the fish
biomass.

8.3 Furthermore, if these nations agree to share the excess of their expected gain
equally, obtain a subgame consistent solution.

8.4 Consider the case when the game horizon in exercise 1 is extended to infinity.

(i) Obtain a Nash equilibrium solution for this stochastic dynamic transnational
market activity.

(ii) If these nations agree to cooperate and maximize their expected joint payoff
and share the excess of their expected gain equally, obtain a subgame consistent
solution.






Chapter 9
Cost-Saving Joint Venture Under Uncertainty

In this chapter, we consider a cost-saving joint venture in the presence of stochastic
elements. Section 9.1 formulates a dynamic cost-saving corporate joint venture in a
stochastic environment and characterizes its subgame consistent solutions. An ex-
plicitly solvable illustration is given in Sect. 9.2. A characterization of the Shapley
Value solution to a stochastic cost-saving joint venture is presented in Sect. 9.3 and a
payoff distribution procedure leading to a subgame consistent solution is computed.
Extensions to infinite-horizon ventures are formulated with explicit illustrations in
the subsequent two sections.

9.1 Dynamic Corporate Joint Venture Under Uncertainty

To incorporate uncertainty in the corporate joint venture models in Chap. 5 we for-
mulate the technology state dynamics of the i th firm as a set of stochastic differential
equations

dxi(s) = f* [s, xi(s), ui(s)]ds +o;s, xi(s)] dzi(s), x'(to) = x(i),

fori e N, 9.1)

where x/(s) € X! C R™ denotes the technology state of firm i, u; € U; C comp R*
is the control vector of firm i,0o;[s,x'(s)] is a m; x ©;, and z;i(s) is a ©;-
dimensional Wiener process and the initial state xé is given. Let £2;[s, xi(s)] =
oil[s, x'(s)]o;[s, x' (s)]T denote the covariance matrix with its element in row &
and column ¢ denoted by .Qih{ [s,x/(s)]. For i # j,x' Nx/ = @, and z;(s) and
Zj(s) are independent Wiener processes. We also used xM(s) to denote the vector
[x!(s), x2(5), ..., x"(s)] and x} the vector [x},x3, ..., x]].

D.W.K. Yeung, L.A. Petrosyan, Subgame Consistent Economic Optimization, 239
Static & Dynamic Game Theory: Foundations & Applications,
DOI 10.1007/978-0-8176-8262-0_9, © Springer Science+Business Media, LLC 2012
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The expected profit of firm i is

T . . . N
e[ 501 Solen] [ oo
Io 7

0
T
+exp[—/ r(y)dy:|qi(xi(T))}, fori €[1,2,...,n]1=N, (9.2)
fo

where exp[— ft; r(y)dy] is the discount factor and ¢’ (x; (T')) the terminal payoff. In
particular, gi [s, x;,u;] and qi (x;) are positively related to x;, reflecting the earning
potent of the technology.

Since the expected payoffs and state dynamics in a noncooperative equilibrium
are independent across firms, the market outcome is represented by an n stochastic
neoclassical theory of the firm problems. Let V) (¢, x) and o;(t, x') denote the
expected payoff and investment strategies of firm i, for i € N, by which a firm’s
equilibrium is characterized (see Theorem A.5 in the Technical Appendixes). In
particular, a set of investment strategies ¢;"(z, x") for firm i constitutes an optimal
solution to the stochastic investment problem in (9.1) and (9.2) if there exists a
continuously twice differentiable function V0 (¢, x’) defined by [f9, T] x R —
R and satisfying the following Bellman equation:

(to)l i hé“ (to)i i
-V Z 2; sz(mxz(:) (r,x")
h; 1

= max{[g(t,xi) — cl{’}(ui)] exp[—f r(y) dyi| + VX([O)’ t,x)f* [t,x’,ui]},
0]

uj

T
Vi (T, x") = ¢ (x") exp|:— / r(y) dy]
fo

Let V®i(z, x') denote the payoff function of firm i in a game with the dynamics
in (9.1) and payoff in (9.2), which starts at time t for t € [fy, T). Note that the
equilibrium feedback strategies are Markovian in the sense that they depend on the
current time and current state. Invoking Remark 2.2 of Chap. 2, one can obtain

T
exp|:/ r(y) dyi|V(t°)i (t,xi) =y (t,xi),
fo

fort e[ty, T]andi € N.
For the sake of clarity in exposition, we consider the case where m; = 1, for
i€N.

9.1.1 Joint Venture and Expected Profit Maximization

Consider a joint venture consisting of all these n companies. The participating firms
can gain core skills and technology that would be impossible for them to obtain on



9.1 Dynamic Corporate Joint Venture Under Uncertainty 241

their own individually. Cost-saving opportunities are created under joint venture,
for instance, savings in joint R&D, administration, marketing, customer services,
purchasing, financing, and economy of scales and scope. The cost of control of
firm j under the joint venture becomes c;v [uj(s)]. With absolute joint venture cost
advantage we have

() fc;j}(uj), for j € N. 9.3)
Moreover, marginal cost advantages lead to
ac (uj)/duj <oct ) /du;. for jeN.

At time 1y, the joint venture would maximize the expected joint venture profit

T n . . N
Ey, {/ Z(gl [s.x7(s)] — cj»v [u(9)]) exp[—/ r(y) dy:| ds
fo _ to
" T . .

+ZCXP[—/ r(y)dy]qj (X](T))}, 9.4)
fo

jel

subject to (9.3).

Invoking Fleming’s techniques of stochastic optimal control in Theorem A.5 of
the Technical Appendixes, the solution to the problem in (9.3) and (9.4) can be
characterized as follows.

Corollary 9.1 A set of controls {wi*(t, x),fori € N andt € [ty, T1}, provides an
optimal solution to the control problem in (9.3) and (9.4) if there exists a contin-
uously twice differentiable function W (¢, x) : [to, T]1 x R" — R satisfying the
following Bellman equation:

n

1
_ w) 2 he (10)
W, (¢, x) > E 2 (t,x)Wx (t, x)

hx¢
ho=1
n . ' t
= max {Z[g’(t,xj)—C;V(uj)]exp[—/ r(y)dy}
Uup,u,..., Up = )

. 9.5)
+) W) (1, uj)},

j=1
T n
W(’O)(T,X)ZCXP[_/ r(y)dy]qu(xf),
1o j:l

where x = {xl,xz, XL

Hence the firms will adopt the cooperative control {y*(¢, x),fori € N and ¢ €
[0, T]}, to obtain the maximized level of expected joint profit. Substituting this
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set of controls into (9.3) yields the dynamics of technology advancement under
cooperation as

dx'(s) = f'[s, x' (), ¥} (s, x(5)) ] ds + &[5, x ()] dz; (5),
x'(to) =x}, forieN. (9.6)

Let x*(r) = {x"(r), x2*(r), ..., x"™(¢)} denote the solution to (9.6). The optimal
cooperative trajectory can be expressed as

t t
xi*(t)zx(i)—i—/ fi[s,xi*(s),wi*(s,x*(s))] ds—}—/ ai[s,xi*(s)] dz; (s),

) fo

fori e N. 9.7

We use X to denote the set of realizable values of x*(¢) at time ¢ generated
by (9.6). The term x;" € X} is used to denote an element in X;.

The cooperative investment strategies for the joint venture with the dynamics of
(9.3) and the expected joint venture profit in (9.4) over the time interval [#y, T] can
be expressed more precisely as

{v(t,x* (1)), fori € N andt € [to, T1}. (9.8)

Note that for group optimality to be achievable, the cooperative investment strate-

gies {y* (¢, x*(¢)),fori € N and ¢ € [t9, T]}, must be exercised throughout time in-
terval [¢g, T'].

Along the cooperative investment path {x*(t)}thto, the present value of the total

expected joint venture profit over the interval [¢, T'], for ¢ € [#g, T'), can be expressed
as

T n
W (£, x¥) Eto{f [s, x7* ()] = ) [¥5 (s, x*(9))])

X exp|:— /S r(y) dy] ds
fo

-l-exp[—/ r(y)dy:|Zq J*(T) |x N =xeX . 9.9
fo

Let W) (¢, x¥) denote the total venture profit from the control problem with the
dynamics in (9.3) and payoff in (9.4), which begins at time t € [ty, 7] with initial
state x7. Invoking Remark 8.1 of Chap. 8, one can readily obtain

T
exp| [ rnay [ 0.7) = w0 x),
fo

fortety, T]and t € [z, T).
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9.1.2 Subgame Consistent Joint Venture

Since the sizes and earning potentials of the firms in a corporate joint venture may

vary significantly, we consider the case when the venture agrees to share the excess

of the expected total cooperative payoff over the sum of expected individual nonco-

operative payoffs proportionally to the firms’ expected noncooperative payoffs.
The imputation scheme has to fulfill the following condition.

Condition 9.1 An imputation

VO (19, x)

: — W) (1, x0),
Y V19, x3)

£ (19, x0) =

is assigned to firm i, for i € N at the outset; and an imputation

VOi(z, xi*)

f;‘(t)i T, x5 = , .
(s %) Y V@i (T, ")

W (z,x¥) (9.10)

is assigned to firm i, for i € N at time t € (fy, T].

The imputation in (9.10) satisfies

(i) £@i(r,x}) > VDi(z, xi*) fori € N and 7 € [t9, T]; and
(i) Y5 €Dz, x5) = WOz, x}), for T € [19, T].

Hence the imputation vector £ (P (z, x) in (9.10) satisfies individual rationality and
group optimality throughout the game horizon [#g, T'].
The optimality principle guiding the joint venture can then be stated as follows:

Optimality Principle PI

(i) the maximization of the venture’s expected payoffs and
(i1) the sharing of the expected venture cooperative profit proportionally to individ-
ual firms’ expected noncooperative payoffs.

All the participating firms in the joint venture will have no incentive to exit the
venture if the agreed-upon optimality principle is maintained at every instant ¢ €
[to, T] along the cooperative state trajectory. Hence a subgame consistent solution
has to be sought.

As in Chap. 4, we let the solution under this optimality principle be expressed as

P(xo, T —to) = {u(s, x}) and B (s, x}) for s € [to, T1; £ (9. x0) }.

Invoking Theorem 8.2 of Chap. 8, a subgame consistent solution for the joint venture
under the above optimality principle can be obtained as follows.
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Corollary 9.2 For the joint venture characterized by (9.3) and (9.4) under op-
timality Principle Pl, the solution P(xo, T — to) = {u(s,x}) and B(s, x}) for s
[to, T and €% (ty, x0)} in which

(i) u(s,x)) for s € [ty, T1 is the set of group optimal strategies * (s, x¥) for the
game I'c(xo, T — tg), and
(ii) B(s,x) ={Bi(s,x}), Ba(s,xJ), ..., By(s,x])} for s € [to, T] where

Bi(s,x})=—| (S)l(t X =] — Z 21 (s, x} é(s)l (£, 7 )i=s]
h§' 1

n

= D () o= £ [ i (5. 27)]

h=1
a[ Vi, x*)
orLyn VIt x/*)

82
Z .th s x

*
2, =1 8xt *x;

W(S) (L x[*)|t=s:|

[ V(s)t (t,xt’*) |
i 0T LY VO, X))

W(S) (t, xt*) |’=Si|

Yo VI, X"

W(S) ([, xt*) |’=51|

x fs, xI wi(s,x7)], forie Nandx}eX:, — (9.11)

y )i (s,xél*)

(s)i wy VWX )
and §™' (s, x{) = S VOl

W) (s, x}) is subgame consistent.

With firms using the cooperative investment strategies {v(z,x;),fort €
[0, T] and i € N}, the instantaneous receipt of firm i at time instant 7 is

i (t,x;‘) =g (r,xi*) — C{V[llfi*(f,x;k)],
fort e[tg, T]andi € N. (9.12)

According to Corollary 9.2, the instantaneous payment that firm i should receive
under the agreed-upon optimality principle is B;(z, x}) as stated in (9.11). Hence
an instantaneous transfer payment

xi(t,xf) =B,~(t,x;k) —{i(r,x;‘) (9.13)

has to be given or charged to firm i at time t, fori € N and t € [fy, T].
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9.2 A Cost-Saving Joint Venture with Stochasticity

Consider the case when there are three companies involved in a joint venture. The
planning period is [#y, T]. Company i’s expected profit is

T . .
Ey, {/ [P,' [xt(s)]l/z _ Cf’}ui(s)] exp[—r(s — t())] ds
fo
+exp[—r(T — 1) ]gi [xi(T)]”z}, fori e {1,2,3}, (9.14)

where P;, cl{l}, and g; are positive constants, r is the discount rate, x; (s) C Rt is the
level of technology of company i at time s, and u;(s) C R is its physical invest-
ment in technological advancement. The term P; [x(s)]"/2 reflects the net operating
revenue of company i at technology level x;(s), and cl{’}ui is the cost of invest-
ment if firm i operates on its own. The term ¢; [x{(T)]/? gives the salvage value of
company i’s technology at time 7.

The dynamics of the technology level of company i follows the stochastic differ-
ential equation

dxi(s) = [a,- [I,t,-(s))ci(s)]l/2 — Sxi(s)] ds + oixi(s) dz;(s), xi(to) = x(i) eXx,
fori e{l1,2,3}, (9.15)
where o;[u;(s)x!(s)]'/? is the addition to the technology brought about by u; (s)
amount of physical investment, § is the rate of obsolescence, and z;(s), z2(s), and
z3(s) are independent Wiener processes.
In the case when each of these three firms acts independently, using Theorem A.5

in the Technical Appendixes, we obtain the corresponding partial differential equa-
tions as

o Q2 S
_Vt(tO)l (t,x’) _ (o,; ) y ()i (t,x')

xixi

= max{[P; ()c’.)l/2 — c{i}ui] exp[—r(t — to)]

P i
+ V" (1) e (') = 8],
VO (T, x') = exp[—r(T —10)]qi (x))/?,  fori e{1,2,3}.
Performing the indicated maximization yields

ui = 4(;;})2 [V (¢, x ) exp[r(c — 10)]Px,  fori € {1,2,3).
1




246 9 Cost-Saving Joint Venture Under Uncertainty

Substituting u; into the above partial differential equations yields
i\2
@i, iy @ixX)Tagig,
=V xt) - =5V (61
o?

=P (xi)1/2 exp[—r(t — to)] — 1 ) [Vx(it())i(t,xi)]z exp[r(t _ to)]xi
c

i

2
o

+ —
261{1}

(VO (1. x)) P exp[r(c — 0)]x’ — sV (1, x7)x;, fori e[1,2,3].

X

Solving the above system of partial differential equations yields

VOl x) = [T (1) (x) 2+ (0)] exp[—r(z —10)],  fori e{1,2,3),
(9.16)

where

: (i) AW - {i} {i} O i
A = r+§+§ A1) — P, C'(t)=rC; (r)—ﬁ[Ai o],
6¢; 9.17)

ATy =g, and c(T)=0.

The first equation in the block-recursive system in (9.17) is a first-order linear
differential equation in Alm (t) that can be solved independently by standard tech-
niques. Substituting the solution of Al{i}(t) into the second equation of (9.17) yields
a first-order linear differential equation in Cl.{i}(t). The solution of Cl.{i}(t) can be

readily obtained by standard techniques.
Moreover, one can easily derive for t € [#, T']

VOl (2 = [AP 0 (x) ' + )] exp[ -t — 0],

fori € {1,2,3}and t € [ty, T].

9.2.1 Expected Venture Profit and Cost Savings

Consider the case when all three firms agree to form a joint venture and share their
expected joint profit proportionally to their expected noncooperative profits. Cost-
saving opportunities are created under joint venture from joint R&D, administration,
purchasing, financing, and economy of scales and scope. The cost of control of firm

23, j(s)], with joint venture cost advantage

J under the joint venture becomes ¢ ;

< for jen. (9.18)
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The expected profit of the joint venture is the sum of the participating firms’
expected profits

T 3 _
o {/ YLPiT @] = e u ) Jexp[ris — )] ds
o j:1
3

+ 3 exp[—r (T — 10)]q;[x/(D)]'* . 9.19)

j=1

The firms in the joint venture then act cooperatively to maximize (9.19) subject
to (9.18). In particular, (9.18)—(9.19) becomes an optimization problem under a joint
venture involving all three firms with technology spillover. Using Theorem A.5 in
the Technical Appendixes, we obtain the equation

3 h §
(1,231, 1 2 3 (onx")(0gX") - (10)(1,2,3) 2 3
_WtO (t,x,x,x)— E fwx,?ﬂ (tx X x)
hc=1

3
= max Z[P,- (xi)l/2 - cl.{l’2’3}u,-] exp[—r(t — t0)]

3 _ _ (9.20)
i Z W;fO){1’2’3}(t,x1,xz,XS)[Oti (uixl)l/z _ Sx’] .
i=1

3
W<t0){1’2’3}(T,x1,x2,x3) _ Zexp[—r(T _ fo)]CIj(Xj)l/z,
j=1

fori, j,he{l,2,3} andi # j #h.
Performing the indicated maximization yields

2
u; = 4((:{;%—12’3})2[‘)[/;‘{0){1’2,3} (t,xl,xz, x3) exp[r( — tO)]]le
l

fori e {1,2,3). 9.21)

Substituting (9.21) into (9.20) yields

)2
C @023 102 ) Z(Gﬂzc ) W;ﬁ";i””(t x! 22, )
j=1
: i1/ arxt o 1.2.3) 2 a2
:Z Pi(x")"“exp[—r(t —10)] — R (W (t,x", %%, x7)]
i=1 ¢

1
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3
X exp[r(t — to)]] + Z W;;O){l’zﬁ}(t, X1, X2, X3)
i=1

2
o , , ,
x |:2—C’2[W)§f°)’ (t, x1, x2, x3) exp[r(r — t0)]]x" — (Sx’:|, and (9.22)

i

W(’O){1’2‘3}(Tx x? x Zexp —r(T — to)]q]( )1/2,
j=1
fori, j,he{l,2,3}andi # j #h.

Solving (9.23) yields
W(to){l,z,S}(L x! %2, x3)
— [A{11,2,3}(t)(x1)1/2 + A{21’2’3}(t)(x2)1/2 + A;l’2’3}(l)(x3)]/2 + C{1’2’3}(t)]
X exp[—r(t - to)], (9.23)

where A{"2 (1), AV 2 (1), AL (1), and x5, €123 (1) satisfy

{1,2,3} ) {1,2,3} bl {1,2,3} bl {1,2,3}
AT (l)=(+2+8>A (t) — ’2 Aj” (t)—’TAh” (t) — P,
fori, j,he{l,2,3}andi # j #h,

5 ) (9.24)

. o
C{1’2’3}(t) — rC{1’2’3}(l‘) _ Z ” {lz T [A{l ,2, 3}(t):|
i=1 19¢;

ALy = g, forie{l,2,3}, and C!'23(T) =0

The first three equations in the block recursive system in (9.24) is a system of
three linear differential equations that can be solved explicitly by standard tech-

niques. Upon solving A§1’2’3}(t) for i € {1, 2,3}, and substituting them into the
fourth equation of (9.24), one has a linear differential equation in C {1.2.3} 4y,
The investment strategies of the grand coalition joint venture can be derived as

2
y{1 23 ) = %[A}‘*“}(r)]z, forie{1,2,3).  (9.25)
16(c!123)2

The dynamics of technological progress of the joint venture over the time interval
s € [ty, T] can be expressed as

2
dx' (s) = (4 ff23}A{1“ (0[5 (s )]”2—6x"(s>> ds + opx' (5) dzi (5),

x'(to) = x}), forie{l,2,3}. (9.26)
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Taking the transforming y'(s) = xi(s)V/2, for i € {1,2,3}, the equation system in
(9.26) can be expressed as

2
dy'(s>=(%A§"2’3}<r> 2yis) — lA“”(s)y (s))ds+2o,y<s)dzz<s>

Vi) = (x5)"?, forie{l,2,3), (9.27)

Equation (9.27) is a system of linear stochastic differential equations that can be
solved by standard techniques. Solving (9.27) yields the joint venture’s state tra-
Jectory Let {y"™ (1), y**(1), y>*(¢)} denote the solution to (9.27). Transforming
x' = (y")?, we obtain the state trajectories of the joint venture over the time interval
s €[ty, T] as

¥ (s) = {0, x>0 20O}, = D OP P oP. o),
(9.28)

We use X} to denote the set of realizable values of x*(¢) at time ¢ and the term
x; € X7 is used to denote an element in X7

Remark 9.1 One can readily verify that
W(’O){l’“}(t, Xl 2 x3*) _ W(t){l,2,3}(t’ xl* 2 x3*) exp[—r(t _ to)],

fori e {1,2,3}.

9.2.2 Subgame Consistent Venture Profit Sharing

Since the firms agree to share their expected joint profit proportionally to their ex-
pected noncooperative profits, the imputation scheme has to fulfill the following
condition.

Condition 9.2 In the game I.(xg, T — fy), an imputation

V@ (19, xp)

£ (19, x0) = : .
Y Vo, xp)

w2, 3}(t xo, xé, xg)

is assigned to firm i, for i € {1,2, 3}, and in the subgame I.(x},T — ), for 7t €
(to, T'], an imputation

VOi(z,xi*)
S V@i X

£Di(z,x}) = wOU23 (@ o2 7)) 929

‘L'

is assigned to firm i, for i € {1, 2, 3}.
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To formulate a payoff distribution procedure over time so that the agreed impu-
tations in Condition 9.2 are satisfied we invoke Corollary 9.2 to obtain

B('L’ xl* 2% 3*)

"L”‘["[

Vi, xi*) 1,2,3 )
8t[ 3 () t J* w2 }( ’ l*’xt*’xt )|f =t

V@i (g, xi*
" |: ( . ) _ W(’){l’“}(r,xi*,x%*,x?*)]
Y Vi, xd")

3 . .
30 V@i (g, yix

B h*[ : ( e ) ‘ W(T)“’z’?’}(r,x%*,x%*,x?*)}
i 0Ly

V@i(z, x{")

172
X[ 123}A“23}( () 8xﬁ’*(s)},
4Ch
fori € {1,2,3},x} € X}, v €lto, T]. (9.30)

Finally, with firms using the cooperative investment strategies the instantaneous
receipt of firm i at time instant t is

2
i\ 1/2 o; 1,2,3
i (‘r,x:) =P (x;*) ! {1 2.3) [A{ }(T)]
16( )
fori €{1,2,3},x} € X}, and 7 € 19, T]. (9.31)

Under cooperation, the instantaneous payment that firm i should receive under
the agreed-upon optimality principle is B;(t, x}) as stated in (9.30). Hence an in-
stantaneous transfer payment

X' (r.x7) = Bi(r.x7) — & (1. x7). 9.32)

has to be given or charged to firm i at time 7, for i € {1,2,3},x} € X¥, and 7 €
[t0,T].

9.3 A Shapley Value Solution to a Joint Venture Under
Uncertainty

Consider again the stochastic dynamic venture model in (9.1) and (9.2). If firms
are allowed to form different coalitions consisting of a subset of companies K C N.
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There are k firms in the subset K . The participating firms in a coalition can gain core
skills and technology from each other. In particular, they can obtain cost reduction
and with joint venture cost advantage as

cK [uj (s)] <c; [ ](s)] for je LCK, (9.33)

where c; Klu j(s)] represents the costs of the controls of the firm j in the subset K

and c]L [u j(s)] represents the costs of the controls of the firm j in the subset L.
Moreover, marginal cost advantages lead to

Ock [uj(s)]/0uj(s) < dck[uj(s)]/ou;(s), forjeL K.

At time 7y, the expected profit to the joint venture K becomes

{/ s, x/ (s)] — CK [u] (s)]) exp[—/ r(y) dy:| ds
1o 0]

+Zexp[ / r(y)dy] (/(T))} for K C N. (9.34)

jekK

]€K

9.3.1 Expected Joint Venture Profits and Optimal Trajectory

To compute the expected profit of the joint venture K we have to consider the
stochastic control problem @ [K; f9, x(f ], which maximizes the expected joint ven-
ture profit in (9.34) subject to the technology accumulation dynamics in (9.33).

Invoking Theorem A.5 in the Technical Appendixes, the solution to the control
problem @ [K; 1o, xé( | can be characterized as follows.

Corollary 9.3 A set of controls {1//‘K*(t xK) fori e K andt € [to, T1}, provides
an optimal solution to the stochastic control problem w[K; ty, xo ] if there exists a

continuously twice differentiable function WK (¢, x) : [ty, T1x R — R satisfying
the following partial differential equation:

W(IO)K Z Q/’l{ f )C W(IO)K(I X )
h;eK
:%}ix{z;([gf(t,xl) —c]’.((uj)]exp[—/t.0 r(y)dyi|
Jje

(9.35)

3 WK (1K) 7 50T

jeK

T
WK (7 (K — [_/ d} i ().
(T, x%) =exp | ro)dy > gl (x)

jek
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Following Corollary 9.3, one can characterize the maximized expected payoff
WOK ¢, xK) to the optimal control problem @ [K; 7, xTK ] which maximizes

e S

s x/ (S) —cj [u] (s)]) exp[— /Sr(y) dy:| ds

jeK
+Zexp[ f r(y)dy} I (x f(T))}
jeK
subjectto i/ (s) = f/ [s X7 (s), uj(s)], x/(t)y=x!, forjek.

The superadditivity of the expected coalition payoff can be demonstrated.

Proposition 9.1 The expected coalition profits W™K (¢, xX) is superadditivity,
that is,

WOK (1, xK) = WOL (g L)+ WOK\L (r xK\L) - for [ c K C N,
where K\ L is the relative complement of L in K.
Proof Follow the Proof of Proposition 5.2 in the Appendix of Chap. 5. (]

Now consider the case of a grand coalition N in which all the n firms are in
the coalition. Following Corollary 9.3, the solution to the stochastic control prob-
lem @w[N; 1o, xév ] can be characterized as in Corollary 9.1. The cooperative state
dynamics is (9.6) and the optimal stochastic trajectory is (9.7). The optimal coop-
erative strategies are in (9.8). Along the cooperative investment path {x*(t)}tT:to the
expected total venture profit over the interval [¢, T], for t € [ty, T'), can be expressed
as (9.9).

9.3.2 The PDP for Shapley Value

Consider the case where the participating firms agree to share their expected coop-
erative profits according to the Shapley Value (1953). The imputation has to satisfy
the following condition.

Condition 9.3 In the game I.(x9, T — fp), an imputation

. — | — ! R .
£ (10, xf) = Y0 W 1, ) — WKV (1, )]
n.
KCN
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is assigned to firm 7, for i € N, and in the subgame I.(x}, T — 7), for 7 € (to, T],
an imputation

g0 (r,x?’*) _ Z (k —Dl(n —k)! [W(T)K(r,xf*) _ oK\ (t,xf\i*)],

n!
KCN

(9.36)

is assigned to firm i, fori € N.

To formulate a payoff distribution procedure over time so that the agreed imputa-
tions satisfy the Shapley Value in Condition 9.3 we invoke Theorem 8.1 in Chap. 8
and obtain the following.

Corollary 9.4 A PDP with a terminal payment q' (x7)) at time T and an instanta-
neous payment at time T € [to, T] when x*(t) = x} € X}

. k—1Dl(n —k)! -
Bi(tr,x})=— Z w{[wf )K(t’xt )|t r]

n!
KCN

AR T

3 [ k)| e i )]

hek
- X [ e vi )
hekK\i
L1 _Qh; - WOK (7 Kx
h{ze:K T Bxh*axf*[ (5]
_ l Z Qh; (T,x*)L[W(T)K\i (‘L’,xK\i*)]},
2 piekni " oxox ‘
forieN, ©-37

would lead to the realization of the Shapley Value imputations & ™ (z, xiv*) in Con-
dition 9.3.

Invoking Theorem 8.2 in Chap. 8, a subgame consistent Shapley Value solution
for the joint venture can be obtained as

P(xo, T —1ty) = {u(sx;‘) and B(s,x;k) for s € [tg, T] and E("))(to,xo)},

where u(s, x}) = ¥ V*(s, x*(s)) is the set of group optimal strategies in the grand
coalition, B(s, x]) is the PDP given in (9.37), and & ) (19, xo) is the Shapley Value
imputation in Condition 9.3.
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Finally, with firms using the cooperative investment strategies {y*(t, x}), for €
[t0, T]and i € N}, the instantaneous receipt of firm i at time instant T when
(1) =x}eX}is

gi(v xf) =g' (. x%) — N[y (v.x})]. forteltn,TlandieN.  (9.38)

According to Corollary 9.4, the instantaneous payment that firm i should receive
under the agreed-upon optimality principle is B;(z, x}) as stated in (9.37). Hence
an instantaneous transfer payment

x' (v, xF) = Bi(t, x}) — &i(z, xF) (9.39)

would be given or charged to firm 7 at time 7, fori € N, x} € X}, and v € [, T].

9.4 A Stochastic Joint Venture with Shapley Value Profit Sharing

Consider a similar venture as that in Sect. 9.2. When the firms act independently,
their expected profits and state dynamics are, respectively, (9.14) and (9.15). The
expected profits of firm i € {1, 2, 3} are given in (9.16). However, the participating
firms would like to share their expected cooperative profits according to the Shapley
Value.

9.4.1 Expected Coalition Payoffs

Cost-saving opportunities are created under joint venture. In particular, the cost sav-
ings in joint venture is depicted as follows:

cl{i} SCl{i,j}’ fori, je{1,2,3}and i # j,

o (9.40)
eI < BB fori, jke(1,2,3  and i # j #k.
The firms in the joint venture maximize the sum of their expected profits
= 1/2
j 1,2,3
Ey { / > [P 9] = el )] exp[—r(s — 10)] ds
o _
2 1/2
+ Y exp[—r(T — 10)]q;[x ()] 1. (9.41)

Jj=1

subject to (9.15).
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Following the analysis in Sect. 9.2, one can obtain the maximized expected ven-
ture profit w (){1.2.3} (#, x1, x2, x3) as in (9.23), and the investment strategies

{1,2,3}

2
p 2330 = 2L (A2 OP foriefl,2.3) (9.42)

16(c;)?

The cooperative state dynamics of the joint venture over the time interval s € [#y, T']
is in (9.26).

For the computation of the dynamic the Shapley Value, we consider cases when
two of the firms form a coalition {i, j} C {1, 2, 3} to maximize the expected joint
profit

Eq { [ IRE 0" = d i)+ [ 6] = s 0]
fo

; 1/2 ; 1/2

x exp[—r(s — 1) ] ds + exp[—r (T — 1) |{qi[x"(T)] 24 q[x/ ()] / }},

(9.43)
subject to
dx’(s) = [(x,- [u,-(s)x"(s)]l/2 — 8x; (s)] ds + oix' (s) dzi (s),
x'(to) =x) e X', fori,j,€{1,2,3}andi # j. (9.44)
Following the analysis in Sect. 9.2, we obtain the following value functions:
W(to){i,j}(t’xi’xj) _ [Al{.i’j}(t)(xi)l/z i AEi,j}(t)(xj)l/Z + C{i,j}(t)]

X exp[—r(t — to)], (9.45)

fori, j,€{1,2,3} and i # j, where A"/} (1), Ay’j}(t), and C-) (1) satisfy

L s o? i i i,
AP (0 = (r +3+ ?)AE””U) — P, and AT =g

fori, j,e{1,2,3} andi # j;
~inj) (i) o lij} 12
iy =rcta— 3 —i= (A O]
heli,jy *OCh
cliT) =0.
Moreover, one can easily derive, for T € [#g, T],

W(t"){i’j}(t, xt, xj) = exp[—r(t — to)]W(’){i’j}(t, x', xj),
fori, j,e{1,2,3}andi # j.
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9.4.2 Subgame Consistent Shapley Value Solution

To formulate a payoff distribution procedure over time so that the agreed imputa-
tions satisfy the Shapley Value we invoke Corollary 9.4 and obtain the following.

A PDP with a terminal payment ¢’ (x7) at time T and an instantaneous payment
attime t € [to, T']

B,‘ (‘L’, x;‘)
(k—1)!3 —k)! . .
D I e L O T B (A e T
Kc{1,2,3} ’
a2 .
+ Z |:3 WOk )} [—{1,]12,3} A;{;’Z’S}(r)()c?‘)l/2 - (Sxf*}
hek 4Ch
heK\i g 40;{11'2'3} i i
Dy <ahxh*><o;x¢*>a—2[w<”'(<nxK*)]
2 ek ' " oxhr gt !
I L P LA |
2 h,cek\i ' ax';*ax;'* i
fori e {1,2,3}, (9.46)

would lead to the realization of the Shapley Value imputations in Condition 9.3.
Using (9.23) and (9.45),

(W (e, ] = r[AP @ ()2 + o] + [T (0 (x4) 2 + ¢ ()],
fori e {1,2,3};

(WO (e x¥),_ ] = r[AF ) (i) 2 + Al (@) (x4)12 4 ) ()]

=t
-|—[A'fi’j}(f)(xi*)l/z+A.{/i’j}(t)(x{'*)l/z+C{i’j}(f)]’
fori, je{l,2,3}andi # j;
(w022 x| ]
:r[ 123( )( 1*)1/2 123( )( 2*)1/2+A{123( )( )1/2
+C2 o]+ [A1 @) ()

(1,23 12 (123 12 -
+ AV () (x29) 2 4 AL () (63912 4 23 (o))

)
[%W(”K(r,x{f*)} = %A,{f(r)(xﬁ*)‘”z, forh € K €{1,2,3},
T
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92 -1 -3
3()6{,‘*)2 [W<T)K(f’ TK*)] = TA}IL( (T)(x?*) , and

82

W[W(T)K (r.xX*)] =0, forh+#¢.
T T

Invoking Theorem 8.2 in Chap. 8 a subgame consistent solution for the joint
venture can be obtained as

P(xo, T —ty) = {u(s,x;") and B(s,x;‘) for s € [tg, T] and E("))(to,xo)},

where u(s, xJ) = ¥V (s, x*(s)) is the set of group optimal strategies in the grand
coalition, B(s, x}) is the PDP given in (9.46), and &) (ty, xo) is the Shapley Value
imputation in Condition 9.3.

Finally, with firms using the cooperative investment strategies the instantaneous
receipt of firm i at time instant t is

2
i\ 1/2 o 1,2,3
G (1, x7) = Py (xi%)' /7 = " o2 A {;M)[ AP @),
fori €{1,2,3},xF e X}, and v € [19, T]. (9.47)

According to (9.46), the instantaneous payment that firm i should receive under
the agreed-upon optimality principle is B;(t, x}). Hence an instantaneous transfer
payment

X' (z.xF) = Bi(t. x}) — ¢ (v, ), (9.48)

has to be given or charged to firm i at time 7, for i € {1,2,3},xf € X}, and 7 €
(10, T1.

9.5 Infinite-Horizon Analysis

Consider the case when the horizon of the analysis approaches infinity. The state
dynamics of the ith firm is characterized by the set of vector-valued differential
equations

dx'(s) = f1[x" (), ui(s)]ds + o [x'(s)] dzi(s), x'(t0)=x{, forieN,
(9.49)

where o;[x (s)] isam; X ®; and Zi (s)isa ®; dlmensmnal Wiener process and the
initial state xo is given. Let £2; [x{(s)] = oi[x (s)]o;[x'(s)]T denote the covariance

matrix with its element in row / and column ¢ denoted by £2; 4h[x )]
The objective of firm i to be maximized is

Eto{/“’( T )] = e [us (s)])exp[—r(s-to)]ds}, fori e N. (9.50)
4]
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Consider the alternative formulation of (9.49) and (9.50) as

Ui

max E,{/Oo(gl'[xi(s)] — M ui()]) exp[—r(s — t)]ds}, fori e N, (9.51)
t

subject to

dx'(s) = fi[x"(s), ui ()] ds + o [x" (5)] dzi(s), x'()=x', forieN. (9.52)

The infinite-horizon problem in (9.51) and (9.52) is independent of the choice of ¢
and dependent only upon the state at the starting time.

Invoking Theorem A.6 in the Technical Appendixes, a noncooperative equilib-
rium can be characterized by a set of strategies {¢i* (x) for i € N} constitutes a firm’s
equilibrium solution to the problem in (9.51) and (9.52), if there exist functionals
Vi(x'): R™ — R fori € N, satisfying the following set of partial differential equa-
tions:

m;

. A 1 A .
rvi(x') — 3 Z foild () Vi o ()
h=1

=max{g(xi) —c}”(u,-)—}—‘A/;(x)f[xi,ui]}. (9.53)

ui

Once again, for the sake of clarity in exposition, we consider the case where m; = 1,
fori e N.

9.5.1 Infinite-Horizon Dynamic Joint Venture

Consider the case when all these n companies form a joint venture. Cost-saving
opportunities are created under joint venture. The cost of control of firm j under the

{

joint venture becomes ¢ j1’2’3} [u; (s)]. With joint venture cost advantage

2wy <Py, forjen, (9.54)

the joint venture would maximize the expected joint venture profit

Et{/ Y (¢ [ ] =N uj)])exp[-r(s —n]ds{. (955
roj=l

subject to (9.52).
An optimal solution of the control problem in (9.52) and (9.55) can be character-
ized using Theorem A.6 in the Technical Appendixes as follows.
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Corollary 9.5 A set of control strategies {{}'(x) fori € N1} provides a solution
to the control problem in (9.52) and (9.55), if there exist continuously twice dif-
ferentiable functions W(x) : R" — R, satisfying the following partial differential
equation:

1 n
rW) = D0 2M @)W ()
h,t=1
n

=, max Z[gj (x7) - cj-v(uj)] + Z W, ) fI(x7,uj)t, (9.56)
Uz, ..., Uy j:1 j:1

2,...,x”}.

where x = {x],x

Hence the firms will adopt the cooperative control {y/*(x), for i € N}, to obtain
the maximized level of expected joint profit. Substituting this set of control into
(9.52) yields the dynamics of technology advancement under cooperation as

dx'(s) = f[x' (), ¥} (x(9)) ] ds + o [x" ()] dzi (s),
x'(to) =x{, forieN. (9.57)

Let x*(f) = {x"™*(t), x**(t), ..., x™(¢)} denote the solution to (9.57). The opti-
mal trajectory {x*(t)};’ito can be expressed as

. . t . . t .
x'*(z)=x6+/ fl[x’*(s),lpi*(x*(s))]ds—i—/ oi[s, x"*(s)]dzi (s),
to 0]

fori e N. (9.58)

We use X/ to denote the set of realizable values of x*(r) at time ¢ generated
by (9.58). The term x;* € X/ is used to denote an element in X".

Substituting the optimal extraction strategies in {1/’1‘* (x),fori € N} into (9.55)
yields the expected venture profit as

W(x[) = E {/{‘X’ i(gj [x7*(5)] - cjy[l//}k(x*(s))]) exp[—r(s —1)] ds}. (9.59)

9.5.2 Subgame Consistent Venture Profit Sharing

Consider the case when the firms in the venture share the excess of the total expected
cooperative payoff over the sum of the expected individual noncooperative payoffs
proportionally to the firms’ expected noncooperative payoffs.



260 9 Cost-Saving Joint Venture Under Uncertainty

The imputation scheme has to fulfill the following condition.

Condition 9.4 An imputation

€%

S(‘L’)i (‘[, X*) = T
! Z:’lzl v ()C:f)

W (x¥), (9.60)

is assigned to firm i, for i € N at time 7 € [fg, o0) if x*(7) = x} € X*.

To formulate a payoff distribution procedure over time so that the agreed im-
putations satisfy Condition 9.4 we invoke Theorem 8.3 in Chap. 8 and obtain the
following.

Corollary 9.6 A PDP with an instantaneous payment at time T € [t(, 00)

Vi(xi*)
Bi(z, x* :r[ﬁ x:]
)= St

n 2 i (i
S e[ S )]

=1 dxtoxg " LY Vi(ed™)

S0 [ Ve . ———
I e (L] P (R )|
= LY

7:1 Vj (xi *)
forie N and x*(t) = x} € X7, (9.61)
would lead to the realization of the solution imputations in Condition 9.4.

With (9.61) a subgame consistent solution can be obtained. Note that while the
firms use the cooperative investment strategies {1 (x}), for i € N}, the instanta-
neous receipt of firm i at time instant 7 is

Gi(wxp) =g (x") = ' [ ()]
fori € N,x*(t) =x} € X¥ and © € [19, 00).
According to Corollary 9.6, the instantaneous payment that firm i should re-

ceive under the agreed-upon optimality principle is B; (t, x}), for i € N, as stated in
(9.61). Hence an instantaneous transfer payment

X' (z.27) = Bi(, x7) = &, x7),

has to be given or charged to firm i at time 7, fori € N if x*(7) = x} € X}.
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9.5.3 Shapley Value Profit Sharing

Consider again the infinite-horizon dynamic venture model in (9.51) and (9.52). The
member firms would maximize their expected joint profit and share their expected
cooperative profits according to the Shapley Value. If firms are allowed to form
different coalitions consisting of a subset of companies K € N. There are k firms
in the subset K. In particular, they can obtain cost reduction and with absolute joint
venture cost advantage

K uj)] <cilujs)]. forjeL <K, (9.62)

where c/K [uj(s)] represents the costs of the controls of the firm j in the subset K

and cf-‘ [u j(s)] represents the costs of the controls of the firm j in the subset L.
Moreover, marginal cost advantages lead to

et [uj(9)]/0uj(s) < ack[uj(s)]/ou;(s), forjeLCK.

The expected profit to the joint venture K becomes

E, {/00 Z(gj [s,x7(s)] - cj.‘ [uj(s)])exp[—r(s —1)] ds}, for K € N. (9.63)

! jeK

To compute the profit of the joint venture K we have to consider the optimal
control problem in (9.62) and (9.63). Invoking Theorem A.6 of the Technical Ap-
pendixes, the solution to the stochastic control problem can be characterized as fol-
lows.

Corollary 9.7 A set of controls {lﬂiK*(xK),fori € K and t € [ty, 00)} provides an
optimal solution to the stochastic control problem in (9.62) and (9.63) if there ex-
ists a continuously twice differentiable function WX (xX) : R* — R satisfying the
following equation:

1

W) =5 3 @ (F)WE ()
h,;eK
:max{Z[gj(xj)—cf-((uj)]—i—zlei(xK)fj(xj,uj)}. (9.64)
e Uick jek

Now consider the case of a grand coalition N in which all the n firms are in the
coalition. Using the result in Corollary 9.5, the cooperative state trajectory can be
obtained as in (9.58).

To share the venture profit among participating firms according to the Shapley
Value, the imputation has to satisfy the following.
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Condition 9.5 An imputation

g (. xiv*) _ Z W[WK (xf*) — wk\ (xf\i*)], (9.65)

n!
KCN

is assigned to firm 7, for i € N at time 7 when the state is x'.
To formulate a payoff distribution procedure over time so that the agreed imputa-
tions satisfy the Shapley Value in Condition 9.5 we invoke Theorem 8.3 in Chap. 8

and obtain the following.

Corollary 9.8 A PDP with an instantaneous payment at time T € [tg, 00)

Bi(t,x})=— Z (k= Din = ! {rWK\i(xT’(\i*) - rWK(xTK*)

Pt n!
d
3 PL RS )
hek T
- 3 [ | v
heK\i
32 K( K
+ = ——— WK (xS
h{XE:K axh*axé‘*[ ('x‘l’ )]
1 h 9 K\i (. K\i* .
-5 > M) RV ')]}, fori e N, (9.66)
hceK\i 0x*0x;

would lead to the realization of the Shapley Value in Condition 9.5.

A subgame consistent solution (as that in Theorem 8.3 of Chap. 8) can be con-
structed with the optimal cooperative strategies and the PDP in (9.66).

9.6 An Infinite-Horizon Stochastic Joint Venture

Consider the infinite-horizon version of the three-company joint venture in Sect. 9.2.
The planning period is [#y, o0). Company i’s expected profit is

Ey, {/OO[Pi [ ()] = cfui ()] exp[—r(s — 10)] ds}, (9.67)
to

fori e {1,2,3}.
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The evolution of the technology level of company i follows the dynamics
dx’ (s) = [ [ui ()27 ()]/? = 8x7 ()] ds + 00x' (5) dzi (s),
x'(tg) =xp € X', forie{l,2,3), (9.68)

in the case when each of these three firms acts independently. Using Theorem A.6
in the Technical Appendixes, we obtain the Bellman equation as

i) = P ()

:max{[Pi ()c")l/2 — cl{i}ui] + W;,- (xi)[a,- (u’-)c,')l/2 — 8xi]}, (9.69)

Uuj

fori e {1,2,3}.
Performing the indicated maximization yields
a; [Wi, (x) 2, forie1,2,3)
U = - x X, ori €{l,2,3}.
12 4(Cl{1})2 X

Substituting u; into (9.69) yields

AV . )
Wi (ef) = D2 ()

o?

= P) = W T
i
“iz i (V]2 i i .
+ 2C{i}[wx,.(x ) xt =W (x')xi,  fori efl,2,3}.

1

Solving the above system of partial differential equations yields
Wi(x) =[AD ()2 4¢P, forie(1,2,3), (9.70)
where

s o2 ; ; o? ;
0=(r+-+-2)a?—p,  rcf = (a2,
2 8 l ' 16t
1

9.6.1 Cost-Saving Joint Venture

Consider the case when all three firms agree to form a joint venture and share their
expected joint profit proportionally to their expected noncooperative profits. The
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cost of control of firm j under the joint venture becomes cﬁl’z’S}u j(s), with joint

venture cost advantage

6;1,2,3} SC;j}’ for j € N. 9.71)

The expected profit of the joint venture is the sum of the participating firms’
profits

{ / [/ ()] = 2 )]exp[—r(s = n)]ds.  (9.72)

The firms in the joint venture then act cooperatively to maximize (9.72) subject
to (9.71). Using Theorem A.6 in the Technical Appendixes, we obtain

{1,2,3) : (thh)((,{xz) 1231 2 3
rw (x x2 x Z — x,lx{ (x , X5, X )
h,.=1

3
_ 1/2 {1 2,3}
—uﬂ%’ig{z ]

3
+ Z Wi,—l’zj}(xl, x2, x3)[(xl~ [u,‘x"]l/2 - (Sxi] . (9.73)
i=1
Performing the indicated maximization yields

o2

i 1,2,3 2 .
u; = W[WL Wl )P, foriefl,2,3). (9.74)
i

Substituting (9.74) into (9.73) yields

3
¢
opx™)(orx
W{123}x x2 x E (o )(Z )Wilxzf}(x x2 x3)

he=1

2 i
12 arx 2
:Z[ / 2 {1 73] [W{1 23}(x X x3)] j|

i=1

+X:W{1 23}(xl,x2,x3)|: 52 S[WEAH e, xp, x3) ] —5xi]- 9.75)

i=1 i

Solving (9.75) yields
W{1‘2'3}(x1,x2,x3) — [A{11,2,3}(x1)1/2 + Aél,z,?a} (xz)l/z + Agl’2’3}(x3)1/2

+ 23], (9.76)



9.6 An Infinite-Horizon Stochastic Joint Venture 265

where A{ll’2’3}, A{21’2’3}, A{31’2’3}, and C{1-2:3} satisfy

0= r+8+ o} A123} P
2 8 1>

fori, j,he{l,2,3}and i # j #h,
3

2
1,2,3) _ o {1,2,3]32
rCl23 =3 S (al2) (9.77)
iz lbc

i

The investment strategies of the grand coalition joint venture can be derived as
{1,2,3) o] {1,2,3)72
v () = —5——[A; 7], forie{1,2,3). (9.78)

The dynamics of the technological progress of the joint venture over the time inter-
val s € [ty, 00) can be expressed as

2
dxi(s) = (4 {()lliz 3 {1 2 3}[ (s )] Sxi(s)> ds + o;x' () dz; (s),

x¥(t0) = x{), (9.79)

fori e {1,2,3}.
Taking the transforming y'(s) = x(s)!/2, for i € {1,2,3}, equation system
(9.79) can be expressed as

. . 0'.2 1 ,
dy' (s) = (8 e A - yl(s) =S ’(s>) ds + 5013 (9)dzi ),

V(o) = ()7, (9.80)

fori e {1,2,3}.

Equation (9.80) is a system of linear stochastic differential equations that can
be solved by standard techniques. Solving (9.80) yields the joint venture’s state
trajectory Let {y"* (1), y2*(r), y>*(¢)} denote the solution to (9.80). Transforming

x’ = (y')?, we obtain the state trajectories of the joint venture over the time interval
s € [tpg, 00) as

o, = 0. 0.0},
= {0 0P o)), 9.81)

We use X; to denote the set of realizable values of x*(¢) at time ¢ and the term
x; € X[ is used to denote an element in X ;.
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9.6.2 Subgame Consistent Venture Profit Sharing

If the firms agree to share their expected joint profit proportionally to their expected
noncooperative profits, the imputation scheme has to fulfill the following condition.

Condition 9.6 An imputation

(D)i * &i(xi*) (1,23} (1% 2% 3%
E (f, .x.[) = WW e (x.r y Xr s Xp ), (9.82)
j=1V "X

is assigned to firm i, for i € {1, 2, 3} at time T when the state is x} € X*.

To formulate a payoff distribution procedure over time so that the agreed imputa-
tions in Condition 9.6 are satisfied we invoke Corollary 9.6 and obtain the following.

Corollary 9.9 A PDP with and an instantaneous payment at time T € [tg, 00) when
x*(r)=x} e X}

Vi(xi)

B; N=p—or——-r
z(T X ) Z?:l Vj(xi*)

X W{1,2,3}(x1* 2 x3*)

T 7T 7T

1 3

82
h ¢
S E opx"opxt ———
2 Pyt Bxi’*axg*

"}i xix
8 [ : (f, ) . W{1'2’3}(x,1*,xf*,xf*)}
Z}'zl v/ ()‘4 )
3 .
B 9 VE(xl*) W{1,2,3}( I« 2% 3%
Za hx 3 7 i (i xr’xt’xr)
i O 2 VI ()

2

oy {1,2,3} (_hx\1/2 h

x[4 T3 An (x2*) —(er*(s)il,
Cp

forief{l, 2,3}, (9.83)

will lead to the realization of the imputation in Condition 9.6.

A subgame consistent solution can be readily obtained using (9.78) and (9.83).
Using the cooperative strategies, the instantaneous receipt of firm i at time instant t
given x*(t) = x} € X7 is

2
i\ 1/2 o; {1,2,3}72
it x}) = Pi(xt) 7 - W[Ai I (9.84)

o0

fori € {1,2, 3} along the cooperative path {x*(r)}72, .
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According to (9.83), the instantaneous payment that firm i should receive under
the agreed-upon optimality principle is B;(z, x}), fori € {1, 2, 3}. Hence an instan-
taneous transfer payment

X' (r.x7) = Bi(z.x}) — &i(r. x7), 9.85)

has to be given or charged to firm i at time 7 given x*(7) = x} € X¥,fori € {1,2, 3}
along the cooperative path {x*(1)}72, .

9.6.3 Shapley Value Solution

Consider the case when the participating firms agree to share their expected coop-
erative profits according to the Shapley Value. For the computation of the dynamic
of the Shapley Value, we consider cases when two of the firms form a coalition
{i, j} C {1, 2, 3}. The cost savings in the joint venture are depicted as follows:

<t ford, je{1,2,3 and i # J,

. - (9.86)
eI < IB fori, jke(1,2,3  and i # j #k.
Coalition {i, j} would maximize the expected joint profit
o P12 o712
E; [Pi [x (s)] —ciui(s) + P; [x- (s)] - cjuj(s)]
t
x exp[—r(s —1)] ds}, (9.87)
subject to (9.68).
Following the above analysis, we obtain the following value functions:
W{l,j}(xl,x]) - [Al{l’]}(xl) / _i_A;l»J}(x]) / _i_C{l,]}]’ (9.88)
fori, j.€{1,2.3} and i # j, where A"/, AU} and C1-7) satisty
8 o\ 12 . ..
0= r+§+§ A7 =P, fori,j,e{l,2,3}andi#j, and
{i,j) o {i. /12
rcth = 37— (47)"
neti.jy 16¢;,

To formulate a payoff distribution procedure over time so that the agreed imputa-
tions satisfy the Shapley Value in Condition 9.5 we invoke Corollary 9.8 and obtain
the following.
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Corollary 9.10 A PDP with an instantaneous payment at time T € [fy, 00):

B; (t,xf) =— Z —(k — 1);53 — 0! {rWK\i (xf\i*) — rWK(xIK*)

Kc{1,2,3}

2
K Y {123} ixy1/2 h
+z[a WS (e [ Al o]
h

hekK
K\t K\ “}Zz {1.2,3) (_ixy1/2 h*
o Z el U C ) 4 {i,j}Ah (xr) —8x7
hek\i xg* Ch
41T (oo — e [WE (52
2 hiek ’ ‘ 8x£‘*8x$* ‘
1 hx 1€ K\i [ K\ix }
- = — W , (9.89)
2 h’g\i(ahxt )(ng )8x£’*8x§*[ (x‘r )]

fori e{l1,2,3}, would lead to the realization of the Shapley Value in Condition 9.5.

In particular, WX (xX*) is given in (9.70), (9.76), and (9.88) and

[8jh*WK(xf )} ;AK( )72 forhe K €{1,2,3),

32 1 -3/2
eV )] = TLAF ()R ana
T
02 K (, Kx*
W[W (xf*)] =0, forh+#c¢.
T T

A subgame consistent solution can be obtained using (9.78) and (9.89).

9.7 Exercises

9.1 Consider the case when there are three companies involved in a joint venture.
The planning period is [0, 2]. We use x;(s) to denote the level of technology of
company i at time s € [0, 2], and u;(s) C RY is its physical investment in tech-
nological advancement. The increments of the levels of technology are subject to
stochastic disturbances. The discount rate is 0.05. The salvage values of the firms’
technologies are 4[x'(2)1Y2, 3[x2(2)]Y/2, and 1.5[x3(2)]'/2. If the companies act
independently, the costs of the physical investment of these three firms are, respec-
tively, 2u1(s), 3ua(s), and 1.5u3(s).
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The expected profits for companies 1, 2, and 3 are, respectively,

2
E{/ [10[x"()]"* = 2u) (5)] exp(=0.055) ds + exp[—0.05(4)|4[x" (2)]‘/2},
0

2
E{/ [8[x2()]'"/* = 3us(s) ] exp(—0.05s) ds

0

+exp[—0.05(4)]3[x2(2)]”2}, and

2
E{/ [12[x3()]"? = 1.5u3(s)] exp(—0.05s) ds + exp[—0.05(4)]1.5[x3(2)]”2}.
0

The evolution of the technology level of company i € {1, 2, 3} follows a system of
stochastic dynamics

dx' (s) = [4[u1()x" ()] = 0.1x" ()] ds + 0.5x" (5)dz1 (s),  x'(0) = 30,
dxz(s) = [2[142(s)x2(s)]1/2 — 0.08x2(s)] ds

+0.8x2(s)dza(s), x2(0)=20, and

172

dx?(s) = [3[uz()x* ()]~ — 0.05x7(5)] ds +0.75x" (s) dz3(s), x*(0) =25,

where z1(s), z2(s), and z3(s) are independent Wiener processes.
Compute a Nash equilibrium solution when these three firms act independently.

9.2 Consider the case when these three companies form a joint venture. The par-
ticipating firms in a coalition can gain core skills and technology from each other.
In particular, they can obtain cost reduction and with absolute joint venture cost
advantage.

With joint venture cost advantage, the cost of the investment of firm j € {1, 2, 3}

under the joint venture becomes c§1’2’3}uj(s), where cil’2’3} =1, cél’2’3} =1.5, and

A =08
If the joint venture firms agree to maximize their expected joint profit and share
the excess gain equally, characterize a subgame consistent solution.

9.3 Consider the joint venture in Exercise 9.2. In particular, the firms would like to
share the expected venture profit according to the Shapley Value. The costs under
joint ventures in different coalitions K C {1, 2, 3} are

AP —q o AP 150 and AN =08,

AP =15 and =235
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AN =14 and =1
c;2’3} =2 and c§2’3} =1.1;

=2, =3 and V=15

Characterize a subgame consistent solution.



Chapter 10
Collaborative Environmental Management
Under Uncertainty

In this chapter, we introduce stochastic elements in collaborative environmental
management. Similar to the deterministic analysis in Chap. 6, the industrial sec-
tor is characterized by an international trading zone involving n nations or re-
gions. Each government adopts its own abatement policy and tax scheme to re-
duce pollution. The governments have to promote business interests and at the
same time have to handle the financing of the costs brought about by pollution.
The industrial sectors remain competitive among themselves while the governments
cooperate in pollution abatement. Industrial production creates two types of neg-
ative environmental externalities. First, pollutants emitted via industrial produc-
tion cause short-term local impacts on neighboring areas of the origin of produc-
tion. Examples of these short-term local impacts include passing-by waste in wa-
terways, wind-driven suspended particles in the air, unpleasant odor, noise, dust,
and heat generated in the production processes. Second, the emitted pollutants
will add to the existing pollution stock in the environment and produce long-
term impacts to extensive and far-away areas. Greenhouse-gases, CFC, and at-
mospheric particulates are examples of this form of negative environmental ex-
ternality. This specification permits the proximity of the origin of industrial pro-
duction to receive heavier environmental damages as production increases. Given
these neighboring impacts, the individual government tax policy has to take into
consideration the tax policies of other nations and these policies’ intricate effects
on outputs and environmental effects. In particular, while designing tax policies
to curtail their outputs, governments have to consider the inducement to neighbor-
ing nations’ output that can cause local negative environmental impacts to them-
selves.

To incorporate the widely observed uncertainty in nature’s capability to replen-
ish the environment this article adopts a stochastic pollution stock dynamics and
formulates a cooperative stochastic differential game of transboundary industrial
pollution. The number of solvable cooperative stochastic differential games so far
remains low because of the difficulties in deriving tractable solutions (like Haurie
et al. 1994; Yeung and Petrosyan 2004, 2005, 2006a). The stringent condition of
subgame consistency is required for a dynamically stable cooperative solution in
stochastic differential games.

D.W.K. Yeung, L.A. Petrosyan, Subgame Consistent Economic Optimization, 271
Static & Dynamic Game Theory: Foundations & Applications,
DOI 10.1007/978-0-8176-8262-0_10, © Springer Science+Business Media, LLC 2012
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An analytical framework is constructed in Sect. 10.1 and its noncooperative out-
come is characterized in Sect. 10.2. Cooperative arrangement and subgame con-
sistent collaborative environmental schemes are presented in the next two sec-
tions. A stochastic industrial pollution model is presented and a subgame consis-
tent collaboration management scheme is explicitly characterized in Sects. 10.5
and 10.6.

10.1 An Analytical Framework

In this section we present an analytical framework to study transboundary industrial
pollution management under uncertainty.

10.1.1 The Industrial Sector

Following Chap. 6 we consider a global economy that is comprised of n nations. At
time instant s the demand system of the outputs of the nations is

Pi(s)= f'{qi(s), q2(s), ..., qu(s),s], ieN=(1,2,...,n}, (10.1)

where P; (s) is the price vector of the output vector of nation i and g (s) is the output
of nation j. The demand system in (10.1) shows that the world economy is a form
of generalized differentiated products oligopoly.

Industrial profits of nation i at time s can be expressed as

Fa10),q2(5)s - . qn (), s]qi(s) — ¢ [qi(s), vi(s)], forieN, (10.2)

where v; (s) is the set of environmental policy instruments of government i. Policy

instruments may include tools like taxes, subsidies, technology choices, and pollu-

tion legislations. The cost of producing ¢, (s) under policy v; (s) is ¢/ [g; (s), vi (5)].
Profit maximization by the industrial sectors yields

.fi [ql(s)ﬂ CIZ(S)a cee Qn(s)a S] + fil- [ql(s)ﬂ C]Z(S)’ e Qn(s)a S]C]i(s)
—c [qi(s), vi(s)] =0, forieN. (10.3)
Nation i’s instantaneous market equilibrium output can be expressed as
* _ Al __ Al .
g7 () =q'[vi($), v2(8), ..., va(s5), 5] =G [v(s),s], forieN. (10.4)

The fact that each nation’s output decision depends on government environmen-
tal policies is reflected in (10.4).
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10.1.2 Impacts of Pollution and Stochastic Accumulation
Dynamics

Industrial production emits pollutants into the environment and the amount of pol-
lution created by different nations’ outputs may be different. For an output of g; (s)
produced by nation i, there will be an instantaneous damaging environmental im-
pact of sl’f [gi (s)] on nation i itself and a damaging impact of e;. [gi (s)] on its adjacent
nation j for j € K'. On the other hand, nation i will receive instantaneous damaging
environmental impacts from its adjacent nations measured as 8{ [g;(s)] for j € K.
This type of externality is typical in spatial environmental impacts.

Moreover, the pollutant will then add to the stock of existing pollution. Each
government adopts its own pollution abatement policy to reduce the pollution stock.
Let x(s) C R™ denote the level of pollution at time s. The dynamics of the pollution
stock is governed by the stochastic differential equation

dx(s) = <Zaj[qj(s), vj(s)] — ij [uj(s),x(s)] — 8[x(s)]x(s)> ds
j=1

j=1
+0o [s, x(s)] dz(s),
x(to) = Xz, (10.5)

where o[s, x(s)] is a scaling function, z(s) is a Wiener process, 2[s,x(s)] =
o[s,x(s)]o[s,x(s)] is the covariance matrix with its element in row A and col-
umn ¢ denoted by 2"¢[s, x(s)], a ilgj(s),v;(s)] is the amount of pollution created
by the g;(s) amount of output produced under policy v;(s), uj(s) is the pollution
abatement effort of nation j, b;[u ;(s), x(s)] is the amount of pollution removed by
the u j (s) unit of abatement effort of nation j, and §[x (s)] is the natural rate of decay
of the pollutants.

10.1.3 The Governments’ Objectives

The governments have to promote business interests and at the same time handle
the financing of the costs brought about by pollution. In particular, each government
maximizes the net gains in the industrial sector plus tax revenue minus expenditures
on pollution abatement and damages from pollution. A lump-sum income tax is
levied on the industrial sector to balance the government budget. The last item turns
out to be a net transfer between the government and the public (with no effect on
industrial output). The instantaneous objective of government i at time s can be
expressed as

a1, q205). ... qu(9). 5]qi (s) — ¢ [qi (), vi(9)] = ¢] [vi(s)] = ¢ {ui ()]
—ellai®] = Y el[q;()] = hi[x()]. ieN, (10.6)

jekKi
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where ciP [vi(s)] is the cost of implementing the vector policy instrument v;(s),
cf[ui(s)] is the cost of employing a u; amount of pollution abatement effort,
and h;[x(s)] is the value of damage to country i from an x(s) amount of pollu-
tion.

The governments’ planning horizon is [fy, T]. It is possible that 7" may be very
large. The discount rate is . At time T, the terminal appraisal of pollution damage is
&' [x(T)] where 3 gi /9x < 0. Each one of the n governments seeks to maximize the
integral of its expected instantaneous objective in (10.6) over the planning horizon
subject to the pollution dynamics of (10.5) with controls on the level of abatement
effort and output tax.

Substitute g;(s), for i € N, from (10.4) into (10.5) and (10.6) one obtains a
stochastic differential game in which government i € N seeks to

[ .
max )Em{/ [f’{le[v<s),s],éz[v(s>,s],...,c}"[v<s),s],s}c}‘[v(s),s]
v; (8),ui (s f
— g ), s]vi)} — ¢ [vi®)] = ¢ ui ()] — {d' [v(s), 5]}

— > e/ [vs).s]) - i[x(s)]}e’“m) ds+g"[x(T)]e’(“0>}, (10.7)

jEK’

subject to

dx(s):(Za Iu(s),s], vj ()} Z j(s),x(s)]—8[x(s)]x(s)>ds

+ 0[5, x(s)]dz(s),
x(t0) = Xy. (10.8)

Thus the economic interactions among nations in industrial production, pollu-
tion emission, and abatement are characterized as a stochastic differential game
with the expected the payoffs in (10.7) and stochastic pollution dynamics of
(10.8).

10.2 Noncooperative Outcomes

In this section we discuss the solution to the stochastic differential game in (10.7)
and (10.8). Since the payoffs of nations are measured in monetary terms, the
game is a transferable payoff game. Under a noncooperative framework, a Nash
equilibrium solution can be characterized as the following (see Theorem 2.5 in
Chap. 2).



10.2  Noncooperative Outcomes 275

Corollary 10.1 A set of feedback strategies {u}(t) = p;(t,x), v} (t) = ¢;(t, x),
fori € N}, provides a feedback Nash equilibrium solution to the game in (10.7) and
(10.8) if there exist suitably smooth functions V@i (t, x) : [ty, TI x R— R,i € N,
satisfying the following partial differential equations:

A Z 2" (1, )V (2, x)
h; 1

Vi, Uj

—max{ |:fi{‘}][Ui»(b;éi(t,x),f],éz[via Gi(t, %), 1], ... ¢" [vi, pi(t, %), 1)]}
q'[vi. it x). 1] — cfq' [vi, i (0. %), 1] vi ) = ¢ il = € [ui]

—ei{o' [vi dpi ). 1)) = D e/ {a! [ gt 00,11} = h,-(x>}e—’<"’°>

jekKi

+ Vi, x)|:Za/ [vi, @i (0. %), 1], v;} = biui, x)

j=l1
- ij[ﬂj(f,x),X]—S(X)x“, (10.9)
et

V(IO)i(T, )C) — gi [)C]e—”(T_IO)7 (1010)

where

G (t,x) = [9' (1, ), §*(t, %), ... ¢ T (e, 1), T (1, x), L, 9" (2, 0)]

In a prevailing Nash equilibrium the function V@ (¢, x) is then the integral

Eto:/tT [fi{él[(p(s’x(s))’ 5),3%[6(s. x(9)),s],.... 4" [#(5, x(5)), 5], s}
x éi[¢(s, x(s)),s] — ¢ {c}i[d,(s, x(5)), 5], di (s, x(s))}

— e (52 )] — s (. x9)] = 1 85, x)). 5]}

— Z (s,x()),s]} —hi[x(s)]:|e_r(s_’°) ds

]EK’

gx(M]e T x(t)=x € X} fori e N. (10.11)
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The game equilibrium dynamics then becomes

dx(s) = (Zal s x(s)) ] ¢j s, x(s) Z u] s, x(s) x(s)]

— 8[x(s)]x(s)> ds + a[s, x(s)] dz(s),
x(t0) = Xgq- (10.12)

Remark 10.1 One can readily verify that Vi (z, x;) = Vi(t,x;)e" "), for t €
[to, T'], is the value function to nation i at time ¢ € [t, 7| when the state x () = x;in
the game in (10.7) and (10.8), which starts at time 7.

10.3 Cooperative Arrangement

Now consider the case when all the nations agree to cooperate and adhere to an op-
timality principle. Since the nations are asymmetric and the number of nations may
be large, a reasonable solution optimality principle for gain distribution is to share
the expected gain from cooperation proportional to the nations’ relative sizes of ex-
pected noncooperative payoffs. Group optimality requires the nations to maximize
their joint payoff. Hence the optimality principle entails (i) group optimality, and
(i) sharing the expected gain from cooperation proportional to the nations’ relative
sizes of expected noncooperative payoffs.

For the cooperative scheme to be sustainable the agreed-upon optimality has to
be upheld throughout the game horizon.

10.3.1 Group Optimality and Cooperative State Trajectory

Consider the collaborative environmental scheme with the participating nations’ ex-
pected payoff structure in (10.7) and pollution dynamics in (10.8). To secure group
optimality the participating nations seek to maximize their expected joint payoff by
solving the following stochastic control problem:

max {/ [}:f' o), s], ¢ [v(s), 5], .-, ¢ [v(), 5], 5]}

x ¢ [v(s), s] = ¢ {G'[v(s), 5], vi(s))
—cf[vi®)] = ¢ ui ()] — {d' [v(s), 5]}
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- Z v(s) s]} - '[x(s)]]e_’('_")) ds

jeki

+Zg x(1)]e™ = f‘”} (10.13)

subject to (10.8).

Invoking Theorem A.5 in the Technical Appendixes, a set of controls
{[v}* (), u*(t)] = [¥i(t, x), wi(t, x)], for i € N} constitutes an optimal solution
to the stochastic control problem in (10.13) and (10.8) if there exists a continuously
twice differentiable function W) (¢, x) : [tg, T] x R™ — R,i € N, satisfying the
following partial differential equations:

w0 (¢, x) — Z 2 W (1, x)
h{ 1

= max {Zfi[c}l(v,t),éz(v,t),...,c}”(v,t),t]c}i(v,t)

— ¢, 1), vi] = f i) — ¢ i) — l[¢" (v, 0)]

= > e[ . 0] — hi))e" )

]EK’

WO ) |:Z a;j[¢’ (v, 0),v;] - ij(uj, x) — 8(x)xi| } and

=1 j=1

(10.14)

n
W(IO)(T, x) = Zgi(x)efr(szo).
i=1

Hence the nations will adopt the cooperative control {[; (¢, x), @; (¢, x)], for i €
N and ¢ € [tg, T]}. The optimal trajectory under cooperation becomes

dx(s) = (Za] s x(s)) ] I/fj(s,x(s))} —Xn:bj[wj(s,x(s)),x(s)]

J=1

— 8[x(s)]x(s)> ds + a[s, x(s)] dz(s), x(t0) =x4. (10.15)
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The solution to (10.15) can be expressed as

x*(t)zxo—i-/ {Za] s X (s)) ] lﬁj(s,x*(s))}

— > b (s, x4 (). ()] = 8[x*(5)]x*(s)

j=1

t
+/ o[s, x(s)]dz(s). (10.16)
1o

We use X; to denote the set of realizable values of x*(¢) at time ¢ generated
by (10.16). The term x;* is used to denote an element in the set X;.

The cooperative control for the game I.(xg, T — tp) over the time interval [zy, T']
can be expressed more precisely as

v (t,x*(t)), wi (t,x*(t)) fort €[tg, T]andi € N. (10.17)
Note that for group optimality to be achievable, the cooperative controls in (10.17)

must be exercised throughout time interval [#y, T'].
The value function W) (¢, x) reflects

T n .
Eto{/ [Zf’{él[w(s,x*(s)),s],éz[w(s’x*(s))’s]’ L
toLi=t

§"[¥ (s, %" (), 5] 5}
X c}i[t/f(s, x*(s)),s] - ¢ {éi[w(s, x*(5)), s]. ¥i (s, x*())}
=& [Wils, ¥ ()] = e [ei (s, 4" )] = e {q"[v (s, ")), s ]}

- sx*(s) — hi[x* ()] [e 77670 ds
>l ) 5]} = hi[x*(9)]

jeK’

n
+ Y gl ()]e T } fori e N, (10.18)

where ¥ (s, x*(5)) = {Y]' (s, x*(5)), Y3 (5, x™ (), ..., ¥ (s, x* () }.

Remark 10.2 One can readily verify that Wz, xf) = w0 (g, x,*)e’(”t(’), fort e
[0, T'], is the value function at time ¢ € [t, T'] of the control problem in (10.8) and
(10.13) that starts at time t with x(¢) = x; € X}.
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10.3.2 Imputation Scheme

The agreed-upon optimality principle must be maintained at every instant of time
within the cooperative duration [fy, 7] given any realizable state x} € X generated
by the cooperative trajectory in (10.16). For T € [tg, T], let £ @i (z, x¥) denote the
solution imputation (payoff under cooperation) over the period [t, T'] to nation i €
N given that the state is x} € X7.

Hence the imputation scheme {£ () (z, x¥); fori € N} has to satisfy the follow-
ing condition:

Condition 10.1

. V(T)i(t x*)
@iz, x*) = Tt WO (g, 10.19
7 x) Yo VOi(T,xy) (7. x2). ( )

fori e N,x} e X} and 7 €[t, T].

The imputation scheme in Condition 10.1 satisfies individual rationality. Cru-
cial to the analysis is the formulation of a payment distribution mechanism that
would lead to the realization of Condition 10.1. This will be done in the next sec-
tion.

10.4 Subgame Consistent Collaborative Environmental
Management

To formulate a payoff distribution procedure over time so that the agreed impu-
tations satisfy Condition 10.1 we invoke Theorem 8.1 in Chap. 8 and obtain the
following.

Corollary 10.2 A distribution scheme with a terminal payment —gi[x} — %' at
time T and an instantaneous payment at time t € [ty, T']

B Vi, x*
B; (‘E, X?) = _5 |:Z;l':l V(@i (tt’ xt*) W(T)(t’ xt*) |t:‘[:|

] |: V(T)i(r,xi*
8)C;< Z’}:l V(T)/ (‘[’x;!*)

W(T)(t, x’:)i|

" [iaj{afw,x:), o)y (e.x2))

j=1
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—ib,-[w,-(nx:»x;ﬂ—a(x;wx:}

1 m N 82 V(T)i(l.’xi*)
-5 Z (9 §(r,x:) — *|: - = T = W(f)(t,x:):|,
h,c=1 8)(1. dxz Zj:l VOi(r,x:7)

forieN, (10.20)

will lead to the realization of the solution imputations & ™ (t, x¥), fori e N and
T € [to, T, satisfying Condition 10.1.

Invoking Theorem 8.2 in Chap. 8 a subgame consistent solution is constructed
with the group optimal strategies [ (, x}), @ (t, x])], the imputation in Condi-
tion 10.1, and the distribution scheme B(t, x) in (10.20).

With nations using the cooperative environmental policy instruments v (s, x*(s))
and pollution abatement efforts @ (s, x*(s)), the instantaneous receipt of nation i at
time instant T given x(7) =x} € X} is

G(rx) ="'y (n.x). <] (v (7, %) 7], 4" [ (3. x9), . s}
xq'[v (v x7). 7] = Ha' [ (v 7). 7], %(f x7)}
=< [vi (f )] i [mi(s,x* ()] = ei{d'[v (s, ")), 5]}

=Y @[ (rxp) o]} = hi(x), (10.21)

jEK’

fort e[ty, T]andi € N.

According to Corollary 10.2, the instantaneous payment that firm i should re-
ceive under the solution to the agreed-upon optimality principle is B;(t, x), for
T €[tp, T]and i € N, as stated in (10.20). Hence an instantaneous transfer payment

X (r.x}) = Bi(r.x}) — &i (. x7), (10.22)

will be given or charged to firm i at time 7, fori € N,x(r) =x} € X}, and 7t €
[t0, T'].

10.5 A Model of Stochastic Industrial Pollution Management

This section presents a model of the collaborative industrial pollution management
under uncertainty.

10.5.1 A Multinational Economy with Industrial Pollution

We follow the multinational economy with n asymmetric nations or regions in
Chap. 6. Industrial pollution is generated via the production process.
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10.5.1.1 The Industrial Economy

The inverse demand function of the output of nation i € N at time instant s is

Pi(s)=ao' =) Biq;j(s), (10.23)

j=1

where P; (s) is the price of the output of nation 7, g ; (s) is the output of nation j, and
ol and ,Bj. fori € N and j € N are positive constants. The output choice g;(s) €
[0, g;] is nonnegative and bounded by a maximum output constraint g ;. The output
price equals zero if the right-hand side of (10.23) becomes negative.

Industrial profits of nation i at time s can be expressed as

7i(s) = [a"—Zﬁ;’-qJ-(s)}qi(s)—q%-(s)—v,-(s)q,-(s), fori e N, (10.24)

j=1

where v; (s) > 0 is the tax rate imposed by government i on its industrial output at
time s and ¢; is the unit cost of production. At each time instant s, the industrial
sector of nation i € N seeks to maximize (10.24). The first-order condition for a
Nash equilibrium for the n nations economy yields

n
> Biqj(s)+ Blgi(s) =o' —ci —vi(s), forieN. (10.25)
j=1
With output tax rates v(s) = {vi(s), va(s), ..., v, (s)} being regarded as parameters,

(10.25) becomes a system of equations linear in g(s) = {q1(s), g2(s), ..., gn(s)}.
Solving (10.25) yields an industry equilibrium

qi(s) =i (v(s)) =a + > Bivj(s), (10.26)

JeN

where &' and ,3_;, for i € N and j € N, are constants involving the model
parameters (. B3..... BY: BT B3 BEi. . B BY - Bl et e,
and {c1, ¢, ..., cn}.

The industry equilibrium generated by this oligopoly model is computable and
fully tractable.

10.5.1.2 Local and Global Environmental Impacts

Industrial production emits pollutants into the environment. The emitted pollutants
cause short-term local impacts on neighboring areas of the origin of production in
forms like passing-by waste in waterways, wind-driven suspended particles in the
air, unpleasant odor, noise, dust, and heat. For an output of ¢; (s) produced by nation
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i, there will be a short-term local environmental impact (cost) of efqi (s) on nation
i itself and a local impact of 8; qi(s) on its neighbor nation j. In particular, 85- is
a positive constant. Nation i will receive short-term local environmental impacts
from its adjacent nations measured as 8i] qj(s) for j € K. Thus K’ is the subset of
nations whose outputs produce local environmental impacts to nation i. Moreover,
industrial production will also create long-term global environmental impacts by
building up existing pollution stocks like greenhouse gases, CFC, and atmospheric
particulates.

Each government adopts its own pollution abatement policy to reduce the pollu-
tion stock. Let x(s) C R™ denote the level of pollution at time s, the dynamics of
pollution stock is governed by the stochastic differential equation

dx(s) = [Zajq,- )= > bjuj)[x)]"* - am)} ds + ox(s)dz(s),

j=1 j=1
x(10) = X¢q, (10.27)

where o is a noise parameter and z(s) is a Wiener process, a;q; is the amount
added to the pollution stock by a unit of nation j’s output, u;(s) is the pollution
abatement effort of nation j, bju;(s)[x (s)1"/2 is the amount of pollution removed
by a u(s) unit of abatement effort of nation j, and § is the natural rate of decay of
the pollutants.

Short-term local impacts are closely related to the level of production activities
and hence are characterized by a deterministic scheme. However, the accumulation
of pollution stock like greenhouse gases often involves the interactions between the
natural environment and the pollutants emitted and hence stochastic elements will
appear. For instance, nature’s capability to replenish the environment, the rate of
pollution degradation, and climate change are subject to certain degrees of uncer-
tainty. Hence a stochastic dynamic is used to model the evolution of the pollution
stock in (10.27). Finally, the damage (cost) of the pollution stock in the environment
to nation i at time s is h; x(s).

10.5.1.3 The Governments’ Objectives

The governments have to promote business interests and at the same time handle
the financing of the costs brought about by pollution. The instantaneous objective
of government i at time s can be expressed as

{“i - Zﬁ}ﬁj (S)}]i (s) — cigi(s) — cf [u,»(s)]2

j=1

- Z el[q;()] — hix(s), i €N, (10.28)
jeKi
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where cf‘ > 0 and h; > 0 are constants, cf[ui(s)]2 is the cost of employing a
u;amount of pollution abatement effort, and 4;x (s) is the value of damage to coun-
try i from an x(s) amount of pollution.

The governments’ planning horizon is [#(, T]. It is possible that 7 may be very
large. At time T, the terminal appraisal associated with the state of pollution is
gi [x! — x(T)], where gi >0 and X/ > 0. The discount rate is . Each one of the
n governments seeks to maximize the expected value of the integral of its instan-
taneous objective in (10.28) over the planning horizon subject to the pollution dy-
namics in (10.27) with controls on the level of the abatement effort and output tax.

By substituting ¢; (s), for i € N, from (10.26) into (10.27) and (10.28), one ob-
tains a stochastic differential game in which government i € N seeks to

PNV e

heN heN

—ci [&"+Zﬁj~v,,~<s>} [t =Y & [awZﬂ’w(s)}

JEN jeKi LeN
- h,'x(s):|e_’(s_’°) ds — g'[x(T) — &' ]e~" T } (10.29)

subject to

dx(s) = (Zal |:otf + Z ﬂ]vh(s)i| - ijuj(s)[x(s)]l/2 — 8x(s)> ds

heN j=1
+ ox(s)dz(s),
x(to) = Xy,. (10.30)

In the game in (10.29) and (10.30) one can readily observe that government i’s
tax policy v;j(s) is not only explicitly reflected in its own output, but also on the
outputs of other nations. As mentioned before, this modeling formulation allows
some intriguing scenarios to arise. For instance, an increase of v; (s) may just cause
a minor drop in nation i’s industrial profit, but may cause significant increases in its
neighbors’ outputs that produce large, local, negative environmental impacts to na-
tion i. This results in the nations’ reluctance to increase or impose taxes on industrial
outputs.

10.5.2 Noncooperative Qutcomes

In this section we discuss the solution to the noncooperative game in (10.29) and
(10.30). Under a noncooperative framework, a Nash equilibrium solution can be
characterized with Theorem 2.5 in Chap. 2 as follows.
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Corollary 10.3 A set of strategies {u] (1) = u;(t,x), v} (t) = ¢; (¢, x),fori € N},
provides a Nash equilibrium solution to the stochastic differential game in (10.29)
and (10.30) if there exist suitably smooth functions V(’O)i(t,x) 2 [to, T] x R —
R,i € N, satisfying the following partial differential equations:

o%x?
2

er‘»‘"},’.‘!Ka" - Z,B} [&j + Z Blon(t, x) +,3_,-jvi])

j=1 heN
h#i

x [&i + Y Bin(t,x) +,B_,‘ivi:|
heN
hti

—V ¢ x) V@i, x)

—¢ [5[" + Y Big(t.x) +5,-ivz} — ;]

JEN
J#i
—- > e [&-/ + > Bl )+ Bif'vl} - h,-x:|e_’(’_’0)
=
n . .
4y (;,x){zaj [a/ + Z Bildn(t, x) +,3ijv,-i|
j=1 heN
hti
n
— ij,uj(t,x)xlﬂ—biuixl/z—Sx:H, (10.31)
j=1
J#i
VIOUT, x) = —g'[x — ' ]e™ T 10, (10.32)

Performing the indicated maximization in (10.31) yields

bi ,

wi(t,x) = _ﬁvyw (1, x)e" 1= 172, (10.33)

. n ) l . n . . n ) . . )
(a’ —-> B [&f + > B, x>Dﬂ; - [Z BB} } [a + > B, x)}

j=1 heN j=1 heN
n
—cfl = & B+ VOt x)) aiple T =0, (10.34)
jekKi j=1

fortelty, Tlandi € N.
The system in (10.34) forms a set of equations that are linear in {¢1 (¢, x), $p2(¢t, x),
oo u (1, )}, with (VIO (1, ) 070 VIO (¢ xyertio) v (g, x)ertio))
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being taken as a set of parameters. Solving (10.34) yields

g x)=a"+ Y PV (@ x)e’ " ieN, (10.35)
JEN

where &' and Bi., fori e N and j € N, are constants involving the constant coef-
ficients in (10.34). Substituting the results in (10.33) and (10.35) into (10.31) and
(10.32) we obtain the following proposition.

Proposition 10.1 The system in (10.31) and (10.32) admits a solution
VO @ x) = [Ai)x + Ci(0]e™ "™, forieN, (1036)

where {A1(t), A2(2), ..., Ay (t)} satisfies the following set of constant coefficient
quadratic ordinary differential equations:

b2
Ai(t)=(r +8)A; (t)——[A 0]’ A(t)Z ’A (O + hi,

J#l
Ai(T)=—g"; fori €N, (10.37)

and

t
[Ci(t);i e N} s given by Ci(t) ="~ [ / Fi(y)e 700 dqy + C?},
0]

(10.38)
where

T
C _ gtxle—r(T to) / Fl,(y)e—r(y—to) dy,

4]

F(t) = — <a —Z,B {a’+z,3 |:oz +ZﬁkAk(t):|})

heN keN
x (&" +> B [&” +> B,ﬁ‘Am)})
heN keN
+ai {o‘z" - B [&f + ZB,{Ak(t)} }
JEN keN
+ 3 e {&f +> B |:6/ +> B,fAk(t)]}
jeKi teN keN

— A; (t)|:Za][oﬂ +> B |:a + ZﬂkAk(t):|}:|

heN keN
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Proof Follow the proof of Proposition 6.2 in the Appendixes of Chap. 6. ]

The corresponding feedback Nash equilibrium strategies of the game in (10.29)
and (10.30) can be obtained as

b; N N
m(t,x)=—ﬁAi(z)x‘/2 and ¢i(t.x)=a"+ > BLA;() (10.39)
l JEN

fori e Nandr €[, T].
A remark that will be utilized in the subsequent analysis is given below.

Remark 10.3 Let Vi(¢, x;) denote the value function of nation i in a game with

the payoffs in (10.29) and dynamics in (10.30) that starts at time 7. One can readily
verify that V™ (¢, x;) = Vi (¢, x,)e" ™) for T € [1y, T].

10.6 Collaborative Scheme in Stochastic Industrial Pollution
Management

Now consider the case when all the nations agree to cooperate and adhere to an
optimality principle that entails (i) group optimality and (ii) sharing the expected

gain from cooperation proportional to the nations’ relative sizes of the expected
noncooperative payoffs.

10.6.1 Cooperative Optimization and State Trajectory

To secure group optimality the participating nations seek to maximize their expected
joint payoff by solving the following optimal control problem:

T n n )
max ) Eto{/ Z[(af_zlgf[&/_;_zi‘}évh(s)})
n 1o j:1

(=1 heN

X |:6/ + Z Bf;vh(s):| —cy |:6/ + Z vaj(s):| —c [ug(s)]2

heN jeN

-3¢ [&f +> Bl vk(s)} —hgx(s):|e’(3to) ds

jek? keN

= g (1) =& ]er T } : (10.40)
=1

subject to (10.30).
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Invoking Theorem A.5 in the Technical Appendixes, a set of controls
{[v;* (@), u* ()] = [Y¥i(t, x), wi(t, x)], for i € N} constitutes an optimal solution
to the stochastic control problem in (10.30) and (10.40) if there exists a continu-
ously twice differentiable function W (¢, x): [1o,T]x R— R,i € N, satisfying
the following partial differential equations:

2,2
g~X
_Wt(tO) ([, x) - (f())(t x)

oo Sl Sl ] e ]

V1,U2,...,Up UL, UD,...
B ’ =1 heN heN

— ¢y |:a + Z,B vj] —cfl [ue]? — Z g, |:a] + Z'Bk vk:| - hgxi|emt°)

JEN jekt keN

+ Wf@(t,x)[Za,- [&f + Zﬁgvh} = bjujx'? —8x:| } (10.41)
j=1

j=1 heN

n
WONT, x) == " g [x(T) — &' ]e" =), (10.42)
i=1

Performing the indicated maximization in (10.41) yields the optimal controls under
cooperation as

a
i

b‘
@ (t, x) = —2—‘W§’0>(t, x)e’ T2 fori e N; (10.43)

;[(q —Zﬂ [a +h§Vﬁm<r x)Dﬁ
- [iﬁf@j} [5‘( + Z/é/fl/fh(l,x)ﬂ

j=1 heN

n

]GK’ Jj=1
fori € N. (10.44)

The system in (10.44) can be viewed as a set of equations that are linear in
(Y12, x), Y2 (t, X), ..., Y (2, x)}, with W, (¢, x)e"*~0) being taken as a parameter.
Solving (10.44) yields

Vilt,x) =&+ BWO (r, x)e ), (10.45)

where &' and i, for i € N, are constants involving the model parameters.
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Proposition 10.2 The system in (10.41) and (10.42) admits a solution

W (1, x) = [A*()x + C*()]e 771, (10.46)
with
2 —1
A*t)= Al + 0¥ (t)|:C* / } , and
t
C*(1) = e 10 |:/ F*(y)e 00 dy + C£i|,
fo
where

[ n b2
(1) =exp[/ [ZZJaAPHrH)] dy}
1

0 j=1

G PN /
(AP +Y7_gh)
172 np2
={(r+8)—|:(r~|—8)2+42 Zh:| }/Z—[f,
] j=1 =1 J
F*(t)=—Z[<a‘f—Zﬁ,‘f{&f+ZB;{[&h+é’1A*(r>]>)

=1 j=l1 heN

e g s paol] oo e o]

heN JjeN

-2« {a + Al +5’<’A*<r>]}]

jeI?l keN
- A;’;(t)|:2aj {&f + 3 Bla" + 5“*(»]}], and
j=1 heN

n

T
Ci) = Zgjfje*r(T*to) _/ F*(y)e*r()’*to) dy.
j=1 10

Proof Follow the Proof of Proposition 6.3 in the Appendixes of Chap. 6.
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Using (10.43), (10.45), and (10.46), the control strategy under cooperation can
be obtained as

Ar A b;
Vit,x)=a' + B A*(t) and @it x)= —2—’aA*(z)x1/2, (10.47)
c
1
fortetp<T]andi=1,2,...,n.
Substituting the control strategy from (10.47) into (10.25) yields the dynamics of
pollution accumulation under cooperation. Solving the stochastic cooperative pol-
lution dynamics yields the cooperative state trajectory

2

b5 2
0 e[f,glzﬁzl ?%A*(s)féf%]dﬁft;adz(s)]
X =

r n A A
X |:xt0+/t Zaj{&j—i— ZB,{[&h—i—ﬁhA*(s)]}
0 j=1

heN

2 b2
U [ +6=3_1 5 A*(D]de— [ 0 dz(1)]
xe 07 =t o ds |, (10.48)
for t € [tg, T].
We use X to denote the set of realizable values of x*(¢) at time ¢ generated

by (10.48). The term x;* is used to denote an element in the set X;.
A remark that will be utilized in the subsequent analysis is given below.

Remark 10.4 Let W (¢, x,) denote the value function of the stochastic control
problem with the objective in (10.40) and dynamics in (10.30), which starts at
time 7. One can readily verify that W (¢, x*) = WU (¢, x¥)e" =), for 7 €
[t0, T

10.6.2 Subgame Consistent Solution and Benefit Distribution

According to the agreed-upon optimality principle, the imputation scheme
{£@i(r, x¥); fori € N} has to satisfy the following condition:

Condition 10.2

. V(r)i(.’: x*)
(T)l * — ’. T W(T) * 1049
£ (r. x7) Y Vi, xp) (v x7), ( )

fori e N,x}eX¥ andt 1o, T].

Invoking Theorem 8.2 in Chap. 8, a subgame consistent solution can then be
expressed as

Z:I()’ [w(s’x*(s))]T [B(S"x:)]T ’SS(IO)(I()vxlo)}y

s=ty’ s=ty

P(xo, T—10) = {[r (s, x*(5))]
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where ¥, (s, x*(s)) = &' + ,é’A*(s) for i € N is a set of environmental policy in-
struments in the collaborative environmental scheme,

b; * *
w(s,x*(s)) = _ZC?‘A (s)[x (s)]1/2,

1

is the set of pollution abatement efforts in the collaborative environmental scheme,
£10) (1, X1,) 1s an imputation scheme satisfying Condition 10.2, and

3 Vi, x*
Bi(S,X:) _ [ ( Xz)

(s)
Tl Ve (”xr*)|t=s}

a[ Vs, xix
Ly Vi s, x)

x [Za,- [&f' +3 Bzwh(s,xﬁ} =D b (s.x) () - ax:}
j=1 j=1

heN

w) (s, x;‘):|

olxr 32 V(s xi)

2 (xx)? [27:1 VO (s, x%)

w® (s, x;k)]

fori € N and x] € XJ.
Invoking Propositions 10.1, 10.2, and (10.47), one can express B (s, x;) as

Bi(s.x¥) = —[Ai(s)x] + Ci(s)]
i Sy
Q2 j=ilAj()xf + Ci(s)D

1S

{[AG)x} + C(9)] = r[A(s)xF + C(9)]}

_ [A@x +C)]
A1 [Aj(®)xr + Ci()D)

x {[Ai ()x} + Ci(9)] = r[Ai(9)xF + Ci(9)]}

[Ai (9)x} + Ci(9)IAES)xE + C(5)]
(321 [A(9)x} + Cj(5)])?

{[Aj)x} + Ci9)] = r[A;®)x} +C; ()]}
1

2
X

J

2
[4i (5)xF + Ci (A @)x] + C(s)]
+ : : Aj(s)

[ (31l ()xE + C()])? (; ! )}
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x [Zaj [&f' + > B+ 5"A*<s>)}
j=1

heN

n 2
+y° %A*(s)x;‘ - 8x;‘:|, (10.50)
j=1""J
fori € N and x] € X}.
When all nations are adopting the cooperative strategies, the rate of instantaneous
payment that nation £ € N will realize at time ¢ with the state being x; can be
expressed as

Re(r, x7) = (o/ - Zﬁf{&f + Y B+ 5”A*(r)]})

j=1 heN

x {5/ +> BL[&" + 5”A*(z)]}

heN

~ 2
- ce{&‘f + Bi[a + ﬁfA*(z)]} —cf [biA*(r>] x;

2c¢¢
jeN ¢

- Z SZ!W + ZBZW‘ +/§ka*0)]} — hex}. (10.51)

jekt keN

Since, according to (10.50), under the cooperative scheme an instantaneous pay-
ment to nation £ equaling By (¢, x;") at time # when x*(t) = x} € X7, a side payment
of the value By (t, x;) — N¢ (2, x[) will be offered to nation £.

The model analyzed in Sects. 10.5 and 10.6 comes mainly from Yeung and Pet-
rosyan (2008). Another version of stochastic differential games on cooperative pol-
lution management can be found in Yeung (2007).

10.7 Exercises

10.1 Consider a two-nation international economy in which transboundary pollu-
tion is generated by the production process. The planning horizon is [0, 2]. The
inverse demand function of the outputs of nations 1 and 2 at time instant s € [0, 2]
are, respectively,

Pi(s) =150 —2q1(s) —q2(s) and  Pa(s) =130 — q1(s) — 0.5g2(s),

where P; (s) is the price of the output and g; (s) is the output of nation. The unit costs
of production in these nations are ¢; = 0.5 and ¢» = 1. The instantaneous industrial
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profits of nations 1 and 2 at time s can be expressed as

mi(s) = [150 — 241 (s) — g2(s)]q1(s) — 0.5q1(s) — vi(s)qi(s), and
ma(s) = [130 — 0.5g1(s) — g2(5)]q2(s) — g2(s) — v2(s)qa(s),

where v;(s) > 0 is the tax rate imposed by government i on its industrial output
at time s. At each time instant s, the industrial sector of nation i € {1, 2} seeks to
maximize its instantaneous profit.

Derive the market equilibrium at time instant s.

10.2 Industrial production emits pollutants into the environment. The emitted pollu-
tants cause short-term local impacts on neighboring areas of the origin of production
in forms like passing-by waste in waterways, wind-driven suspended particles in the
air, unpleasant odor, noise, dust, and heat. For an output of ¢ (s) produced by na-
tion 1, there will be a short-term local environmental impact (cost) of 0.2¢;(s) on
nation 1 itself and a local impact of 0.15¢1 (s) on its neighbor nation 2. On the other
hand, for an output of g»(s) produced by nation 2, there will be a short-term local
environmental impact (cost) of 0.35¢>(s) on nation 2 itself and a local impact of
0.3¢g>(s) on its neighbor nation 1.

Moreover, industrial production will also create long-term global environmental
impacts by building up existing pollution stocks like greenhouse gases, CFC, and
atmospheric particulates. Each government adopts its own pollution abatement pol-
icy to reduce the pollution stock. Let x(s) denote the level of pollution and u ; (s)
the pollution abatement effort of nation j at time s, the dynamics of pollution stock
is governed by the stochastic differential equation

dx(s) = [4q1(5) + 3q2(s) — 0.05u; () [x()]'/* = 0.02u2(s)[x(5)]"/*
—0.04x(s)]ds +0.2dz(s), x(0) =100,

where z(s) is a Wiener process.

The governments have to promote business interests and at the same time handle
the financing of the costs brought about by pollution. The damages to countries 1
and 2 from an x(s) amount of pollution are 0.25x(s) and 0.2x(s). In particular,
each government maximizes the net gains in the industrial sector minus the sum of
expenditures on pollution abatement and damages from pollution. The instantaneous
objective of governments 1 and 2 at time s are, respectively,

[150 — 2¢1(s) — g2(s)]q1(s) — 0.5¢1(s) — 0.2g1 (s) — 0.3g2(s) —0.25x(s), and
[130 = 0.5q1(5) = 2()]q2(s) — q2(s) — 0.15g1 (5) — 0.35g2(s) — 0.2x(s).

The governments’ planning horizon is [0, 2]. At terminal time 2, the terminal ap-
praisal associated with the state of pollution is 3[60 — x(2)] for nation 1 and
2[40 — x(2)] for nation 2. The discount rate is 0.05. Each government seeks to max-
imize the integral of its instantaneous objective over the planning horizon subject to
pollution stock dynamics.
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Construct a stochastic differential game of noncooperative pollution management
by these two nations. Obtain a Nash equilibrium solution for the game.

10.3 Consider the case when both nations want to cooperate and agree to act so that
an international optimum can be achieved.
Obtain the optimal cooperative levels of outputs and abatement efforts.

10.4 These cooperating nations adopt an optimality principle that distributes the
expected gain from cooperation proportional to the relative sizes of the nations’
expected noncooperative payoffs. Characterize a subgame consistent solution.






Chapter 11
Subgame Consistent Dormant Firm Cartel

In this chapter, we introduce uncertainty into the dormant-firm cartel discussed in
Chap. 7.

Section 11.1 presents a stochastic dynamic oligopoly in which there are cost
differentials among firms. The optimal cartel output trajectory, subgame consis-
tent imputation schemes, and profit sharing arrangement are derived in Sect. 11.2.
An illustration is shown in the following section. The case when the plan-
ning horizon becomes infinite is analyzed in Sect. 11.4; an illustration with
an explicit subgame consistent solution in a stochastic framework is given in
Sect. 11.5.

11.1 A Stochastic Dynamic Oligopoly

In this section, we extend the dynamic model of oligopoly in Chap. 7 to a stochastic
environment.

11.1.1 Basic Settings

Consider an oligopoly in which n firms are allowed to extract a renewable re-
source within the duration [#g, T]. Among the n firms, n; of them have absolute
and marginal cost disadvantages over the other n, = n — n; firms. For notational
convenience, the firms with cost advantages are numbered from 1 to n; and the
firms with cost disadvantages are numbered from n; + 1 to n. The subset of firms
with cost advantages is denoted by N; and that of firms with cost disadvantages is
denoted by N,. The firms with cost advantages are identical and so are the firms
with cost disadvantages.

D.W.K. Yeung, L.A. Petrosyan, Subgame Consistent Economic Optimization, 295
Static & Dynamic Game Theory: Foundations & Applications,
DOI 10.1007/978-0-8176-8262-0_11, © Springer Science+Business Media, LLC 2012
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The dynamics of the resource is characterized by the stochastic differential equa-
tions

dx(s) = (f[s,x(s), dup)+ Yy, ujz(s):|)ds+0[s,x(s)]dz(s),

JTeN J2eN;
x(to) = x0 € X, (11.1)

where u; € U; is the (nonnegative) amount of the resource extracted by firm i,
for i € N, and x(s) is the resource stock, o[s,x(s)] is a m x & matrix, and
z(s) is a @-dimensional Wiener process and the initial state xo is given. Let
2[s,x(s)] = o[s, x(s)]o[s, x(s)] denote the covariance matrix with its element
in row 4 and column ¢ denoted by £2"¢[s, x(s)].

The extraction cost depends on the quantity of the resource extracted u’(s) and
the resource stock size x(s). In particular, the extraction cost for the 7 firms with
cost advantages is

-1
¢’ [Mjl(S),X(S)], for j! € Ny,
and the extraction cost for the n; firms with cost disadvantages is

I lup(s), x()]. for j2 € Na.

This formulation of unit cost follows from two assumptions: (i) the cost of ex-
traction is positively related to extraction effort and (ii) the amount of resource
extracted, seen as the output of a production function of two inputs (effort and stock
level) is increasing in both inputs (see Clark 1976). In particular, firm j1 € Nj has
cost advantage so that

dcT [uj1(5), x ()] /0u 1 () < 9! [u 25, x(5)] /9w 12 (s),

forall levels of u;1 € U;1 andu 2 € U2 atany x € X.

The market price of the resource depends on the total amount extracted and
supplied to the market. The price-output relationship at time s is given by the fol-
lowing downward-sloping inverse demand curve P(s) = g[Q(s)], where Q(s) =
D jien; Uji1(8) + 3" ae, uj2(s) is the total amount of the resource extracted and

marketed at time s. At time 7, firm j1 € Np will receive a termination bonus

¢/'[x(T)] and firm j2 € N will receive a termination bonus ¢/ [x(T)]. There
exists a discount rate r, and the profits received at time ¢ have to be discounted by
the factor exp[—r(t — 19)].

At time 7, firm j Len 1, which has cost advantages, seeks to maximize its ex-
pected profit

T .
Em{/ (g[z wn(s)+ Y uE(S):|uJ'1(S) —cfl[ujl(S),X(S)]>
fo

heN; 123\%

X exp[—r(s — to)] ds + exp[—r(T — to)]qjI [x(T)] }, (11.2)

subject to (11.1).
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At time fg, firm j 2¢ N3, which has cost disadvantages, seeks to maximize the
expected profit

T .
E,O{/ <g|:z up(s) + Z ug(s):|ujz(s) — cfz[ujz(s),x(s)]>
1o

heN; 123\%
X exp[—r(s — to)] ds + exp[—r(T — to)]qj2 [x(T)] }, (11.3)

subject to (11.1).

11.1.2 Market Outcome

We use I'(xg, T — tp) to denote the game in (11.1)—(11.3) and I"'(x;, T — 1) to
denote an alternative game with the state dynamics in (11.1) and payoff structures
in (11.2) and (11.3), which starts at time t € [f9, T'] with the initial state x; € X.
Invoking Theorem 2.5 in Chap. 2, a noncooperative Nash equilibrium solution of
the game I (x;, T — 7) can be characterized as follows.

Corollary 11.1 A set of feedback strategies {(;57l (t,x) for j' € Ny and ¢>;’.‘2 (¢, x) for
j* € Ny} provides a Nash equilibrium solution to the game I' (x;, T — T) if there
exist continuously twice differentiable functions vy (t,x):[t,T] x R — R for
j' e Ny and V(’)jz(t,x) :[7, T1 x R — R for j? € Na, satisfying the following
partial differential equations:
.1 1 m .1
ARCEEE I DIV
he=1

= max{ <g|: Z (1, x)+ uj + Z ¢Z‘(t,x)j|uj1 , — (uj1,x)>
it heN; LeN;
h#j!

X exp[—r(t — r)]

+v§’>fl(z,x)f[t,x, Do) tup+ Yy ¢Z‘(t,x):|}, and

heN; LeN,
h#j!
VOINT, x) =exp[—r(T —10)]g” (x). for j' € Ni; (11.4)

) 1 n 2
VO 0 =5 30 2" oV e
h,c=1
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=r£1ax{ <g|:z o, x)+ Z @ (1, x) +uj2]ujz - c-iz(ujz,x)>

J heN; LeN,
e£j?

X exp[—r(t — 1:)]

+ Vx(”fz(z,x)f[t,x, dodrex)+ Y it x) +uj2:| } and

heN; LeNy
e£j?

VOP (T, x) = exp[—r(T — 1)]q” ), for j> € Na.

Conditions satisfying the indicated maximization in (11.4) yield

:g( Z Gt x) +uj + Z ¢Z‘(t,x))

heN; LeN,
h#j!
—i—g/( Z By (t, x) +uj + Z (ﬁ(l,x))ujl
heN; LeN,
h#j!
_ ' (i —
8Mjlc (ull,x)}exp[ r(t — 1]
@), 9
+ v (t,x)ﬁjlf[t,x, Z o5t x) +uj+ Z ¢Z‘(t,x):| =0,
heN; teN,
h#j!
for jl e Ny;
! 1 (11.5)
{g(z Gr, )+ Y ¢7;(z,x)+uj2>
heN; teN,
e£j?
+g’(z Gt x)+ Y ¢§(t,x)+uj2>uj2
heN; LeENy
e£j?
_ P —r(f —
8szc (ull,x)} exp[ r( r)]
))? 9
+ fo j (t,x)auj2f|:t,x, Z ¢>;',‘(t,x)+ Z ¢>z‘(t,x)+uj2] =0,
: heN; LeN,
e£j?

for j2 € N».
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The expected profits of firm j! € Ny, which has cost advantages, can be expressed
as

' T
V(T)]l(t’ xr)=E; {/ <g|:2 oy, x ()] + Z ¢>Z‘[s,x(s)]:|¢;‘] [s,x(9)]

heN; LeN,

— ! [4);'.‘1 (s, x(s)), x(s)]) exp[—r(s — ‘L’)] ds
s -]y [xm]},

for j! € Ni. The expected profits of firm j2 € N>, which has cost disadvantages,
can be expressed as

. T
vl x,) = E, {/ <g|:z o[, x(s)] + Z ¢Z‘[s,x(s)]:|¢>;<2 [s,x(9)]

heN; LeN>

— [¢;‘.‘2 (s, x(s)), x(s)]) exp[—r(s — )] ds
+exp[—r(T = )]/ [x(1)] }
for j% € N, where

dx(s) = f|:s,x(s), Z q&;ﬂ (s, x(s)) + Z qb;fz (s,x(s)):| ds + o [s, x(s)] dz(s),

jieN; j2eN,

x(t)=x; € X.

The dynamic oligopoly model presented above is an extension of the dormant-
firm duopoly model in Yeung (2005).
11.2 Subgame Consistent Cartel

Assume that the firms in the oligopoly agree to form a cartel to restrain output and
enhance their expected profits.
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11.2.1 Pareto Optimal Output Path

To achieve a group optimum, these firms are required to solve the following ex-
pected joint profit maximization problem:

T
,, max E’“{/, (g[z wn(s)+ Yy Mz(S)}[Z wn(s)+ Yy Me(S):|
e " 0 heN;

LeN> heN; LeN>

— |:Z " [uh(s), x(s)] + Z ct [ug(s),x(S)]:|) CXP[_”(S - fo)] ds

heN; LeN,

+exp[—r(T —19)] [ > g"xm]+ ) qz[x(T)]:| } (11.6)

heN; LeNy

subject to (11.1).

An optimal solution of the stochastic control problem in (11.1) and (11.6) can be
characterized using Theorem A.5 in the Technical Appendixes as follows.
Corollary 11.2 A set of control strategies {w;‘l (t,x) for j € Ny and w;‘z (t, x) for

j* € Na}, provides a solution to the control problem in (11.1) and (11.6) if there exist
continuously twice differentiable functions W0 (t, x) : [, T] x R™ — R, satisfying
the following partial differential equation:

1 m
— W (1, x) — 3 > mz(r,x)W;ZO} (t,x)
h,t=1

:ulzrzlaxun[<g|:2 up + ZWHZ wp + Zu[}

heN; 123\%) heN; LeN,

- [Z Mup, X1+ ce[ue,x]D exp[—r(t — 10)] (11.7)

heN; LeN,

+ W;IO)(t,x)f|:t,x, Z up + Z M(:| }, and

heN; LeN,

Wl (T, x) = exp[—r(T — to)]|:Z q"x+ Z qlxj|.

heN; LeN,
Conditions satisfying the indicated maximization in (11.7) include

{g|:2 up + Zug:| +g/|:z up + ZWMZ up + Zug]

heN; LeN, heN; LeN> heN; LeN>

d 1
— wcj (ujl,x)} exp[—r(t — t0)]
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9
+ W;’O)(t,x)ﬁf[t,x, TR Mz:| <0,

J heN; LeN,

ujl 20,

and if u j1 > 0, the equality sign must hold, for jleNy;

Hzm Zw} +g/[zuh+ ZWMZW ZW]

heN; LeN, heN; LeN> heN; LeNy

ou 2

- icjz(ujl , x)} exp[—r(t — 10)]
j

0
(t0)
+Wx°(t,x)auj2f[t,x, E up + E Mz:|§0,

heN; LeN,

up > 0. (11.8)

If u 2 > 0, the equality sign must hold, for j*eN,.

. -1 22 .
Since %cl (Mjl ,X) < %cl (uj1 ,Xx), all the firms that have cost disadvan-
j j

tages will refrain from extraction. The optimal extraction strategies under coopera-
tion become

W5 (1) =¥ (6, %), for j'eN;, and wh (1) =0, for j2eNy. (11.9)
The optimal cooperative state dynamics follows:

dx(s) = f|:s, x(s), Z w;‘l (s, x(s)):| ds + a[s, x(s)] dz(s),

JieN
x(ty) = xo. (11.10)

The solution to (11.10) yields a group optimal trajectory, which can be expressed as

t
x*(1) =x0+/ f|:s,x*(s), E xp}*, (s,x*(s)):| ds
0]

JTEN

t
+/ o [s,x(s)] dz(s). (11.11)
fo

We use X to denote the set of realizable values of x*(¢) at time ¢ generated
by (11.11). The term x;* € X is used to denote an element in X7'.
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Substituting the optimal extraction strategies in (11.9) into (11.6) yields the ex-
pected cartel profit as

T
W) (9, x0) = Em{ f (g[z w,;‘[s,x*m]] {Z w;:[s,x*(s)]}

heN; heN;

- |:Z ch[l/r;f(s, x*(s)), x*(s)]i|> exp[—r(s — t())]

heN;

+exp[—r(T — zo)][z "]+ ) qz[x*(T)]:| } (11.12)

heN; LeN;

Let WO (z, x/) denote the expected total venture profit from the control problem
with the dynamics in (11.1) and payoff in (11.6), which begins at time t € [t, T]
with initial state x} € X7}. One can readily obtain

T
exp[ f r() dy]W“‘”(r,x;“) =W (. x),
fo

fort € [tg, T]and ¢ € [7, T), and x;" € X}.
Next we consider subgame consistent profit sharing schemes for the cartel along
the optimal output path.

11.2.2 Subgame Consistent Cartel Profit Sharing

In a dormant-firm cartel, firms having cost disadvantages will refrain from extraction
to enhance the cartel’s expected profit to a group optimum. Compensation must be
made to the dormant firms for stopping their production activities. Since there are
cost differentials among the firms in the cartel, the sizes and earning potentials of
the firms cannot be identical. Consider the case when the firms in the cartel agree
to share the expected total cooperative payoff proportional to the firms’ expected
noncooperative payoffs.
The imputation scheme has to fulfill the following condition.

Condition 11.1 An imputation

Vi (19, xo)

W (19, x0),
Y hen, VO (10, x0) + Y pen, VO (10, x0)

1
g1 (19, x0) =

is assigned to firm j!, for j! € Ny at the outset, an imputation

v (w)J? (to, x0)

W (19, x0),
ZheNl v (to)h (to, x0) + Z@eNz v (t0)¢ (10, x0)

2
g1 (19, x0) =
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is assigned to firm j2, for j 2¢ N at the outset, an imputation

VI (7, x¥)

wO (7, x*
ZheN vh (T’ x?) + ZZENz Ve (T’ x;k) ( T)

£@i' (1, x7) =

is assigned to firm j!, for j! € Ny at time 7 € (#, T'], and an imputation

VO (7, x¥)

é(t)jz (T, .X;k) =
Yhen, VOI@ x8) + ey, VO (T, x7)

W (z,x¥)  (11.13)

is assigned to firm j2, for j2 € Ny attime t € (to, T'].

Invoking Theorem 8.2 in Chap. 8, a subgame consistent solution for the cartel
can then be expressed as

PCo. T = 1) = [ (5 O [81 (5 5 (B2 0] 690, 200,

where ¥*(s, x*(s)) = {1//;'?1 (s, x) for j1 € N1}, £ (19, xo) is an imputation scheme
satisfying Condition 11.1, and

3 ©J7 (1, x")
B.a(s,x¥)=—— WS (¢, x%)]
! ( S) ot |:ZheN1 V(S)h(t’xt*) +ZE€N V(S)K(t’xt*) ( t)it_s

8 y©.J! (s, x)
(S)(s,x’.k)
S Xheny VORG, x4+ Xen, VO, x)) )

x f[s,x*(s), DoV (s,x*<s>)}

JieN

82
Z .Qh{ s x

h ot 8xh*3xy*

V(S)] (s, X, )
W(S) , ) 1,
|:Zh€N VER(s,x5) + D pen, VOs. X)) (5 55)
for j! € Ny; (11.14)

? VO (1, x7)
Bao(s,x¥)=—— ot W (£, x*
12( S) ot |:ZheN1 V(S)h(t’ xt*) + ZKGN V(S)Z(t’ xt*) ( ! )L:S

d |: V(“)] (S X ) (Y)(s X ):|

Donemy VOr(sx0) + X pey, VOl x5)
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X f[sv'x*(s)a Z w;kl (SsX*(S))}

JieN

1 & e 92
— = " (s, x))————
2 h,{Z—l (ox5) xlaxs”

V(S)jz(s’x;k) ) %
X Vv (h * V()¢ * w (S’xS) >
> hen, (8, X5) + D pen, (s, x5)

forj2 € Ny.

With firms having cost advantages producing an output w;.*l (t,x) for jl e Ny
and firms having cost disadvantages refraining from production, the instantaneous
receipt of firm 7 at time instant T when x}(7) = x} € X7 is

¢ (r,x¥) = g|:Z v (t, x;‘):| lp;‘l (r.x¥) - ol [1/,71 (r.x¥), x5(9)],
hENl'
for T € [ty, T] and jl € N1, and
¢p (r,x})=0, fortelt, T]and j2eN,.

According to (11.15), the instantaneous payment that firm i should receive under
the agreed-upon optimality principle is Bji(z, x;) for j' e Ny and B (T, x7) for
j?% € N». Hence an instantaneous transfer payment

le (r,x;‘) = (r,x;") - Bj (r,x;k), for firm j' € Ny and 7 € [10, T;
(11.15)
ij (r.x}) = Bji (r,x}), for firm j2eNyand T €1, T1;

would have to be arranged.

11.3 A Dormant-Firm Cartel

Consider the dormant-firm duopoly game example in Yeung (2005) in which two
firms are allowed to extract a renewable resource within the duration [#y, T]. The
dynamics of the resource is characterized by the differential equations

dx(s) = [ax ()% — bx(s) — u1(s) — ua(s)] ds + ox(s) dz(s),
x(to) = x0 € X, (11.16)

where u; € U; is the (nonnegative) amount of the resource extracted by firm i, for
i €{1,2}, a and b are positive constants.
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The extraction cost for firm i € {1, 2} depends on the quantity of the resource ex-
tracted u; (s), the resource stock size x(s), and a parameter c¢;. In particular, firm i’s
extraction cost can be specified as ciu' (s)x(s)"Y2. In particular, firm 1 has absolute
and marginal cost advantages with ¢ < c».

The market price of the resource depends on the total amount extracted and
supplied to the market. The price-output relationship at time s is given by the fol-
lowing downward-sloping inverse demand curve P(s) = 0(s) /2, where Q(s) =
u1(s) + uo(s) is the total amount of the resource extracted and marketed at time
s. At time T, firm i will receive a termination bonus with satisfaction qix(T)l/ 2,
where ¢; is nonnegative. There exists a discount rate r, and the profits received at
time ¢ have to be discounted by the factor exp[—r(t — p)].

At time 1y the expected profit of firm i € {1, 2} is

T ui (s) ci
E{/ [[m(S) T2 x(s)l/zu‘(s)} expl=r(s — )] ds

+exp[—r(T — 19)]qix(T)? } (11.17)

A set of strategies {u () = ¢7(t, x), for i € {1, 2}}, provides a Nash equilibrium
solution to the stochastic differential game in (11.16) and (11.17) if there exist con-
tinuously twice differentiable functions V0 (z, x) : [to, T] x R — R,i € {1,2},
satisfying the following partial differential equations:

_ Vt(tO)l (t, x) _ EUZXZV)C(;O)Z ([, x)

u; Ci
g el
i

+ Vi, x)[ax'? — bx —u; — ¢;.‘(t,x)]}, and

(11.18)

VO (T, x) = gix" P exp[—r(T —19)], forie{1,2},je(1,2}, and j #i.

Performing the indicated maximization yields

X
of(t,x) = . and
: a1 + VO  explr(r — 10)1x 1122

X

4lcs + Vi explr(t — 1) 1x /22

(11.19)

¢5(t,x) =

Proposition 11.1 The value function of firm i in the game in (11.16) and (11.17) is

VX, x) =exp[—r(t — 1) ][Ai ()x"* + Ci (0],
forie{l,2}andt € [ty, T], (11.20)
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where A;(t), Ci(t), Aj(t),and Cj(t), fori € {1,2}, j € {1,2} and i # j, satisfy

b UZ]A-(I)—(3> [ZCj—Ci—i-Aj(l‘)—Ai(t)/Z]

Ai(t) = |:r + 5 ? E [Cl +c +A](t)/2+A2(t)/2]2

(_)2 cil2¢j —ci+ A;() — Ai(1)/2]
[c1+ 2+ AL(D)/2+ Ax(1) /213

[98]

\9)

+
+

(9 Ai (1)
8/ [c1+ca+ A(1)/2+ Ay (1) /2]
Ai(T) = qi,
Ci(t) =rCi(t) — %Ai(t), and C;(T)=0.
Proof First substitute the results in (11.19) and V@1 (¢, x), Vx(t(’)1 (t,x), VW02t x),
and Vx(t")z(t, x) obtained via (11.20) into the set of partial differential equations in

(11.18). One can readily show that for this set of equations to be satisfied, Proposi-
tion 11.1 has to hold. 0

One can readily verify that
VO, x) = exp[—r(t — D)][Ai(Ox"/* + Ci(1)], forie{l,2}andt e[z, T].

Assume that the firms agree to form a cartel and seek to solve the following
expected joint profit maximization problem to achieve a group optimum

T
max Ej, {/ |:[u1(s) + uz(s)]l/z _cuui(s) + czuz(s)} exp[—r (s — 10)] ds
fp

uy,up x(s)1/2

+exp[—r (T — 10)]lq1 +qz]x(T)”2}, (11.21)

subject to the dynamics in (11.16).

A set of strategies [y} (s, x), ¥} (s, x)], for s € [to, T], provides an optimal so-
lution to the stochastic control problem in (11.16) and (11.21) if there exist a con-
tinuously twice differentiable function W(I")(t, x) :[to, T] x R — R, satisfying the
following partial differential equations:

1
- W[(ZO)(I, x) — EozxZW)g?)(t, x)

B 12 —1/2 —r(t —
_mé{[(uwuz) (crur +cauz)x™exp[—r(t —10)] (11.22)

+ W)Et")(t,)c)[axl/2 —bx —uj — uz]}, and

WONT, x) = (q1 + q2)x "> exp[—r(T — 19)].
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Performing the indicated maximization operation in (11.22) yields

X

) = Weoxplrt — 1) 2

and Wi, x)=0. (11.23)

Firm 2 has to refrain from extraction. The more efficient firm (firm 1) would buy the
less efficient firm (firm 2) out from the resource extraction process. Firm 2 becomes
a dormant firm under cooperation.

Proposition 11.2 The value function of the control problem in (11.16) and (11.21)
can be obtained as

W (1, x) = exp[—r(t — t0) [[A()x"/* + C(1)], (11.24)
where A(t) and B(t) satisfy
A(r) = |:r + b + G—2i|A(t) - ;,
28 4c1 + A(1)/2]
A(T) =q1+ qo,
Ct)=rC@t) — %A(t), and B(T)=0.

Proof First, substitute the results in (11.23) and W@ (¢, x) and W (¢, x), ob-
tained via (11.24), into the set of partial differential equations in (11.22). One can
readily show that for this set of equations to be satisfied, Proposition 11.2 has to
hold. (I

Again, one can readily verify that
WO, x) = exp[—r(t — D][ANx'> + B®)].

Substituting (¢, x) and ¥} (¢, x) into (11.16) yields the optimal cooperative state
dynamics as

x(s)
4c1 + A(s)/2]?
x(tg) =x0 € X. (11.25)

dx(s) = [ax(s)]/z—bx(s) — ]ds+ox(s) dz(s),

The solution to (11.25) yields a Pareto optimal trajectory, which can be expressed
as

1/2 ! a 2
x*(t):{@(t,to)[xo +/ ¢_l(s,to)§ds]} : (11.26)
fo

where

oo (e [T
=R ST T8l rampr s )T, 25
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We denote the set containing realizable values of x*(¢) by X;, for t € (tp, T].

Consider the case when the firms in the cartel agree to share the total expected
cooperative payoff proportional to the firms’ expected noncooperative payoffs.

The imputation scheme has to fulfill the following condition:

.o (v)i 0 Vi (7 x¥) (1) * .
Condition 11.2 &' (7, x}) = —23:1 VO o) W (z,x¥), for i € {1,2} and 7 €
[t0,T].

Invoking the results in (11.15), a subgame consistent solution for the cartel can
then be expressed as

P, T =10) = {[W* (5. ")) 11, [B1 (5. 5) 1 [Bas, 63)] 1y 6 0, x0) ).

S=toy
In particular,

X
~dler + AG)/2P
V@) (1, x0)
2321 v 0)J (19, x0)
s)i *

Bils, x) = _% [ZZ.V( ‘)/E:),.i);;)x*) W x’*)|’=s]
j=1 T
3 Vs, x¥)

_ WO (s, x* i|
ax |:Z§:1 V©i(s, x¥) (5 %)

*
X |:a(x;‘)1/2 —bx} x—é]

S Aler + As) /21

1!f]*(ss-x;k) and I//;(S,_x;k) :O,

g1 (19, x0) = [ W(m)(to,xo):|, fori € {1,2); and

(11.27)

ol(x)?  9? [ Vi, x¥)
2 8()6;‘()2 Z?:] V(S)j(s,x;‘)

W(S)(s,x;‘)], fori e {1,2}.

Under cooperation, firm 1 would derive an expected payoff

T
WO 0.0 = Eof [ | [07x )] = i) |
Tp

x*(s)l/Z

x exp[—r(s — o) ] ds + exp[—r (T — to)]qlx*(T)% },

where ¥ (s, x*(s)) = qu;%, and firm 2 would derive an expected payoff

W2(t5, x9) =0 for being dormant. (11.28)
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The instantaneous receipt of firm 1 at time instant 7 is

@ aapl
C 2le1 +A(R)/2] 4ler + A(r) /217

IS} (‘L’, x:)

for T € [tg, T] when x*(r) = x} € XI.
The instantaneous receipt of firm 2 at time instant 7 is

o(t,x¥)=0, forteln,Tl.

According to (11.27), the instantaneous payment that firm i should receive under
the agreed-upon optimality principle is B;(t, x}). Hence an instantaneous transfer
payment

Xl(t,x;‘) = (t,x;*) — B (t,x:), for irm 1, and

x*(z,x}) = Ba(t, x}), for firm 2 at time 7 € [19, T'] (11.29)

when x*(7) = x} € X7,

would be arranged.

11.4 Infinite-Horizon Cartel

In this section we consider the Dormant-Firm Cartel in Sect. 11.1 with an infinite
horizon. Consider an oligopoly in which »n firms are given extraction rights of a
renewable resource.

The dynamics of the resource is characterized by the differential equations

dx(s):f|:x(s), Z Mjl(S)+ Z ujz(s):| ds+0[x(s)]dz(s),

jteN J?eNs

x(ty) =x0 € X, (11.30)
where u; € U; is the (nonnegative) amount of the resource extracted by firm i,
for i € N, and x(s) is the resource stock, o [s, x(s)] is a m x ® matrix, z(s) is a
©-dimensional Wiener process, and the initial state xq is given. Let £[s, x(s)] =
o[s,x(s)]o[s,x(s)] denote the covariance matrix with its element in row & and
column ¢ denoted by 2[5, x(s)].

The extraction cost for the 7 firms with cost advantages is

-1
o/ [ujis). x(s)]. for j' € Ny,
and the extraction cost for the n; firms with cost advantages is

c-"2 [u 2(s) x(s)] for j2 e Ny
je\wrls s .
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In particular, firm j! € Ny has absolute and marginal cost advantage so that
acjl[ujl(s),x(s)]/aujl(s) < acjz[ujz(s),x(s)]/aujz(s), for any levels of uj €

Ujl,ujzerz,andxeX.

The market price of the resource is governed by the following downward-sloping
inverse demand curve

P(s)=g[0()].

where Q(s) = Z./ieNl uji(s) + ijeNz u j2(s) is the total amount of the resource
extracted and marketed at time s. There exists a discount rate r, and the profits
received at time ¢ have to be discounted by the factor exp[—r(t — ty)].

At time fg, firm j I ¢ Ny, which has cost advantages, seeks to maximize its ex-
pected profit

Ezo{/ <g|:z up(s) + Z ug(s):|uj1(s) — le[l/ljl(S),X(S)])
]

heN; LeEN,

x exp[—r(s — t9)] ds}, (11.31)

subject to (11.30).
At time 1y, firm j2 € N, which has cost disadvantages, seeks to maximize its
expected profit

E{ / (g[z wn(s)+ Yy Mz(s)}u 26— [u ,»z(s>,x<s)])
fo

heN; LeN,
x exp[—r(s — fo)] ds }, (11.32)

subject to (11.30).
Consider the alternative formulation of (11.30)—(11.32) as

r{‘laxEl{/ (g|:z un(s) + Z ug(s):|uj1(s) — cjl[ujl(s),x(s)])
il t

heN; LeNy

x exp[—r(s —1)] ds}, (11.33)

f01rjl e Ni, and

r}};izx E,{/too<g|:z up(s) + Z ug(s):|ujz(s) — cjz[ujz(s),x(s)])

heN; LeNy

x exp[—r(s —1)] ds}, (11.34)
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subject to the state dynamics

dx(s):f|:x(s), dDupe)+ Y ujz(s):| ds + o [x(s)] dz(s),
jiGNl jZENz
x(t) = x. (11.35)

The infinite-horizon autonomous game in (11.33)—(11.35) is independent of the

choice of ¢ and dependent only upon the state at the starting time, that is, x.
Invoking Theorem 2.6 in Chap. 2, a noncooperative feedback Nash equilibrium

solution can be characterized by a set of strategies {qﬁjl (x) for j!' € Ny and qb;‘.‘z (x)

for j 2 € N,} constitutes a Nash equilibrium solution to the game in (11.33)—(11.35)
if there exist functionals V/' (x) : R” — R for j' € Ny and V7/°(x) : R™ — R for
j?% € Na, satisfying the following set of partial differential equations:

| 1 " A sl
ALNOEE BRI VANC)

he=1
=max{ <g|: PR ARSI ¢;(x)]ujl - cﬂ(ujl,x)>
“t henN; LeN,
h#j"
+ Vle(x)f|:x, Z ¢Z(x)+uj1 + Z ¢}f(x)i|}, for j' € N;; and
hE[\-/;' LeN,
o (11.36)
~ 1 ~ 2
ALNOEE D IOV ANE
he=1
= max{ (g|:z qb;f(x) + Z ¢Z‘(x) + ujz:|ujz — cl'z(ujz, x))
2 heN; LeN,
t#j?
+ Vx’z(x)f|:x, P ACI R IR HES +ujz} } for j> € Ny.
heN; LeN;

e£j?

In particular, the expected profits of firm j! € Ny, which has cost advantages,
can be expressed as

V' (x) = E{ / w(g[z AROIEDS ¢z‘[x<s)]}¢ja [x(9)]

heN; LeN>

— ! [qb;fl (x(9)), x(s)]) exp[—r(s — )] ds},
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for j! € Ny. The expected profits of firm j> € Na, which has cost disadvantages,
can be expressed as

V() = E,{ftoo(g[z ARGIESY ¢z*[x(s)]}¢}‘z[)€(s)]

heN; LeNy
_ cjz [(1572 (x (s)), x(s)]) exp[—r(s — r)] ds }
for j2 € Ny,
where
dx(s) = f|:x(s), Z o (s) + Z ¢2‘(s)i| ds +ox()]dz(s), x(1)=x€X.
hENl (ENZ

After characterizing the noncooperative market we proceed to consider the Pareto
optimal output trajectory if a cartel of these firms is formed.

11.4.1 Pareto Optimal Trajectory

Assume that the firms agree to form a cartel to restrain output and enhance their
expected profits. To achieve a group optimum, these firms are required to solve the
following expected joint profit maximization problem:

, max Et{/w<g[z wn(s)+ Yy ue(s)]|:z wn(s)+ Yy Mz(s)}

""" heN; LeN, heN; LeN,

. [Z Hun(s)x)] + Y C[[“(S)’X(S)JD

heN; LeN;
x exp[—r(s —1)] ds}, (11.37)

subject to (11.35).
An optimal solution of the stochastic control problem in (11.35) and (11.37) can
be characterized using Theorem A.6 in the Technical Appendixes as follows.

Corollary 11.3 A set of control strategies {x[f;.‘l (x) for j' € Ny and w;‘z (x) for j* €
N>} provides a solution to the stochastic control problem in (11.35) and (11.37) if
there exist continuously twice differentiable functions W(x) : R™ — R, satisfying
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the following partial differential equation:

rW(x) — Z 2" () Won e (x)
h =1

=, max {( |:Zuh+2ug:||:2uh+2ug:|

""" heN; LeN, heN; LeNy

— [Z Mun, X1+ ) ce[ue,x]D

heN; LEN>

+Wx(x)f|:t,x, > un+ Zu(:” (11.38)

heN; LeNy

Conditions satisfying the indicated maximization in (11.38) include

ig|:z up + Z”f} ~|—g/|:z up + Zuei||:z up + Z”f]

heN; 123\ heN; LeN> heN; LeNy

—aicjl(uj1,x)}+Wx(x)—f|: Z up + Zu{| <0,

u;1
J heN; LeN,

ujl ZO,

and if u 1> 0, the equality sign must hold, for j lenN 15

HZW ZW} +g[zuh+ ZWMZW Zw}

heN; LEN, heN; 123\ heN; LeN,

_ aj.zcjz(ujl,x)} + W, (x)—f|: Z up + Z Up

J heN; LeN>

} (11.39)

o >
uJ2_0.

If u ;> > 0, the equality sign must hold, for j>eN,.

. p -1
Since aua.l ¢’ (uji,x) < a: ch (u -1, x), all the firms that have cost disadvan-

tages would refrain from extraction. The optimal extraction strategies under coop-
eration become

W (1) = ¥ (), for j' € Ny, and s (1) =0, for j2€ Np.  (11.40)
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The optimal cooperative state dynamics follows

dx(s)=f|:x(s), Z w;‘l (x(s)):| ds—i—a[x(s)]dz(s), x(tg) =x9. (11.41)

JieN,
The solution to (11.41) yields a group optimal trajectory, which can be expressed as
1
x*(t) = x0 + / [ (s), Z v (x (s)):| ds + / o[x(s)]dz(s). (11.42)
fo 0]
JjieN

Substituting the optimal extraction strategies in (11.40) into (11.35) yields the ex-
pected cartel profit as

W(x>=Et{/ ([thxm][th (s)}

heN; heN;

- [Z c”[vfz%x*(s»,x*(s)]})exp[—m—w]

hEN,'

x(t) =x}. (11.43)

We then examine the subgame consistent cartel profit sharing mechanisms in the
next section.

11.4.2 Subgame Consistent Cartel Profit Sharing

In a dormant-firm cartel, firms having cost disadvantages will refrain from extraction
to enhance the cartel’s expected profit to a group optimum. Consider the case when
the firms in the cartel agree to share the excess of the total expected cooperative
payoff proportional to the firms’ expected noncooperative payoffs.

The imputation scheme has to fulfill the condition.

Condition 11.3 An imputation
vi' x¥)
Shem VI + Lpen, VD)

57 (v,x8) = W (x?)

is assigned to firm jl, for j1 € Nj at time T € [tp, o0) when x*(7) = x} € X¥; an
imputation

Vit (xd)
Sonem VG + Y gen, Vi

£ (¢, x¥) = W (x}), (11.44)

is assigned to firm j2, for j2 € N, at time € [y, 00) when x*(7) = xreX:
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To formulate a set of subgame consistent payoff distribution procedures we in-
voke Theorem 8.3 in Chap. 8 and obtain the following.

Corollary 11.4 A PDP with instantaneous payments at time T € [ty, 00) when
x*(v) =x} € X¥ equaling

A .1
rv7y (x¥)
Bji(t,x}) = r— £ —— W (x¥)
ZhENl 4 (x‘f)—i_ZZENzV (x‘r)

9 [ Vit () . ]
v 5 W)
axf ZheNl Vh(x;k) + ZZENQ Vl(x‘;k)

o T ] -3 3 el

jiem, pt Bxh*axr*
A Ll
VI (x*
X - (xz) - W(x:‘) , forjleNp:
Donem VIO + Xpen, VEGD)
» (11.45)
V7T (x*
Bo(r,x) = Ve e

Ponem VIO + Xpen, VIO

9 [ Vi (xt) . ]
- * 5 ke W(xr)
XL X e, VIO + ey, VD)

et i) -5 3 a2

*
frord h; | Bxh*axf
A 2
VI (xr
X [ ~ orr) = W(x;k):|, for j* € Na;
doneny VIR + 2 pen, VEGD)

yields a subgame consistent payoff distribution procedure to the cooperative game
I (x0) with the imputation as specified in Condition 11.3.

With firms having cost advantages producing an output 1//* (x), for jl e Ny,

and firms having cost disadvantages refraining from productlon the instantaneous
receipt of firm i at time instant T when x*(1) =xJ} € X7 is

£ (7.x7) =g[Z w;(x:)]w;. () = [y (x3). 21 @],

heN;

for T € [tp, o0) and jl € Ny, and g“jz(r, x}) =0, for T €[y, 00) and j2 € Ns.
According to Corollary 11.4, the instantaneous payment that firm i should re-
ceive under the agreed-upon optimality principle is Bji(7, x}), for j' e Ny, and
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B (x, x}), for j% € N3, as stated in (11.45). Hence an instantaneous transfer pay-
ment

le(r,x:‘) = le(r,x:‘) - le(r,x;‘), for firm j' € Ny and 7 € [19, T],
(11.46)
sz(r,x:‘) = sz(t,x:‘), for firm j2 € N> and 7 € [f, T

would have to be arranged.

11.5 An Infinite-Horizon Dormant-Firm Cartel

Consider an infinite-horizon version of the game in Sect. 11.3. The dynamics of the
resource is characterized by the stochastic differential equations

dx(s) = [ax(s)l/2 —bx(s) —ui(s) — uz(s)] ds +ox(s)dz(s),
x(tg) =x0 € X, (11.47)

where u; € U; is the (nonnegative) amount of the resource extracted by firm i, for
i € {1, 2}, a and b are positive constants.
At time 7 the expected profit of firm i € {1, 2} is

o° u; (s) Ci
Ezo{/t‘ |:[u1(s) TRV — X(S)I/ZW(S)1| exp[—r(s — to)] ds},

0

where c¢; < ¢;. (11.48)

Consider the alternative game problem that starts at time ¢ € [y, o0) with initial
state x(t) = x

o i(s) ;
[T -

subject to

dx(s) = [ax ()% — bx(s) — u1(s) — ua(s)] ds + ox(s) dz(s),
x(t)=xeX. (11.50)
A set of strategies {¢7 (x), for i € {1, 2}} provides a Nash equilibrium solution to
the game in (11.49) and (11.50) if there exist continuously twice differentiable func-

tions Vi(x): R — R,i € {1, 2}, satisfying the following partial differential equa-
tions:

A 1 N
rVix) — 562x2V;x(x)

uj

|| - s |+ P fox b - o]
! J
fori €{1,2},je{1,2) and j #1i. (11.51)
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Performing the indicated maximization yields

X
$pi(x)=—————, and
: 4cy + V)x1/2]2
(11.52)
X

5 (t, X)) = —————.
2 Afcy + V2x122

Proposition 11.3 The value function of firm i in the game in (11.49) and (11.50)
is

Vic) =[Ax'?+C), foriefl,2), (11.53)

where A;, Ci, Aj,and Cj, fori € {1,2} and j € {1,2} and i # j, satisfy

0:|:r+é+0—2:|A,-—<§> [ZCJ—Ci+Aj—Ai/2]2
28 2)le1+ca+A1/24 Ar)2]

+<3>2c,~[2cj—c,-+Aj—A,~/2] +(9> A;
2 [Cl+C2+A1/2+A2/2]3 8 [C1+C2+A1/2+A2/2]2’

Proof First substitute the results in (11.52), and V' (x), V! (x), V2(x), and V2(x),
obtained via (11.53), into the set of partial differential equations in (11.51). One can
readily show that for this set of equations to be satisfied, Proposition 11.3 has to
hold. O

A noncooperative market equilibrium can be explicitly obtained from (11.52)
and (11.53).

11.5.1 Cartel Output

Assume that the firms agree to form a cartel and seek to solve the following expected
joint profit maximization problem to achieve a group optimum:

max E,O{/Oo[[u] (s) + uz(s)]l/z _aui(s) ~|—czu2(s)i|
fo

wy .Uz x(s)1/2

X exp[—r(s — to)] ds} (11.54)

subject to the dynamics in (11.47).
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Consider the alternative stochastic control problem that starts at time ¢ € [fg, 00)
with initial state x(¢) = x

max E,{/Oo[[ul(s) +u2(s)]]/2 _cui(s) +Czu2(s):|
t

uy,up x(s)1/2

x exp[—r(s —1)] ds} (11.55)

subject to (11.50).

A set of strategies [1//f‘(x), t/f;‘ (x)] provides an optimal solution to the problem
in (11.55) and (11.50) if there exists a continuously twice differentiable function
W(x) : R — R satisfying the following partial differential equations:

1
rwx) — Eozszxx(x) = max{[(m + u2)1/2 — (cruq +czu2)x71/2]
2
+ W) [ax"? = bx —uy —us]}. (11.56)
Performing the indicated maximization operation in (11.56) yields

1Pi“(x)=4

Firm 2 has to refrain from extraction. The more efficient firm (firm 1) would buy the
less efficient firm (firm 2) out from the resource extraction process. Firm 2 becomes
a dormant firm under cooperation.

Proposition 11.4 The value function of the control problem in (11.55) and (11.50)
can be obtained as

W) =[Ax'? + (], (11.58)
where A and B satisfy
o=[re P a1 i re=a
=|r+ -+ — — ana rC=—A.
28 4lc) + A/2] 2

Proof First substitute the results in (11.57) and W(x) and W, (x), obtained via
(11.58), into the partial differential equation in (11.56). One can readily show that
for this equation to be satisfied, Proposition 11.4 has to hold. (]

Substituting ¥} (x) and 1//5‘ (x) into (11.45) yields the optimal cooperative state
dynamics as

dx(s) = [ax(s)l/2 — bx(s) — ﬁ

x(fo) = xo € X. (11.59)

] + ox(s)dz(s),
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The solution to (11.25) yields a Pareto optimal trajectory, which can be expressed
as

t 2
x*(t):{@(t,to)[xé/z—l-/ ®l(s,to)%ds]} , (11.60)
fo

where

D1, 1y) = ex UZ(_b - 302>d +/Zad()}
— = _ ——)ds —dz(s) |.
HOZEPL S\ T 8l v A28 W 2"

We denote the set containing realizable values of x*(¢) by X, for ¢t € (tp, T'].

11.5.2 Subgame Consistent Cartel Profits Sharing

Consider the case when the firms in the cartel agree to share the expected coopera-
tive payoff proportional to the firms’ expected noncooperative payoffs.
The imputation scheme has to fulfill Condition 11.3, that is,

Vi)
Z?: 1 Vi (x7) ’
for i € {1, 2} along the cooperative path {x7}72, .

To formulate a set of subgame consistent payoff distribution procedures we in-
voke Corollary 11.4 and obtain the following.

£ (r.x) =

Corollary 11.5 A PDP with an instantaneous payment at time T € [ty, 00) when
x*(r)y=xfe X}
Vixh) (%) o?(x)?  9? [ Vix)) W *)}
—W(x]) — — x7) |,
Siavien T 2 9Pl Vi T

9 Vi) .
- 7AW T
ox; [Zizl Vi(xs) ) )]

a2 s x7
— bx*— , 11.61
: [a(x’) T e +A/2]2} (on

B; (‘L’, x*) =r

T

for i € {1,2}, yields a subgame consistent PDP to the cooperative game with the
payoff (11.48), dynamics in (11.47), and imputation as specified in Condition 11.3.

The instantaneous receipt of firm 1 at time instant T with x*(7) =x} € X} is

#\1/2 #1/2
e (r,x;") _ &) c1(x7) for T € [ty, 00).

T 2lc1+ A2l Aer + A2
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The instantaneous receipt of firm 2 at time instant 7 is
o(t,xF) =0, for T € [ty, 00) with x*(1) =x} € X}.

According to Corollary 11.5, the instantaneous payments that firm i should re-
ceive under the agreed-upon optimality principle are Bj(t, x}) and By (7, x}), as
stated in (11.61). Hence when x*(r) = x} € X} an instantaneous transfer pay-
ment

Xl(r,xf)=§1(r,x:‘)—Bl(I,x:‘), for firm1 and
Xz(r,x;k):Bz(t,x;‘), for firm 2

would be arranged.

11.6 Exercises

11.1 Consider a duopoly in which two firms are allowed to extract a renewable
resource within the duration [0, 3]. The dynamics of the resource is characterized
by the stochastic dynamics

dx(s) = [5x()"/? — 0.4x(s) — u1 (s) — ua(s)]ds +0.1x(s) dz(s), x(0) = 120,

where z(s) is a Wiener process, x (s) is the resource biomass, and u; () is the amount
of the resource extracted by firm i at time s € [0, 3], fori € {1, 2}.

The extraction cost for firms 1 and 2 are, respectively, uj(s)x(s)~ and
2.5u1(s)x(s)~'/2. The market price of the resource depends on the total amount
extracted and supplied to the market. The price-output relationship at time s is given
by the following downward-sloping inverse demand curve P(s) = Q(s)~'/2, where
QO(s) = u1(s) + ua(s) is the total amount of the resource extracted and marketed
at time s. At time 3, firm 1 will receive a termination bonus 2x(3)'/? and firm 2 a
bonus x(3)!/2. The discount factor is 0.03.

At time 0, the expected profits of firms 1 and 2 then are

1/2

E{/3[ 1 (s) () ]ex (—0.05s) ds + exp[—0 05(3)]2x(3)£}
o LIui(s) +uz(s)1V/2  x(s)1/2 p(—u. p|—0. ’
and

’ ua(s) 2.5us(s) )
E{/O |:[M1(S) Fur(H]V2 x(s)12 }exP(_O-Oﬁ)ds +exp[—0.05(3)]x(3)2 }

Obtain a Nash equilibrium solution when these firms act independently.
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11.2 If these two firms form a cartel, show that firm 2 has to be dormant. Derive the
optimal output strategies of the cartel.

11.3 Consider the case when the firms in the cartel agree to share the excess of the
total expected cooperative profits proportional to the firms’ expected noncooperative
profits. Characterize a subgame consistent solution.






Chapter 12
Dynamic Consistency in Discrete-Time
Cooperative Games

In some economic situations, the economic process is in discrete time rather than
in continuous time. The discrete-time counterpart of differential games are known
as dynamic games. Bylka et al. (2000) analyzed oligopolistic price competition
in a dynamic game model. Wie and Choi (2000) examined discrete-time traffic
network. Beard and McDonald (2007) investigated water sharing agreements and
Amir and Nannerup (2006) considered resource extraction problems in a discrete-
time dynamic framework. Yeung (2011b) examined dynamically consistent collab-
orative environmental management with technology selection in a discrete-time
dynamic game framework. The properties of Nash equilibria in dynamic games
are examined in Basar (1974, 1976). The solution algorithm for solving dynamic
games can be found in Basar (1977a, 1977b). Petrosyan and Zenkevich (1996) pre-
sented an analysis on cooperative dynamic games in a discrete time framework. The
SIAM Classics on Dynamic Noncooperative Game Theory by Basar and Olsder
(1995) gave a comprehensive treatment of discrete-time noncooperative dynamic
games.

An extension of the analysis in a differential game framework to a discrete-time
dynamic framework is provided in this chapter. We first present a general formu-
lation of dynamic economic games in discrete time and the noncooperative market
outcomes in Sect. 12.1. Group optimality and individual rationality under dynamic
cooperation are discussed in Sect. 12.2. Time (optimal-trajectory-subgame) consis-
tent cooperative solutions with the corresponding payoff distribution procedures are
derived in Sect. 12.3. An illustration of cooperative resource extraction in discrete
time is given in Sect. 12.4.

12.1 Dynamic Games

In this section we present dynamic games in economics and their corresponding
noncooperative outcomes.

D.W.K. Yeung, L.A. Petrosyan, Subgame Consistent Economic Optimization, 323
Static & Dynamic Game Theory: Foundations & Applications,
DOI 10.1007/978-0-8176-8262-0_12, © Springer Science+Business Media, LLC 2012
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12.1.1 Game Formulation

We begin with the presentation of a general formation of cooperative dynamic eco-
nomic games. Consider the general T-stage n-person nonzero-sum discrete-time
dynamic game with initial state x°. The state space of the game is X € R™ and the
state dynamics of the game is characterized by the difference equation

X1 = S (ks ug, ug, ... uf), (12.1)

forke{l,2,...,T} =k and x| = xY, where u}C € U’ ¢ R™i is the control vector of
agent i at stage k, x; € X is the state.
The objective of economic agent i is

T —1
. 1 \¢
Zgé[x;,ué,u?,...,u'g,xu_l](m) , forie{l,2,...,n}=N, (122
=1

where r is the discount rate.
The payoffs of the agents are transferable.

12.1.2 Noncooperative Qutcome

In this section, we characterize the noncooperative outcome of the discrete-time
economic game in (12.1) and (12.2). Let {gb,i(x), for k € k and i € N} denote a set
of strategies that provides a feedback Nash equilibrium solution (if it exists) to the
game in (12.1) and (12.2), and

. r . -1
Vl(k,x)=Zgg[xg,¢§<x;),¢§(x;),...,¢?(x;>,x;+1]<—r) :
=k
where x; = x,

for k € K and i € N, denote the value functions indicating the game equilibrium
payoff to agent i over the stages from & to T. A frequently used way to characterize
and derive a feedback Nash equilibrium of the game is as follows.

Theorem 12.1 A set of strategies {qb,i (x),for k e k and i € N}, provides a feedback
Nash equilibrium solution to the game in (12.1) and (12.2) if there exist functions
Vi(k,x),fork € K andi € N, such that the following recursive relations are satis-

fied:
Vik, x)
:m?x{g,i[x,@i(x),(p,%(x),...,¢,i—1(x),u;;,¢;;“(x),...,qb;g(x),f,;’(x,u;;)]

U
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1 \*! . . .
X<1+r) +V’[k+l,f,§(x,u}()]}
=g [x, dp (), B ()s o B (), fr (o, B (), PR (), .., B ()]
1 k—1 )
x <m> +VI[k+1, fi(x, p(0), pp(x), ..., 1 ()],

(12.3)
VIT +1,x) =0, (12.4)

fqr i €N and k € k, where f,ﬁ(x,ui) = fk[x,¢,1(x),¢,%(x),...,¢,’;_1(x),uf<,
¢ ). L ).

Proof The game in (12.1) and (12.2) is an n-person multistage game with T stages
of play. We first consider the last stage, that is, stage T, and let the set containing all
possible values of states be denoted by X7. One has a single-stage game in which
economic agent i maximizes

4 1 \T-!
gr[x. Wy g, .. u, fr(x, uk, uy., ,u'})](l n ) , forieN, (12.5)
r
where xy =x € Xr.

The solution to the problem in (12.5) is the Nash equilibria of an n-person static
game, which yields a set of strategies {¢7 (x),for i € N}. Substituting the game
equilibrium strategies into agent i’s objective yields his game equilibrium payoff in
stage T

VAT, x) = gi[x, dp (0), d (), ..., B (%), fie(x, By (), p (), ..., @ (0))]

1 k—1 )
x<m) + VI[k+1, fi(x, dp (), g (), ... pf ()] (12.6)

Using the relation for k = T in (12.3) and the condition in (12.4), we have the
problem

VI(T, x) :max{giT[x, Pr(x), PF(x), ..., B (), ulh, o (),

uy
1
1+r

k—1
¢¥(x),f}(x,u;)]< > } fori e N, (12.7)
with x7 =x € X7.
The problem in (12.7) is equivalent to the problem in (12.5).

Now consider the problem in stage 7' — 1. The problem becomes a game in which
agent i

T e
i 1
2 .
max: E gé[x;,ué,ug,...,u’g,x;+1](1 r) }, fori e N,

Wy _y. Uy c=T—1
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subject to
| 2
xr = froi(xr—1,up_y up_y .. uf_)), xr—1 =x € X7_1.

Using the analysis in stage 7', the stage T — 1 problem can be expressed as a
single-stage game in which agent i seeks to maximize

T-2
ngf] [.XT_] ] u%‘_la u%"_la ceey ur;‘7] ) XT](l——i—r) + V’ (Ta .XT)

= girfl [fol’“lT—lvuzT—l’ Uy ST (x, “1T—1’ “2T—1v ) “’%71)]
1 \T-2 _ 1 )
X <m> +V’[T, fT_l(x,qul,qul,...,u’}_l)]. (12.8)

The game equilibrium for (12.8) can be expressed as a set of strategies {q);f] (x),
i € N} for its explicit dependence on x7_; = x € X7_1. Note that the relation for
k=T — 1 in (12.3) characterizes the game equilibrium of (12.8).

Proceeding recursively onward for stage k € {T —2,T — 1,..., 1}, the stage k
problem can be expressed as a single-stage game in which agent i seeks to maximize

. 1 k*l
g,’c[x, u}(, u,%, e U, fk(x, u}(, u%, e, uZ)]<m>

+ViIk+1, file upug, ... uf)]. (12.9)

where x; = x € X.

The game equilibrium for the problem in (12.9) can be expressed as a set of
strategies {q),iC (x),1 € N} because of its explicit dependence on x. Note that the rela-
tionfor k € {1,2,..., T —2}in (12.3) characterizes the game equilibrium of (12.9).
Hence Theorem 12.1 follows. g

For the sake of exposition, we sidestep the issue of multiple equilibria and focus
on solvable games in which a particular noncooperative Nash equilibrium is chosen
by the agents in the entire subgame.

12.2 Dynamic Cooperation

Now consider the case when the agents agree to cooperate and distribute the pay-
off among themselves according to an optimality principle. Two essential properties
that a cooperative scheme has to satisfy are group optimality and individual ratio-
nality. Let the agreed-upon optimality principle be as follows.

Principle PI It is an optimality principle that entails (i) group optimality and (ii)
the distribution of the total cooperative payoff according to an imputation that equals
£k, xp) =€ (k, x}), £ (k, x7), ..., E"(k, x})], for k € k.
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We first examine the conditions under which group optimality and individual
rationality will be maintained.

12.2.1 Group Optimality

Maximizing the agents’ joint payoff guarantees group optimality in a game where
payoffs are transferable. To maximize their joint payoff the agents have to solve the
discrete-time dynamic programming problem of maximizing

n T ) 1 k—1
ZZ[g,i[xk,u,i,ui,...,uz,xk+1]<m) i|, (12.10)

j=lk=1

subject to (12.1).
A frequently used method to characterize and derive an optimal solution to the
problem in (12.10) and (12.1) is as follows.

Theorem 12.2 A set of strategies {w,i (x),fork € k and i € N}, provides an optimal
solution to the problem in (12.10) and (12.1) if there exist functions W (k, x), for
k € K, such that the following recursive relations are satisfied:

n
j 12 1 2
W(k,x) = max n{Zg,i[xk,uk,uk,...,uz,fk(xk,uk,uk,...,uZ)]
Uy

1 \k!
(7)o A )

=Y gl [ v ). YR, ), (6 W), YR, )]
j=1

1 =l 1 2 n
x (] +r> FWk+1, fi(r, w00, YR, .. Yl ()], (12.11)

W(T +1,x)=0. (12.12)

Proof The method of dynamic programming is based on the principle of optimality,
which states that an optimal strategy has the property that, whatever the initial state
and time are, all remaining decisions (from that particular initial state and particular
initial time onward) must also constitute an optimal strategy. To exploit this principle
we work backward in time, starting at all possible final states with the corresponding
final times.

Consider the joint maximization problem that maximizes the objective in (12.10)
subject to the dynamics in (12.1). To determine the optimal control strategy we shall
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need the expression for the maximized payoff from any starting point at any initial
time. This is the value function

T n -1
; 1
Wk, x)= max { E E gé[xg,u},u?,...,u?,x;H](m) },

U U 15 e UT
i c=k j=1

for k € «,

with feedback control u’g = y; (xc) € U fori € N and x; = x. A direct application
of the principle of optimality readily leads to the recursive relation

12
Wk, x) = | max [ng xk,uk,uk,...,uz,fk(xk,uk,uk,...,u;:)]
uy

1\
X<1+r> + Wk +1, fil up up, ... u})]

Hence Theorem 12.2 follows. O

Substituting the optimal control { w,i (x),fork € k and i € N} into the state dy-
namics in (12.1), one can obtain the dynamics of the cooperative trajectory as

Xt = fie (s Wi o)y WEGR), -, Y (), (12.13)

for k € k and x| = x°.

Let {x; }]Z: | denote the solution to (12.13) and hence the optimal cooperative
path. The total cooperative payoff over the stages from k to T can be expressed as

T

W (k, i) ZZ& XL () R () W (), e (0 (),

c=k j=1
2(, % * 1 ¢t
w{(.x{),,ll/?(.x{))](m) y for k € k.

We then proceed to consider individual rationality.

12.2.2 Individual Rationality

The agents have to agree on an optimality principle in distributing the total cooper-
ative payoff among themselves. For individual rationality to be upheld, the payoffs
an agent receives under cooperation have to be no less than his noncooperative pay-
off along the cooperative state trajectory. For instance, (i) the agents may share the
excess of the total cooperative payoff over the sum of individual noncooperative
payoffs equally, or (ii) they may share the total cooperative payoff proportionally to
their noncooperative payoffs.
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Let £(+, -) denote the imputation vector guiding the distribution of the total co-
operative payoff under the agreed-upon optimality principle along the cooperative
trajectory {x,’:},{:l. At stage k, the imputation vector according to £(-, -) is

£k, xp) =" (k, x7), 82 (k, x}), ..., £" (k, x)], fork ex.

If, for example, the optimality principle specifies that the agents share the excess
of the total cooperative payoff over the sum of individual noncooperative payoffs
equally, then the imputation to agent i becomes

. . 1
%-l(k,x;:) = Vl(k,x;:) + n|: k .xk ZV k xk :| (1214)

fori e Nandk e k.
For individual rationality to be maintained throughout all the stages k € «, it is
required that

£ (k,x{) = V' (k,x}), forieNandkekx.

In particular, the above condition guarantees that the payoff allocated to an eco-
nomic agent under cooperation will be no less than its noncooperative payoff.
To satisfy group optimality, the imputation vector has to satisfy

W (k, x}) ngxk for k € .

This condition guarantees the highest joint payoffs for the participating agents.

12.3 Time Consistent Solutions and Payment Mechanism

To guarantee dynamical stability in a dynamic cooperation scheme, the solution has
to satisfy the property of time consistency. Similar to the case of continuous-time
analysis, the stringent condition of time consistency is required for a dynamically
stable solution. Petrosyan and Zenkevich (1996) were the first to provide the anal-
ysis of time consistent solutions in dynamic cooperative games. In particular, the
specific agreed-upon optimality principle must remain effective at any stage of the
game along the optimal state trajectory. Since at any stage of the game the agents are
guided by the same optimality principles, they do not have any grounds for devia-
tion from the previously adopted optimal behavior throughout the game. Therefore,
for time consistency to be satisfied, the imputation £(-, -) according to the original
optimality principle has to be maintained at all the T stages along the cooperative
trajectory {x,f},f:] . In other words, the imputation

E(k,x,f)=[El(k,x,f),éz(k,x,f),...,S"(k,x,f)] at stage k, fork ek, (12.15)

has to be upheld.
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Crucial to the analysis is the formulation of a payment mechanism so that the
imputation in (12.15) can be realized.

12.3.1 Payoff Distribution Procedure

Following the continuous-time analysis of Yeung and Petrosyan (2006a) for cooper-
ative differential games, we formulate a discrete-time version of the Payoff Distribu-
tion Procedure (PDP) so that the agreed imputations of (12.15) can be realized. Let
B,i (x;) denote the payment that agent i will receive at stage k under the cooperative

agreement along the cooperative trajectory {x,f}kT:].
The payment scheme involving B,i (x) constitutes a PDP in the sense that the
imputation to agent i over the stages from & to 7' can be expressed as

) ) 1 k—1 r . 1 ¢—1
gt(k,x;)zg,@(x;)<m) Y {B;(X;)<m> } (12.16)
r=k+1

fori e Nandk ex.
Using (12.16) one can obtain

. . 1 k T . 1 -1
§l(k+1’x1f+1)=31i+1(x1f+1)(m> + D {%(ﬁ)(m) } (12.17)

r=k+2

Substituting (12.17) into (12.16) yields

S =si)(s) +E L AGLRED)). a2
forie Nandk ex.
Theorem 12.3 A payment equaling
BL(x{) = (L + ) 1e (k, xf) — &' [k + 1, fe(xg, vi(x5))]], forieN, (12.19)

given to agent i at stage k € k along the cooperative trajectory {x,’f}kT: | will lead to
the realization of the imputation {§(k, x}}), for k € «}.

Proof From (12.18), one can readily obtain (12.19). Theorem 12.3 can also be ver-
ified alternatively by showing that from (12.16)

s"(k,x;‘)=B£(xz‘)(ﬁ)kl+ i {Bé(x?)<ﬁ>ﬂ}

c=k+1

= {&" (kx) = (€' Tk + 1. Sl v () D}
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+Z E(exp) = (e + 1 fr(xk e ()]

r=k+1
—(k.x7).

given that £ (T + 1, x5 ,) =0.
Hence Theorem 12.3 follows. O

The payment scheme in Theorem 12.3 gives rise to the realization of the impu-
tation guided by the agreed-upon optimal principle and will be used to derive time
(optimal-trajectory-subgame) consistent solutions in the next section.

12.3.2 Time (Optimal-Trajectory-Subgame) Consistent Solution

We denote the discrete-time cooperative game with the dynamics in (12.1) and
payoff in (12.2) by I'.(1, x¢), and the game with the dynamics in (12.1) and pay-
off in (12.2), which starts at stage v and initial state x; by I (v, x.}). Moreover,
we let P(1,xp) = {u;, and B;; forh € k andi € N,&(1, xg)} denote the solution
to the cooperative game I,(1, xp) under optimality Principle PI. Let P(x}, v) =
{u;, and B;l forhe{v,v+1,...,T}andi € N, &(v, x}})} denote the solution to the
cooperative game I (v, x;;) under optimality Principle PI.

A theorem characterizing a time (optimal-trajectory-subgame) consistent solu-
tion for the discrete-time cooperative game I (1, xo) under optimality Principle PI
is presented below.

Theorem 12.4 For the cooperative game I';(1, xo) with optimality Principle P1 the
solution P(1, xo) = {u}, and B} for h e k andi € N, £(1, xo)}—in which

1) u’h = w;; (x3),for h e k and i € N, is the set of group optimal strategies for the
game I' (1, xg), and
(ii) BZ =B! w(x5), for h e k and i € N, where

By, (xr) = (141" [& (h, x}) — €[k + 1, fi (1, wa (x7))]], (12.20)

and [E'(h, X)), £2(h, Xp)s s £l (h, x;)] € P(h,x}) is the imputation accord-
ing to optimality Principle Pl—is time (optimal-trajectory-subgame) consistent.

Proof Follow the proof of the continuous-time analog in Theorem 4.2 of Chap. 4. [J

When all agents use the cooperative strategies, the payoff that agent i will directly
receive at stage k given that along the cooperative trajectory {x,’:},f:l is

gl v () W2 (), 0 () 5 )
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However, according to the agreed-upon imputation, agent i will receive B,i (xf) at
stage k. Therefore, a side payment

oy () = B (%) — e[ we (), v (), - i () ], 122D

for k e k and i € N, will be given to agent i to yield the cooperative imputation
£ (k, x{).

12.4 An Illustration in Cooperative Resource Extraction

Consider an economy endowed with a renewable resource and with two resource
extractors (firms). The lease for resource extraction begins at stage 1 and ends at
stage 3 for these two firms. Let u}( denote the rate of resource extraction of firm i
at stage k, for i € {1,2}. Let U ! be the set of admissible extraction rates and x; €
X C R the size of the resource stock at stage k. In particular, we have U’ € RT
and u,]( + u,% < xi. The extraction cost for firm i € {1, 2} depends on the quantity of
the resource extracted u};, the resource stock size xi, and cost parameters ¢ and c;.
In particular, the extraction cost for firm i at stage k is specified as ¢; (u};)2 /xk. The
price of the resource is P.
The profits that firms 1 and 2 will obtain at stage k are, respectively,

|:Pu,1€ - c—'(u}c)z] and [Pu,% - 2(u,%)z]. (12.22)

Xk Xk

The growth dynamics of the resource is governed by the difference equation

2
Xepr=xc+a—bxi— Y uj, (12.23)
j=1

for k € {1,2,3} and x; = x°.

With no human harvesting, the natural growth of the resource stock is xgy1 —
Xr = a — bxi. The objective of extractor i € {1, 2} is to maximize the present value
of the stream of future profits

3

o k—1
Z[Pu;;—;—;(u;()zklir) . forie{l,2), (12.24)

k=1

subject to (12.23).

Invoking Theorem 12.1, one can characterize the noncooperative equilibrium
strategies in a feedback solution for the game in (12.23) and (12.24). In particular, a
set of strategies {qb,i (x),for k € {1,2,3}and i € {1, 2}} provides a Nash equilibrium
solution to the game in (12.23) and (12.24) if there exist functions Vi(k,x), for



12.4  An Illustration in Cooperative Resource Extraction 333

i €{1,2}and k € {1, 2, 3}, such that the following recursive relations are satisfied:

k—1
. Cl N2 l
Vik,x)=m Pul — 2 (ut
0 ﬁx{[ “ x(”")KHr)

Vik+1,x+a—bx—ujf— ¢k(x)]} (12.25)

for k € {1, 2, 3},
Vid,x)=0

Performing the indicated maximization in (12.25) yields

i k—1
ZCiuk 1 ;
Pm= 1+r — Vi [k+1,x+a—bx —uj — ¢l (x)] =0, (12.26)

fori e {1,2} and k € {1, 2, 3}.
From (12.26), the game equilibrium strategies can be expressed as

2
q),’((x) = (P V;k-H |:k +1,x+a—bx — Z(ﬁ]f(x)](l + r)k—l) 2ic‘i’ (12.27)

=1

fori € {1,2} and k € {1, 2, 3}.
Proposition 12.1 The value function
Vik,x)=[Ax +Ct], forie{l,2}andk €{1,2,3}, (12.28)

where Aj; and C,i,for i €{1,2} and k € {1, 2,3}, are constants in terms of the
parameters of the game in (12.23) and (12.24).

Proof For the proof see Appendix 1 of this chapter. O

Substituting the relevant derivatives of the value functions in Proposition 12.1
into the game equilibrium strategies in (12.27) yields a noncooperative feedback
equilibrium solution of the game in (12.23) and (12.24).

Now consider the case when the extractors agree to maximize their joint profit
and share the excess of cooperative gains over their noncooperative payoffs equally.
To maximize their joint payoff, they solve the problem of maximizing

2

ZZ[Puk ;’ )KIL)H, (12.29)

j=lk=1

subject to (12.23).
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Invoking Theorem 12.2, one can characterize the optimal controls in the dynamic
programming problem in (12.23) and (12.29). In particular, a set of control strategies
{w,i (x),for k € {1,2,3} and i € {1, 2}} provides an optimal solution to the problem
in (12.23) and (12.29) if there exist functions W(k, x) : R — R, for k € {1,2, 3},
such that the following recursive relations are satisfied:

2 e -
W (k, x) :rrllaé{Z[Puljc — Cx_f(ulfc)2](1 er)

Ut j=1

2
—i—W[k—i— l,x+a—bx —Zu,ﬁ“, fork e{1,2,3}  (12.30)
j=1

W4,x)=0.
Performing the indicated maximization in (12.31) yields

2

: 2ciu (1 ! j
ui:(P— . )(l—i—r) - Wi k—i—l,x—i—a—bx—Zu

j=1
=0, (12.31)

fori € {1,2} and k € {1, 2, 3}.
In particular, the optimal cooperative strategies can be obtained from (12.31) as

2
(P—Vka_H |:k+1,x+a—bx—2u1{|(1+r)k1)%’ (12.32)

1

j=1
fori € {1,2}and k € {1, 2, 3}.
Proposition 12.2 The value function
W(k,x)=[Ax + Crl, forkel{l, 2,3}, (12.33)

where Ay and Cy, for k € {1, 2, 3}, are constants in terms of the parameters of the
problem in (12.29) and (12.23).

Proof For the proof see Appendix 2 of this chapter. 0

Using (12.32) and Proposition 12.2, the optimal cooperative strategies of the
agents can be expressed as

Vi) =[P — A (1 +r)"—1]zic_, fori e {1,2}and k € {1,2,3). (12.34)
l
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Substituting w,i (x) from (12.34) into (12.23) yields the optimal cooperative state
trajectory

2

_17 Xk
X1 =xk+a—bxk—Z[P—Ak+1(1+r)k ‘]?, (12.35)
j=1 !

for k € {1, 2,3} and x; = x°.

The dynamics in (12.35) is a linear difference equation readily solvable by stan-
dard techniques. Let {x;, for k € {1, 2, 3}} denote the solution to (12.35).

Since the extractors agree to share the excess of the cooperative gains over their
noncooperative payoffs equally, an imputation

. . 1 2
£ (k,xf) =V (k,x})+ 2|: (k. x{) Z (k. x¢)

2
; . 1
= (A +Cp) + §|:(Akx,’f+Ck = (Alxp +cf) ] (12.36)
j=1

for k € {1,2,3} and i € {1, 2}, has to be maintained.
Invoking Theorem 12.4, if x; € X is realized at stage k a payment equaling

By () = (1) [ (ko) = €[k + 1, S, v (x) + 6k ]]

2
‘ o
=(14r)! { (Apxi+Cp) + 3 ((Akx,;k + Cx) Z A,’(x;; + Ck )
j=1
i * i 1 *
— | (Afs1¥41 + Cigr) + 5 (Ak1x{41 + Crs1)

2
—Z(Ai+1x;+l+C,f+1)>:|}, fori € {1,2}, (12.37)

given to agent i at stage k € k will lead to the realization of the imputation in (12.36).
A time (optimal-trajectory-subgame) consistent solution can be readily obtained
from (12.34), (12.36), and (12.37).

12.5 Exercises

12.1 Consider an economy endowed with a renewable resource and with two re-
source extractors (firms). The lease for resource extraction begins at stage 1 and
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ends at stage 3 for these two firms. Let u}( denote the rate of resource extraction
of firm i at stage k, for i € {1,2}. Let U’ be the set of admissible extraction rates
and x; € X C R the size of the resource stock at stage k. In particular, we have
Uie Rt and u }( + u% < xi. The extraction cost for firms 1 and 2 are, respectively,

(u}()z/xk and 1.5(u};)2/xk. The price of the resource is 20.
The profits that firms 1 and 2 will obtain at stage k are, respectively,

1 15
[ZOui—g(u}()z] and [20ui—;(ui)2:|.

The growth dynamics of the resource is governed by the difference equation

2
Xep1=xx+10—02x; — Y uj, fork € {1,2,3} and x; =45.
j=1

The objectives of extractors 1 and 2 are, respectively,

: 1 12 1 !
Z[zouk_x_(uk)]<l+r> , and
k=1 k

3 k—1

> [2oi- 2wy (45)

=1 Xk +r

Characterize the noncooperative equilibrium strategies in a feedback Nash equilib-
rium solution for the above resource economy.

12.2 If the extractors agree to cooperate and maximize their joint payoff, derive the
optimal cooperative strategies and the optimal resource trajectory.

12.3 Consider the case when the extractors agree to share the excess of the cooper-
ative gains over their noncooperative payoffs equally. Characterize a time (optimal-
trajectory-subgame) consistent solution.

Appendix 1: Proof of Proposition 12.1

Consider first the last stage, that is, stage 3. Remembering that Vi 3,x)= [Agx +
C!] from Proposition 12.1 and V' (4, x) = 0, the conditions in (12.25) become

L :; A + (: max 1 N 1()1' S I, 2 .
, X X a u u l

Performing the indicated maximization in (12.38) yields

2ciug 1 2 .
P — =0, forief{l,?2}. (12.39)
X 1+r
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The game equilibrium strategies in stage 3 can then be expressed as

P4 (x) = %, fori e {1,2)}. (12.40)

1

Substituting (12.40) into (12.38) yields

VG0 = [Alx 4 CI] P2 P%/ 1\ 1 \?P2
,X) = X = | — — = —X,
3 3 2¢; 4¢; 14+r 14+r/ 4c

fori e {1,2}. (12.41)

Using (12.41), we obtain

: ~ - : 1\ P? .
Vi3, x) = [Agx + Cé] where A5 = <m> i and C3 =0, fori e {1,2}.
l
(12.42)

Now we proceed to stage 2. The conditions in (12.25) become

Vi@, x) = [Abx + Ci]

— P l__l 1
e [t ) (75)

+V"[3,x+a—bx—u§—¢2"(x)]}, i,je{l,2)andi# j.

(12.43)

Invoking (12.41), the condition in (12.43) can be expressed as

[ate+ i) =mas] [t~ ] (1)

i X
i

+Ag[x+a—bx—u§—¢2"(x)]}, fori, je (1,2} andi # j.

(12.44)
Performing the indicated maximization in (12.44) yields
2ciué 1 ; .
P——— 15 ) ~As=0 forie(l2). (12.45)

The game equilibrium strategies in stage 2 can then be expressed as

¢§(x)=[P—(1+r)Aé]%, fori e {1,2}. (12.46)

i
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Substituting (12.46) into (12.44) yields
. ) 1 P 1

‘ 1
+A’3<x+a—bx—[P—(l+r)A’3]2—x
¢i

1
—[P-a +r)A§]2—x>, fori, j € (1,2} and i # j. (12.47)
¢j

Collecting the terms together, (12.47) can be expressed as
Vi@2,x) =[Abx + Ci]

_ 1 P+ (1+7)AL
= (77 e - @A SRS

+ A5 =b) — [P~ (1A 2 — [P~ +V)A‘§]ﬁ}x
! J

+aAL, fori,je{l,2}andi# j. (12.48)

Substituting A% = (ﬁ)&{;j fori e {1,2} into (12.48), A} and C} fori € {1,2} are
obtained in explicit terms.
Finally, we proceed to the first stage. The conditions in (12.25) become

Vi, x) =[Alx +Cf]

| [~ 2]

uj X
+ Vi[2,x+a—bx —u"l —¢>{(x)]},
fori, je{1,2}andi # j. (12.49)

Invoking (12.48), the condition in (12.49) can be expressed as

[A"lx + C’l] = max{ |:Pu’1 — %(”11)2} + (Aé[x +a—bx — u’l — q‘){(x)] + Cé)},

)
uy

fori, je{l,2}andi # j. (12.50)

Performing the indicated maximization in (12.50) yields

2c,‘ui1 ; .
P — P — A, =0, forief{l,2}. (12.51)
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The game equilibrium strategies in stage 1 can then be expressed as

¢i(x)=[P—Aé]%, fori e {1,2). (12.52)

1

Substituting (12.52) into (12.50) yields
(x4 ¢l = (P - Ay) Lox — (P — ai)>-]
! ! 2 201 2 4cl
+|AY(x+a—bx—(P- A')ix— (P— AJ)ix +C}
2¢; 2¢; 20
(12.53)

fori,je{l,2}andi #j.
Collecting the terms together, (12.53) can be expressed as

Vi3, x) = [Alx + Cl]

P+ Al Al Al
il ——24+A0-b)—(P- A‘)Z—z—(P A/)chi|x

=[Sl

+aAy+Ch, fori,je{l,2}andi+# j. (12.54)

Substituting the explicit terms for AL, Aé, Cé, and Cg from (12.48) into (12.54), Ail
and Ci for i € {1, 2} are obtained in explicit terms.

Appendix 2: Proof of Proposition 12.2

Consider first the last stage, that is, stage 3. Remembering that W (3, x) = [Azx +
C3] from Proposition 12.2 and W (4, x) = 0. The conditions in (12.31) become

2 2

) . 1

W@3,x)=[A3x + C3] = Lrtlllzfé{Z[Pué — C;C—j(ué)zi| <m> } (12.55)
33 j=1

Performing the indicated maximization in (12.38) yields

2c,-ui3 1 2 .
P — =0, forief{l,?2}. (12.56)
X 147

The optimal cooperative strategies in stage 3 can then be expressed as

: Px .
Y3(x) = e fori € {1, 2}. (12.57)
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Substituting (12.57) into (12.55) yields

1 2 P2
A Cil= —— —x, fori 1,2},
[Asx + C3] (1+r> ;4ij ori €{l,2)

Using (12.58), we obtain

1 \2 & P2
W3, x) =[Asx + C3], whereA3=< )Z—andC3=0.

14+r 4Cj

j=1
Now we proceed to stage 2. The conditions in (12.31) become

W(2,x) =[Axx + C2]

2
_ Iy 1
- [l - 20 (1)

j=1

2
+W|:3,x+a—bx—2ué:|}.

j=1

Invoking (12.58), the condition in (12.60) can be expressed as

2
i Cig, 1
[A2x + Ca2] = rrlla);{Z[Pué - ;f(ug)zKl +r)

Ut j=1
2 .
+A3|:x+a — bx —Zu{”
j=1

Performing the indicated maximization in (12.61) yields

2ciu3 1 .
P — — A3 =0, forief{l,?2}.
X 1+r

The optimal cooperative strategies in stage 2 can then be expressed as

1#5(X)=[P—(1+r)A3]%, fori € {1,2}.

Substituting (12.63) into (12.61) yields

P+(+n4;s

2
1
[Asx + Co] = (—1+r>Z[P — (14 r)A3] v
j=1 !

1
+A3<x+a—bx—[P—(l+r)A3]gx
1

P 1 A !
_[ _( +r) 3]@)6).

(12.58)

(12.59)

(12.60)

(12.61)

(12.62)

(12.63)

(12.64)
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Collecting the terms together, (12.64) can be expressed as

W(2,x) =[A2x + C2]

P A
[(Hr)z — (1+7r)A3 ]%w& (1—b)
J

i

A
-[P-a +r)A3]2A;C31 —[P-a+ r)A3]2—C32:|x +aAs). (12.65)

Substituting A3 = (775 +r)2 Z =1 4C into (12.65), A and C» are obtained in explicit
terms.
Finally, we proceed to the first stage, the conditions in (12.31) become

W@, x)=[A1x + Cq]

_ max{i[Pu{ - %(u{)z}

uulll

2
+W[2,x+a—bx—zu{]}. (12.66)

j=1

Invoking (12.65), the condition in (12.66) can be expressed as

2
e
[Aix+Ci] = max{Z[Pu{ — ;/(u{)2:|

“1 ”1 j=1
2 .
+<A2|:x+a—bx—2u{:|+C2>}. (12.67)
j=1
Performing the indicated maximization in (12.67) yields
20,‘141‘1 .
P — —A=0, forief{l,?2}. (12.68)

X

The optimal cooperative strategies in stage 1 can then be expressed as

w{(x):(P—Az)zio, fori e {1,2}. (12.69)

Substituting (12.69) into (12.67) yields

2

P+ A
A Cil= pP—-A
[Aix+Ci1=) ( 2) G,

j=1
1 1
+|1A)x+a—bx—(P—A)—x—(P—A)—x |+ Co|.
2c 2co
(12.70)
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Collecting the terms together, (12.70) can be expressed as

W2, x) =[Aix+C1]

2
P+ A Ar Ap
= [P —A)— =+ A1 =) = (P = Ag) = — (P = Ag) — |x
o Cj 2cy 2co

+alAz; + Cy. (12.71)

Substituting the explicit terms for A, and C; from (12.65) into (12.71), A; and
C are obtained in explicit terms.



Chapter 13
Discrete-Time Cooperative Games
Under Uncertainty

In some economic processes in discrete-time, uncertainty may also arise. For in-
stance, Smith and Zenou (2003) considered a discrete-time stochastic job search
model. Esteban-Bravo and Nogales (2008) analyzed mathematical programming
for stochastic discrete-time dynamics arising in economic systems including ex-
amples in a stochastic national growth model and international growth model with
uncertainty. The discrete-time counterpart of stochastic differential games is known
as stochastic dynamic games. Basar and Ho (1974) examined informational prop-
erties of the Nash solutions of stochastic nonzero-sum games. The elimination of
the informational nonuniqueness in a Nash equilibrium through a stochastic for-
mulation was first discussed in Basar (1976) and further examined in Basar (1975,
1979, 1989). Basar and Mintz (1972, 1973) and Basar (1978) developed an equilib-
rium solution of linear-quadratic stochastic dynamic games with noisy observation.
Again, the STAM Classics on Dynamic Noncooperative Game Theory by Basar
and Olsder (1995) gave a comprehensive treatment of noncooperative stochastic
dynamic games. Yeung and Petrosyan (2010) provided the techniques in character-
izing subgame consistent solutions for stochastic dynamic. Furthermore, they also
presented a stochastic dynamic game in resource extraction. Analyses of noncoop-
erative and cooperative discrete-time dynamic games with random game horizons
were presented in Yeung and Petrosyan (2011). The recently emerging robust con-
trol techniques in discrete time along the lines of Hansen and Sargent (2008) should
prove to be fruitful in developing into stochastic dynamic interactive economic mod-
els.

In the first section of this chapter, we present a general formulation of stochas-
tic dynamic economic games in discrete time and noncooperative market outcomes.
Group optimality and individual rationality under stochastic dynamic cooperation
are discussed in Sect. 13.2. Subgame consistent cooperative solutions with corre-
sponding payoff distribution procedures are derived in Sect. 13.3. An illustration
of cooperative resource extraction under uncertainty in discrete time is given in
Sect. 13.4.

D.W.K. Yeung, L.A. Petrosyan, Subgame Consistent Economic Optimization, 343
Static & Dynamic Game Theory: Foundations & Applications,
DOI 10.1007/978-0-8176-8262-0_13, © Springer Science+Business Media, LLC 2012
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13.1 Stochastic Dynamic Games

In this section we consider the formulation of stochastic dynamic games in eco-
nomics and their solutions.

13.1.1 Game Formulation

Consider the general T'-stage n-person nonzero-sum discrete-time stochastic dy-
namic game with initial state x°. The state space of the game is X € R™ and the
state dynamics of the game is characterized by the stochastic difference equation

Xt = fie(xu, up, ug, o uld) + 6, (13.1)

fork e {1,2,..., T} =« and x| = x°, where u;{ € R™i is the control vector of agent
i at stage k, x; € X is the state, and 6 is a set of statistically independent random
variables.

The objective of agent i is

T -1
. 1
§ : 1 2
E@],@g,...,@f gé‘[-vau;auga"'au?]<1+r) }1

=1
forie{l,2,...,n}=N, (13.2)

where r is the discount rate and Ey, ,,. .6, is the expectation operation with respect
to the statistics of 01, 6>, ..., Or.
The payoffs of the agents are transferable.

13.1.2 Noncooperative Solution

In this section, we characterize the noncooperative outcome of the discrete-time
stochastic economic game in (13.1) and (13.2). Let {¢,i(x), fork € k andi € N}
denote a set of strategies that provides a feedback Nash equilibrium solution (if it
exists) to the game in (13.1) and (13.2), and

Vik, x)

T -1
. 1
= Eo b1, 01 {Zgg [xc. 0} (). 7 (xc), . .,¢>g(x;>]( ) }
¢=k

1+r

where x; = x, for k € K and i € N, denote the value functions indicating the ex-
pected game equilibrium payoff to agent i over the stages from k to T'.
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A frequently used way to characterize and derive a feedback Nash equilibrium
of the game is as follows.

Theorem 13.1 A set of strategies {q&,ic (x),fork € k and i € N} provides a feedback
Nash equilibrium solution to the game in (13.1) and (13.2) if there exist functions
Vi(k,x),fork € K andi € N, such that the following recursive relations are satis-

fied:

Vitk,x)= max Eg, {g;;[x, L), PR, e, L () Ul T (), B ()]

k

1 \*! A - A
x <]+r) +v'[k+1,f,g(x,u;)+9k]}

= Eqg, {g,’;[x, Gr(X), Pp(X),....dF ()]

1 \,! A
X ( ) +V'[k+1,fk(x,¢,1(x),¢,§(x),...,¢,'g(x))+9k]},

1+r
(13.3)
VT +1,x)=0; (13.4)
for i € N and k € «, where fi(x,u}) = filx, ¢} (), GF (), .. b (), s
¢,’{+1 x),..., ¢>,'{1 (x)] and Eyg, is the expectation operation with respect to the statis-
tics of 6.
Proof See Appendix 1 of this chapter. U

Again, for the sake of exposition, we sidestep the issue of multiple equilibria and
focus on solvable games in which a particular noncooperative Nash equilibrium is
chosen by the agents in the entire subgame.

13.2 Dynamic Cooperation Under Uncertainty

Now consider the case when the agents agree to cooperate and distribute the pay-
off among themselves according to an optimality principle. Once again, the es-
sential properties of group optimality and individual rationality have to be satis-
fied.

Let the agreed-upon optimality principle be as follows.

Principle PI It is an optimality principle that entails (i) group optimality and (ii)
the distribution of the total cooperative payoff according to an imputation that equals
E(k, x{) = 18" (ko xf), €2 (k, x), .. 8" (ko x)], for k € k.
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Again, we first examine the conditions under which group optimality and indi-
vidual rationality will be maintained.

13.2.1 Group Optimality

Maximizing the agents’ expected joint payoff guarantees group optimality in a game
where payoffs are transferable. To maximize their expected joint payoff the agents
have to solve the discrete-time stochastic dynamic programming problem of maxi-
mizing

n T k—1
i 1
Eg, 6..... 9T{ZZ[g,{[xk,u,i,uf,...,uZ](1+r> :|} (13.5)

j=lk=1

subject to (13.1).
A frequently used method to characterize and derive an optimal solution to the
problem in (13.5) and (13.1) is as follows.

Theorem 13.2 A set of strategies {wli (x),fork e k and i € N} provides an optimal
solution to the problem in (13.5) and (13.1) if there exist functions W (k, x), for
k € K, such that the following recursive relations are satisfied:

n
W(k,x)= max ) Eq, {Zg,{[xk, u}(, u,%, ey uZ]

..... uj, =1

1 \k-!
X(l—}—r) +W[k+1,fk(xk,u,i,u%,...,u’,f)+9k]}

gl [x vl ), Y2, o R ()]

Il

&3

>

~
r——
~
I =
—

1 k—1
x ( ) + Wk + 1, fi(x, ¥l ), Y@, . Y () +ek]},

_|_
~

(13.6)
W(T +1,x)=0. (13.7)

Proof Again, invoking the principle of optimality, we work backward in time,
starting at all possible final states with the corresponding final times. Consider
the joint maximization problem that maximizes the objective in (13.5) subject
to the dynamics in (13.1). To determine the optimal control strategy, we shall
need the expression for the maximized payoff from any starting point at any
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initial time with any given initial value of the state. This is the value func-
tion

Wk, x)
T n ) 1 ¢—1
— J 12 nf -~
= uk.,ukTﬁ?(.-v,uT Eg00.1..07 {Z Zg; [xg, UpsUps .-, u;]<] n r) }
{=k j=1
xy=x, forkec,
with ul. = yl(x;) € U; for i € N. Utilizing the property of independence of the

random vectors involved, a direct application of the principle of optimality readily
shows that the value function satisfies the recursive relation

n
W(k,x) = max Egk[Zg,{ [xk, u}(, u%, ey uZ]

2 n
U Uy e U =1

1 k—1
X<1+r) +W[k+1vfk(xk,ull,uz,...,MZ)—‘,-@](] ,

which also leads to the conclusion that the optimal strategies ¢,i, for i e N,
depend only on the current value of the state x;. Hence Theorem 13.2 fol-
lows. (]

Substituting the optimal control {w,i (x),for k € k and i € N} into the state dy-
namics in (13.1), one can obtain the dynamics of the cooperative trajectory as

Xt = fic (%, Y ), Y () U (60)) A+ Ok (13.8)
fork ek and x; = xV.
We use X; to denote the set of realizable values of x; at stage k generated
by (13.8). The term x; € X} is used to denote an element in X7.
The term W (k, x}) gives the expected total cooperative payoff over the stages
from k to T if x; € X} is realized at stage k € k. We then proceed to consider
individual rationality.

13.2.2 Individual Rationality

The agents have to agree to an optimality principle in distributing the total coop-
erative payoff among themselves. For individual rationality to be upheld the ex-
pected payoffs an agent receives under cooperation have to be no less than his
expected noncooperative payoff along the cooperative state trajectory. Let £(-, -)
denote the imputation vector guiding the distribution of the total cooperative
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payoff under the agreed-upon optimality principle along the cooperative trajec-
tory {x,f},{zl. At stage k, the imputation vector according to &(-,-) is &£(k, x}) =
(E k, x)), 62k, x}), ... " (k, x})], for k e k.

For individual rationality to be maintained throughout all the stages k € «, it is
required that

' (k,xf) = Vi(k,x}), forieNandkekx.

In particular, the above condition guarantees that the expected payoff allocated to an
economic agent under cooperation will be no less than its expected noncooperative
payoff.

To satisfy group optimality the imputation vector has to satisfy

n
Wk, xp)=> & (k.xj), forkex.
j=1

This condition guarantees the highest expected joint payoffs for the participating
agents.

13.3 Subgame Consistent Solutions and Payment Mechanism

Now we proceed to consider dynamically stable solutions in cooperative stochastic
dynamic games. To guarantee dynamical stability in a stochastic dynamic coop-
eration scheme, the solution has to satisfy the property of subgame consistency.
A cooperative solution is subgame consistent if an extension of the solution policy
to a subgame starting at a later time with any realizable state brought about by prior
optimal behavior would remain optimal under the agreed-upon optimality principle.
In particular, subgame consistency ensures that, as the game proceeds, agents are
guided by the same optimality principle at each stage of the game, and hence do not
possess incentives to deviate from the previously adopted optimal behavior. Yeung
and Petrosyan (2010) developed conditions leading to subgame consistent solutions
in stochastic differential games.

For subgame consistency to be satisfied, the imputation & (-, -) according to the
original optimality principle has to be maintained at all the T stages along the co-
operative trajectory {x,’:},{:] . In other words, the imputation

S(k,x,f) = [Sl(k,x,’f), Ez(k,x,’f), e, én(k,x,’f)] at stage k, fork ek, (13.9)
has to be upheld.

Crucial to the analysis is the formulation of a payment mechanism so that the
imputation in (13.9) can be realized.
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13.3.1 Payoff Distribution Procedure

Following the analysis of Yeung and Petrosyan (2010), we formulate a discrete-time
Payoff Distribution Procedure (PDP) so that the agreed imputations in (13.9) can be
realized. Let B,i (x;) denote the payment that agent i will receive at stage k under
the cooperative agreement if x; € X} is realized at stage k € k.

The payment scheme involving B,i(x,f) constitutes a PDP in the sense that, if
x; € X} is realized at stage k, the imputation to agent i over the stages from k to T
can be expressed as

. . 1V : RN
&' (k, x;) = By (xf)| —— + Z Eo oy O1sn..nc | Br (x7) ’
1+r I+

r=k+1
(13.10)
fori e Nandk e«.
Using (13.10) one can obtain
. . 1 \*
E(k+1x0,,) = Bzi+1(x1f+1)<m)
T ) 1 -1
+ > E9k+2,9k+3,._.,9;{Bé(xz)(m) } (13.11)
c=k+2
Substituting (13.11) into (13.10) yields
1 k, * =Bl * -
5( xk) k(xk)<l+r>
+ Egpp (E7[k + 1 f (e v (7)) + 64)), (13.12)

fori e Nandk e«.

Theorem 13.3 A payment equaling
Bi(x) = (L4 THE (ko) = Eg (6 [k + 1, fix v () + 6]
forieN, (13.13)

given to agent i at stage k € k., if x;; € X} will lead to the realization of the imputa-
tion {&(k, x{), for k € k}.
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Proof From (13.12) one can readily obtain (13.13). Theorem 13.3 can also be veri-
fied alternatively by showing that from (13.10)

_ _ L\ T _ 1 \¢-1
El(k,x;:)zB;{(x;:)<l—+r) + Z Egyi1.6012..... 9;{Bé(x?)<m> }
r=k+1
= {&" (k. x7) — Eq (' [k + 1. filo v (x)) + 6]) }

T .
+ Z Eg 160206, {El(g’x;)
c=k+1

= Eo ('[¢ + 1 fe (7, e (7)) +0c]) } =& (k. 7).
giventhaté‘i(T+l,x;+l)=O. O

The payment scheme in Theorem 13.3 gives rise to the realization of the imputa-
tion guided by the agreed-upon optimal principle and will be used to derive subgame
consistent solutions in the next section.

13.3.2 Subgame Consistent Solution

We denote the discrete-time cooperative game with the dynamics in (13.1) and pay-
off in (13.2) by I'.(1, x0), and the game with the dynamics in (13.1) and payoff in
(13.2), which starts at stage v and initial state x;; € X* by I'c(v, x;). Moreover, we
let P(1,x0) = {ul (x}) and B} (x}) forh € k and i € N and x} € X}, &(1,x0)} de-
note the solution to the cooperative game I(1, xo) under optimality Principle PL
Let P(x}, v) = {uﬁl(x;lk) and B;l(x;l‘) forhe{v,u+1,...,T}andi € N and x} €
XZ, &(v, x}})} denote the solution to the cooperative game I (v, x;;) under optimal-
ity Principle PIL.

A theorem characterizing a subgame consistent solution for the discrete-time
cooperative game (1, xo) under optimality Principle PI is presented below.

Theorem 13.4 For the cooperative game I':(1, xo) with optimality Principle P the
solution P (1, xo) = {u}, (x}}) and B (x};) for h e k and i € N and x}; € X}, £(1, x0)}
in which (i) uﬁl(xfl‘) = lﬁ,’; (xp),forh ek and i € N and x} € X}, is the set of group
optimal strategies for the game I'.(1, xq), and (ii) B}"l (xp) = B;l (xp), for h € k and
i € N and x;; € X}, where

B (xp) = (1 +r)" Y& (h, x}) — Eo, (6'[n+ 1, fu (x, v (x)) +6n]) ), (13.14)

and [E'(h, X)), £2(h, Xp)sens gl (h, x;)] € P(h, xy) is the imputation according to
optimality Principle Pl, is subgame consistent.
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Proof Follow the proof of the continuous-time analog in Theorem 8.2 of Chap. 8. [J

When all agents use the cooperative strategies, the payoff that agent i will directly
receive at stage k given that x; € X} is

gl v () w2 () v ()]

However, according to the agreed-upon imputation, agent i will receive B,’; (x7) at
stage k. Therefore, a side payment

(1) = B (x) — gl v (0)- v (). - v (). ], (13.15)

for k € k and i € N,will be given to agent i to yield the cooperative imputation
E'(k, xp).

13.4 Cooperative Resource Extraction Under Uncertainty

Consider an economy endowed with a renewable resource and with two resource
extractors (firms). The lease for resource extraction begins at stage 1 and ends at
stage 3 for these two firms. Let u}( denote the rate of resource extraction of firm i
at stage k, fori € {1,2}. Let U ! be the set of admissible extraction rates, and x; €
X C R the size of the resource stock at stage k. In particular, we have U’ € R
and u ,]( + u,% < xx. The extraction cost for firm i € {1, 2} depends on the quantity
of resource extracted u};, the resource stock size xi, and cost parameters c¢; and c;.
In particular, the extraction cost for firm i at stage k is specified as ¢; (”2)2 /xx. The
price of the resource is P.
The profits that firms 1 and 2 will obtain at stage k are, respectively,

C1

[Pu;——(u,ﬁ)z] and [Pu,i—c—z(u,%)z]. (13.16)

Xk Xk

The growth dynamics of the resource is governed by the stochastic difference equa-
tion

2
Xip1=xk+a—bxg— Y ul +6k, (13.17)
j=1

for k € {1,2,3} and x; = x°, where 6y is a random variable with range {Bkl , 9,3, 9,?}
and corresponding probabilities {)»,1(, A%, Ai}.

With no human harvesting, the natural growth of the resource stock is xz4| —
X = a + 6 — bxi. The natural death rate is b and the growth parameter a + 6

exhibits stochasticity.
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The objective of extractor i € {1, 2} is to maximize the present value of the ex-
pected stream of future profits

3

k—1
Z[Puk—;—;(u;‘c)zklir) } fori e {1,2}, (13.18)

k=1

Eo,6,0, {

subject to (13.17).

Invoking Theorem 13.2, one can characterize the noncooperative equilibrium
strategies in a feedback solution for the game in (13.17) and (13.18). In particular, a
set of strategies {¢,i (x),for k € {1,2,3}and i € {1, 2}} provides a Nash equilibrium
solution to the game in (13.17) and (13.18) if there exist functions Vik,x), for
i €{l,2} and k € {1, 2, 3}, such that the following recursive relations are satisfied:

‘ A 1 k—1
Vit =max B, | Pag = < )| (1)
Uk

1+r

V‘[k—l—l,x—l—a—bx—u2—¢,{(x)+9k]}

_ o] L\ (13.19)
e [t 0] (555)

+Z/\k [k+1, x+a—bx—u;;—¢,{(x)+9g']];

Vi, x)=0.

Performing the indicated maximization in (13.19) yields

()t
X 1+r

—ZAZv;kH [k+1,x+a—bx—uf — ¢l (x) +6]]=0, (13.20)

fori e {1,2} and k € {1, 2, 3}.
From (13.20), the game equilibrium strategies can be expressed as

2
¢,i(x):< Z/\’ XH]|:k+1,x+a—bx—Z¢f(x)+0,fi|(l+r)k_l)

=1
X

—, 13.21
x 26‘,‘ ( )

fori e {1,2} and k € {1, 2, 3}.
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Proposition 13.1 The value function
Vik,x)=[Alx +Ci], forie{l,2}andk€{1,2,3}, (13.22)

where A}; and C]i,for i €{l,2} and k € {1, 2,3}, are constants in terms of the
parameters of the game in (13.17) and (13.18).

Proof See Appendix 2 of this chapter. O

Substituting the relevant derivatives of the value functions in Proposition 13.1
into the game equilibrium strategies in (13.21) yields a noncooperative feedback
equilibrium solution of the game in (13.17) and (13.18).

Now consider the case when the extractors agree to maximize their expected joint
profit and share the excess of cooperative gains over their expected noncooperative
payoffs equally. To maximize their expected joint payoff, they solve the problem of
maximizing

2 3 5 1 k—1
E919293{ZZ|:P14,€ — L (uf) }(1 +r) } (13.23)

j=lk=1

subject to (13.17).

Invoking Theorem 13.4, one can characterize the optimal controls in the stochas-
tic dynamic programming problem in (13.17) and (13.23). In particular, a set of
control strategies {w,i (x),fork € {1,2,3} and i € {1, 2}} provides an optimal solu-
tion to the problem in (13.17) and (13.23) if there exist functions W (k, x) : R — R,
for k € {1, 2, 3}, such that the following recursive relations are satisfied:

2 k-1
: 1
Wk, x) = mangkH{E [Puk_;( 'J‘)z}(l—i-r)

”k “k j=1

2
+W[k+1,x+a—bx—2ui+9k”

j=1

2 . R (13.24)
“manl [l - 20y (45)

Ul U j=1

2

3
+Z,\iw[k+1,x+a—bx—2ui+9ky”, fork € {1,2,3}.
y=I

j=1
W(T +1,x)=0.
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Performing the indicated maximization in (13.24) yields

2c-u§< 1 k=1 3 2.
1 ) "
(P— . ><1+r> —§ )\,ika+l[k+1,x+a—bx—§ u,j(+9,3i|

y=1 j=1
=0, (13.25)

fori € {1,2} and k € {1, 2, 3}.
In particular, the optimal cooperative strategies can be obtained from (13.25) as

3 2
. . 7 k_l x
u}(=<P— E Aink+l|:k+l,x+a—bx— E u,j(+9,(y:|(l+r) )2—01,

y=l1 j=1
(13.26)
fori e {1,2} and k € {1, 2, 3}.
Proposition 13.2 The value function
W(k,x) =[Axx + Cil, forke{l,2,3}, (13.27)

where Ay and Cy, for k € {1,2, 3}, are constants in terms of the parameters of the
problem in (13.23) and (13.17).

Proof See Appendix 3 of this chapter. (]

Using (13.26) and Proposition 13.2, the optimal cooperative strategies of the
agents can be expressed as
Vi) =[P — Aeyr (1 +r)k*1]zi, fori e {1,2)andk € {1,2,3). (13.28)
Ci
Substituting w,i (x) from (13.28) into (13.17) yields the optimal cooperative state
trajectory
2

X
Xest = +a—bxg— Y [P — Ara(l +r)’<*‘]?’f 16, (13.29)
j=1 /

for k € {1,2,3} and x; = x°.
The dynamics in (13.29) is a linear stochastic difference equation readily solvable
by standard techniques. Let {x/, for k € {1, 2, 3}} denote the solution to (13.29).
Since the extractors agree to share the excess of cooperative gains over their
expected noncooperative payoffs equally, an imputation

£k, xf) = Vi(k, x7) + 1[ (k, x}) Zv kxk:|

. N
=(A;x;+c,§)+§[(Akx;+ck - kxk+ck] (13.30)
Jj=1

for k € {1,2,3} and i € {1, 2} has to be maintained.
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Invoking Theorem 13.4, if x; € X is realized at stage k a payment equaling

Bi(xp) = (1 4+ [E (k. x7) — Egey (8" Tk + 1, fie(f v (7)) + 66]) ]

2
. . 1
—(+ r)k—l{(A;x; +Ci)+5 ((Akx,;k +C) =Y (Alxp+ ] )
j=1
: ©)
) *
- ZA‘I}<|: Ajp1%es1 +Cigr)

2
1 *(6]) #(67)
+ 2<(Ak+1xk+1 + Cr1) Z k+1xk+l JrCk+1) ;

j=1
fori e {1,2}, (13.31)

*( k)
where Xy

=xf +a—bxf = Y5 [P = A (1 + 055 + 6, for y €
{1, 2,3}, given to firm i at stage k € k will lead to the realization of the imputa-
tion in (13.30).

A subgame consistent solution can be readily obtained from (13.28), (13.30),

and (13.31).

13.5 Exercises

13.1 Consider an economy endowed with a renewable resource and with two re-
source extractors (firms). The lease for resource extraction begins at stage 1 and
ends at stage 3 for these two firms. Let u}c denote the rate of resource extraction
of firm i at stage k, fori € {1,2}. Let U ! be the set of admissible extraction rates,
and x; € X C R the size of the resource stock at stage k. In particular, we have
Uie Rt and u ,1 + u% < xi. The extraction cost for firms 1 and 2 are, respectively,
2(u,1<)2/xk and 1.5(uf{)2/xk. The price of the resource is 25.
The profits that firms 1 and 2 will obtain at stage k are, respectively,

2 2 1.5
25up — — (uy d |25uf —— :
[ Ui % () ] an [ u % (uf) }
The growth dynamics of the resource is governed by the stochastic difference equa-
tion
2 .
X1 =xp+12-03x— Y ul + 6,
j=1

for k € {1,2,3} and x; = 55, where 6 is a random variable with range {0, 0.5, 1}
and corresponding probabilities {0.2, 0.4, 0.4}.
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The expected payoffs of extractors 1 and 2 are, respectively,

3 2, L1/ 1 !
| |
E919293{;|:25uk - g(uk) ](l +r> }’ and
3 k—1
1.5 2 1
2 2
E919293{;[25”k - ;(“k) ](1 +r> }

Characterize a Nash equilibrium solution for the above discrete-time stochastic mar-
ket game.

13.2 If the extractors agree to cooperate and maximize their expected joint payoff,
derive the optimal cooperative strategies.

13.3 Consider the case when the extractors agree to share the excess of the expected
cooperative gains over their expected noncooperative payoffs equally. Characterize
a subgame consistent solution.

Appendix 1: Proof of Theorem 13.1

The first step is to verify that the statement of Theorem 13.1 yields a stagewise equi-
librium solution. In a stagewise Nash equilibrium solution the following inequalities
are satisfied:

Ji(ul*’MZ*“”,un*)
if, 1% 2% i—1x, ix Q% i% i i% ix, i+1x% nk
ZJ(u U, ou SUY Uy e Uy Up Uy gy U S U N 7/ ),
(13.32)
Vu}; e U! fori € N and k € k, where in the case of Theorem 13.1,

T k—1
. . 1
J’(u17u2,...,u")=E91,92,,.,,9T{ E g,’c[xk,u,l(,u,%,...,uﬁ]<1+r> }

k=1

= E@[,Gz,‘..,OT{Li (ul*’ u2*, o, un*)}

Because of the stage-additive nature of L (u'*, u?*, ..., u"™"), these inequalities in

(13.32) equivalently describe an n-person static game defined by

max Ep, p,,... er{89[)6?7@()‘?)’45%()6?)’~-’¢§l(x?)s”iry¢ir+l(x?)s~~s

upel!
1 T-1
sl )]




1 Proof of Theorem 13.1 357

1 \T-!
X <1+r> }, (13.33)

where x; is recursively defined by
s = Fe O ve (), v () o vl () 406 x =21 (13.34)

Now since 7 is statistically independent of {0y, 0>, ...,67_1} and initial state xi,
(13.33) can equivalently be written as

which implies that the minimizing u’T will be a function of x7..

Furthermore (in contrast with the deterministic version), x7. cannot be expressed
in terms of x7_,,...,x] since there is a noise term in (13.34) that directly con-
tributes to additional errors in the case of such a substitution (mainly because ev-
ery strategy has a unique representation when the dynamics are given by (13.34)).
Therefore, any stagewise Nash equilibrium strategy for agent i at stage 7" will only
be a function of x7, that is, a feedback strategy uiT* = ¢iT (x7), which further im-
plies that the choice of such a strategy is independent of all the optimal (or oth-
erwise) strategies employed by the agents at previous stages. Finally, note that, at
stage k = T, the maximizing solutions of (13.35) coincide with those of (13.3) since
the problems are equivalent.

Let us now consider the inequalities in (13.32) at stage k = T — 1, that is,

if, 1x 2% i—1x, ix Q% i i i, i+1x% nx
zl(u N R 7N 7L 71 RN T P OR T S T 71 e U )

VuiT_ €U  for i € N, and because of the stage-additive nature of L!(u'*, u>*,

..., u™) and since q)% (i € N) have already been determined at stage 7" as feedback
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strategies (independent of all the previous strategies), these can further be written as
follows:

E91,92 ..... Or_» { max E97_1 I:g;"_l [x;71 s ¢;"71 ()v ¢%71(')s cees ¢;"__1] ()v MiT_lv

]
Ur_y

SO B O]

1\ )
* <1 +r> + VT, fro (¥ oy upy) +9T—1]“

= Eg,,6,,....00 » {E9T1 |:g;1 [x;ﬁ"—lv ¢%—1(')’ (ﬁ"—l (), .es ¢¥71 ()]

1\ ! L ,
x (1 +r> + VT, froi (61, 071 0) +97_1]]}. (13.36)

In writing down (13.36), we have also made use of the statistical indepen-
dence property of {61,65,...,6,},07_1,0r and the initial state x;. Through a
reasoning similar to the one employed at stage k = T, we readily conclude
that any ¢iT_1(~) that satisfies (13.36) will have to be a feedback strategy, in-
dependent of all the past strategies employed and the past values of the state;
therefore uiT*_1 = ¢iT*_l(xT_1) (i € N). This is precisely what (13.3) states for
k=T—1.

Proceeding in this manner, the theorem can readily be verified for stagewise
equilibrium; that is, every set of strategies {qb,i; i € N and k € «} satisfying (13.3)
constitutes a stagewise equilibrium solution for the dynamic game with stochas-
tic disturbances under consideration. Conversely, every stagewise equilibrium so-
lution of the stochastic dynamic game is comprised of feedback strategies that sat-
isfy (13.3).

To complete the last phase of the verification of the theorem we first observe
that every stagewise equilibrium solution determined in the foregoing derivation is
also a feedback Nash equilibrium solution (satisfying (13.3)) since the construction
of stagewise equilibrium strategies at stage k =/ did not depend on the strategies
employed at stages k < /. Under a closed-loop perfect information pattern, the in-
formation set available to agent i at stage k includes all the states {x{, x2, ..., x¢},
every feedback Nash equilibrium is also a Nash equilibrium, and furthermore, since
every Nash equilibrium solution is a stagewise equilibrium solution, it readily fol-
lows that the statement of Theorem 13.1 is valid also for the Nash equilibrium solu-
tion.
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Appendix 2: Proof of Proposition 13.1

Consider first the last stage, that is, stage 3. Remembering that V' (3, x) = [Aéx +
C!] from Proposition 13.1 and V' (4, x) = 0, the conditions in (13.19) become

. . 2
Vi(3,x)= [Al3x+cé] Zm?x{[Pug _ Cj (ug)2:|<1 j_r> }»

u x
fori e {1,2). (13.37)

Performing the indicated maximization in (13.37) yields

20,-141'3 1 2 .
P =0, forie{l,2}. (13.38)
X 1+r

The game equilibrium strategies in stage 3 can then be expressed as

; Px .
¢y(x)=—, forie{l,2}. (13.39)
- 2¢;

1

Substituting (13.39) into (13.37) yields

Vi3, x) = [Ajx + C}] Plx PR 1Y Ly P
’_x = X = —_— = —x’
3 3 2¢; 4¢; 14+r 14+r) 4¢

fori e {1,2}. (13.40)

Using (13.40), we obtain

Vi3, x) =[ALx + C5],

, 1 \?p2 .
where A} = (1 n > . and C; =0, fori e {1,2}. (13.41)
N r Ci

Now we proceed to stage 2, the conditions in (13.19) become

Vi@, x) = [Abx + C3]

L Ci, N2 1
— P i Tt
e[t~ ) (57)

3
+Zk;Vi[3,x+a—bx—ué—qﬁé(x)—i—%v]],
y=1

i,je{l,2}andi # j. (13.42)
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Invoking (13.40), the condition in (13.42) can be expressed as

g[S )

iy

3
+ZA§Ag[x+a —bx —ué—d)é(x)—k@zy]},
y=I

fori, j e{1,2} and i # j. (13.43)

Performing the indicated maximization in (13.43) yields

2c:ul 1 3
172 Y i .
(P_ X >(]+r)—;A2A’3=0, fori e {1,2}. (13.44)

The game equilibrium strategies in stage 2 can then be expressed as

Pl =[P—( +r)Ag]21, fori € {1,2). (13.45)
ci
Substituting (13.45) into (13.43) yields
2 1

. ' 1 .. P ]
e+ €)= (5 ) ([P~ 0 natlgn e [P =040 aP )

3
. 1
+;X;A’3(x+a—bx— [P —(1+r)A'3]2—Cix

i1 ,

-[P-q +r)Aé]?x +92>), fori,je{l,2}andi # j.
J

(13.46)

Collecting the terms together, (13.46) can be expressed as

P+ (1+1)A}

. . . 1 .
V2, x)=[Ax + Ci] = {(—)[P—(l+r)A’3] e

1+r
All—b)—[P = AI‘Aé P—( AJ'Ag
+ A5 =8) =[P = (140 AS]T2 = [P = A+ DA%

3
—i—Aé(a—i—Z)%Ozy), fori,je{1,2}and i # j. (13.47)
y=1

Substituting A = (1‘?)24(;; for i € {1,2} into (13.47), A} and C} fori € {1,2} are
obtained in explicit terms.
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Finally, we proceed to the first stage. The conditions in (13.19) become
Vi(l,x)=[Ajx +Ci]

:max{[pul - %(ug)z]

1
uy

3
+ ) M Vi[2.x+a—bx—uj —¢-{(x)+91y]},
y=1

fori, j€{1,2}, andi % j. (13.48)

Invoking (13.47), the condition in (13.48) can be expressed as

[Aax+ca']=max{[ml -]

)
uy

W (Ab[x+a—bx —ul — ¢l () +6]]+Ch) 1,
1

+

3
y=

fori, j € {1,2}, andi # j. (13.49)

Performing the indicated maximization in (13.49) yields

2
( C’“‘) ZﬂAg_o fori e {1,2}. (13.50)

The game equilibrium strategies in stage 1 can then be expressed as

¢§(x)=[P—Ag]zic_, fori €{1,2). (13.51)

1

Substituting (13.51) into (13.49) yields

[A§x+c’i]:<(P Al)zi, -7 A)“i’)

2¢;

—G—Z)\)[A' <x+a—bx—(P Al )ix
y=1

| ! .
— (P—Aé);jx—i—@f) +sz} (13.52)

fori, je{l,2},and i # j.
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Collecting the terms together, (13.52) can be expressed as
Vi3,x) =[Alx + Cl]

i P+Ai . . Ai ) Ai
:[(P—A’z) 4c,»2+A12(l_b)_(P_Al2)2_c2i_(P_Aé)fﬂx

3
+Ag<a+2/\{95)+c§, fori,je{1,2), andi#j.  (13.53)
y=1

Substituting the explicit terms for AL, Aé, Cé, and Cg from (13.47) into (13.53), Ai1
and Ci for i € {1,2} are obtained in explicit terms.

Appendix 3: Proof of Proposition 13.2

Consider first the last stage, that is, stage 3. Remembering that W (3, x) = [Azx +
C3] from Proposition 13.2 and W (4, x) = 0, the conditions in (13.24) become

2 2
. C; . 1
W3, x) =[Aszx + C3]= Irlla)é{Z[Pué — ;j(ué)z](l +r) } (13.54)

U3z j=1

Performing the indicated maximization in (13.37) yields

( ZCiué)( 1 )2 )
P — =0, foriel{l,2}. (13.55)

X 1+r

The optimal cooperative strategies in stage 3 can then be expressed as
. Px .
1/f§(x)=2—, fori e {1,2}. (13.56)
Ci

Substituting (13.56) into (13.54) yields

1 \2 2. p2
A C3]= —x, forief{l,?2}. 13.57
[A3x + C3] <1+r> ;4cjx ori €{1,2} ( )

Using (13.57), we obtain

1 \2 & p?
W@3,x) =[A3zx + C3], where A3=<1+r) ;E and C3=0. (13.58)
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Now we proceed to stage 2. The conditions in (13.24) become

W(2,x)=[Axx + C3]

2
_ i Sigi\2 1
_Eié{z[% x(”2)](1+r)

J=1

3 2
+Z,\§W[3,x+a —bx = u} +9§“. (13.59)
y=1

j=1

Invoking (13.57), the condition in (13.59) can be expressed as

2
FoC 1
[A2x + C2] =rr|1a)§{Z|:Pu2 - ;J(u )2}(14_”)

Ut L j=1

3 2
+ZA;A3[x+a —bx —Zugwg“. (13.60)

y=1 j=1

Performing the indicated maximization in (13.60) yields

26,-145 y .
<P_ X ><1+r> Z)‘ A3=0, forief{l,2}. (13.61)

The optimal cooperative strategies in stage 2 can then be expressed as

Y =[P - +r)A3]%, fori € {1,2). (13.62)

i

Substituting (13.62) into (13.60) yields

= P+(1+r)A
[Axx 4+ C2] = (m) Z[P -1+ ")A3]T3x

3
: 1
+;A§A3<x +a—bx — [P—(l +r)A3]Zx

1 y
- [P—(1+r)A3]2—02x+92>. (13.63)

Collecting the terms together, (13.63) can be expressed as

W(2,x) =[Axx + C3]

P 1 A
|:<1+r>Z (N4 +(4c—l'_r) 3
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A Al
+A3(1—b) — [P—(1+r)A3]ﬁ - [P_(1+F)A3]2_cjx

3
+A3(a+ZA§92y>. (13.64)

y=1

Substituting Az = (11?)2 23:1 % into (13.64), A> and C» are obtained in explicit
terms. !
Finally, we proceed to the first stage. The conditions in (13.24) become

W(l,x) =[A1x +Ci]

3 2
+Z,\{W[2,x+a—bx—2u{ +91y]}. (13.65)
y=1

j=1

Invoking (13.64), the condition in (13.65) can be expressed as

2
[A1x+Ci] = Irlla)E{ZI:Pu{ - C)C_J(u{)2i|

upuy j=1
3 2
+Z,\{<A2[x +a—bx—Y u +ely} + c2> } (13.66)
y=1 Jj=1
Performing the indicated maximization in (13.66) yields
2c,-ui1 > y .
pP—-— —ZA1A2=O, fori e {1,2}. (13.67)
X 1
y=

The optimal cooperative strategies in stage 1 can then be expressed as

@lff(x):(P—Az)%, fori e {1,2). (13.68)

Ci
Substituting (13.68) into (13.66) yields

2

P+ A
Aix+C1=Y (P-A
[A1x + Ci] Z( D
j=1 '
> 1
+;x{’[A2<x+a—bx—(P—A2)2—qx

1 y
—(P - Ag)z—czx + 9f> + Cz]. (13.69)
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Collecting the terms together, (13.69) can be expressed as

W2, x)=[A1x + Ci]

2 P+ A Aj Ay
=|) (P - Ay + Ax(1 —b) — (P — A))— — (P — Ax)— |x
= 4 j 26‘1 26‘2
3
+A2<a+ZA{e{‘) +Ca. (13.70)
y=1

Substituting the explicit terms for A, and C; from (13.64) into (13.70), A and C,
are obtained in explicit terms.






Technical Appendixes: Dynamic Optimization
Techniques

Consider the dynamic optimization problem in which the single decision maker

T K
max{/ g[s,x(s),u(s)] exp|:—/ r(y) dyi| ds
u to 4]

T
+6XP[—/ r(y) dy}](X(T))}, (A.D)
fo
subject to the vector-valued differential equation

x(s) = f[s, x(s), u(s)] ds, x(t9) = xo, (A.2)

where x(s) € X C R™ denotes the state variables of game and u € U is the control.

The functions f[s, x,u] and g[s, x, u] are continuously differentiable in x and
continuous in # and s. The function g (x) is continuously differentiable in x. Dy-
namic programming and optimal control are used to identify optimal solutions for
the problems in (A.1) and (A.2).

A.1 Dynamic Programming

A frequently adopted approach to dynamic optimization problems is the technique
of dynamic programming. The technique was developed by Bellman (1957). The
technique is given in Theorem A.1 below.

Theorem A.l1 (Bellman’s Dynamic Programming) A set of controls u*(t) =
¢*(t, x) constitutes an optimal solution to the control problem in (A.1) and (A.2) if
there exists a continuously differentiable function V (¢, x) defined by [ty, T]x R™ —
R and satisfying the following Bellman equation:

t
—Vi(t,x) = max{g[t,x, u]exp[—/ r(y) dy] + Vi(t, x) f[t, x, u]}
u 1

0

D.W.K. Yeung, L.A. Petrosyan, Subgame Consistent Economic Optimization, 367
Static & Dynamic Game Theory: Foundations & Applications,
DOI 10.1007/978-0-8176-8262-0, © Springer Science+Business Media, LLC 2012
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t
= {g[t,x7¢*(t,x)]exr>[—/ r(y) dy} + Vx(t,x)f[t,x,cb*(t,x)]},
1

0

T
V(T, x) =q(X)eXp[—/ r(y)dy]-
0]

Proof Define the maximized payoff at time ¢ with current state x as a value function
in the form

T K
V(t,x) =max{/ g(s,x(s), u(s)) exp|:—/ r(y) dy] ds
u t f

0

T
+ eXP[— / r(y) dy}q(X(T))}
fo

T s
:/ g[s,x*(s),d)*(s,x*(s))]exp[—/ r(y)dy:| ds
t I

0
T
+ CXP[—/ r(y) dy}q(X*(T)),
0]

satisfying the boundary condition

T
V(T,x*(T)) =q(x*(T)) exp[—/ r(y) dy], and
o

X*(9) = f[5.x%(), ¢ (s.x*(9))].  x*(t0) = xo.

If, in addition to u*(s) = ¢*(s, x), we are given another set of strategies u(s) € U,
with the corresponding trajectory x(s), then Theorem A.1 implies

t
g(taxﬂu)exp[_/. r(y)d)’i|+Vx(tax)f(t,X,u)+Vt(t,x)50, and
fo

'
g(t, x*, u*) exp[—/ r(y) dyj| 4 Vs (t,x*)f(t,x*, u*) + V,(t, x*) =0.
1

0

Integrating the above expressions from #y to 7', we obtain

T K
/ g(s, x(s), u(s)) exp[—/ r(y) dy] ds + V(T, x(T)) — V(t, x0) <0, and
1o 1

0

T s
/ g(s, x*(s), u™(s)) exp[—/ r(y)dy] ds + V(T,x*(T)) — V(to, x0) = 0.
In) 1

0
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The elimination of V (¢, x¢) yields

T K T
/ g(s,x(s),u(s))eXp[—/ r(y) dy} ds+q(x(T))eXp[—/ r(y)dy}
fo 7 fo

0

T K
5/ g(s, x™ (), u™(s)) exp|:—/ r(y)dy] ds + g (x*(1))
1o 1

, 0
X exp|:—/ r(y) dy:|,
4]

from which it readily follows that u* is the optimal strategy. (|

Substituting the optimal strategy ¢* (¢, x) into (A.2) yields the dynamics of the
optimal state trajectory as

X(s) = f[s.x(s), ¢* (s, x(s))]ds,  x(t0) = xo. (A3)

Let x*(¢) denote the solution to (A.3). The optimal trajectory {X*(I)}thzO can be
expressed as

t
x*(t) =xo +/ fls.x*(s), @™ (s, x*(s))] ds. (A.4)
T

For notational convenience, we use the terms x*(¢) and x; interchangeably.
The value function V (¢, x), where x = x;, can be expressed as

T s
V(t,xt*):/t g[s,x*(s),q)*(s,x*(s))]exp[—/m r(y)dyj| ds+q(x*(T)).

Example A.1 Consider the following dynamic economic optimization problem in-
volving cost management. Let x (s) denote the level of pollution and u(s) the amount
of pollution abatement effort at time s. The cost of the pollution abatement effort
is cu(s)? and the damage of pollution is x(s). The planning horizon is [y, 7], and
at time T the terminal damage cost of the pollution stock is gx(7T'). There is a con-
stant discount rate ». The economic agent involved seeks to minimize the integral of
discounted costs by choosing an optimal abatement effort path, that is,

T
min{/ exp[—rs][x(s) + Cu(S)z] ds +exp[—rT]1gx(T) }
u Jo
The problem can alternatively be expressed as
T
max” exp[—rs][—x(s) — cu(s)*]ds — exp[—rT]qx(T)}, (A.5)
u 0

subject to the pollution accumulation dynamics
i) =a—u(s)(x)"?, x(0)=x0.u(s) > 0, (A6)

where a, ¢, xg, and g are positive parameters.



370 Technical Appendixes: Dynamic Optimization Techniques

Invoking Theorem A.1 we have
=Vi(t,x) = max{ [—x - cuz] exp[—rt] + Vi (t, x)[a _ uxl/z]}’
u
and

V(T,x)=—exp[—rTlgx. (A.7)

Performing the indicated maximization in (A.7) yields

—V(t, x)x/2

¢, x) = —————explrt].
2c

Substituting ¢ (¢, x) into (A.7) and solving (A.7), one obtains
Vit,x)= exp[—rt][A(t)x + B(t)],
where A(¢) and B(¢) satisfy

2
A@)=rA@) — Al)

+13

B(t) =rB(t) —aA(@),
A(T)=—q, and B(T)=0.

—A@)x!'/?
2v

The optimal control can be solved explicitly as ¢ (¢, x) = 5

exp[rt].

Now consider the infinite-horizon dynamic optimization problem with a constant
discount rate

o0
max{/ g[x(s), u(s)]exp[—r(s —10)] ds}, (A.8)
u 1
subject to the vector-valued differential equation
i(s) = fx(), u()]ds,  x(t0) = xo. (A9)

Since s does not appear in g[x(s), u(s)] and the state dynamics explicitly, the
problem in (A.8) and (A.9) is an autonomous problem.

Consider the alternative problem that starts at time ¢ € [#p, 00) with initial state
x(t) =x:

max/oo g[x(s), u(s)] exp[—r(s — t)] ds, (A.10)
u o Jr
subject to

X(s):f[x(s),u(s)], x(t) =x. (A.11)

The infinite-horizon autonomous problem in (A.10) and (A.11) is independent of
the choice of ¢ and dependent only upon the state at the starting time, that is, x.
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Define the value function to the problem in (A.8) and (A.9) by

V(t,x)= max{/Oo g[x(s), u(s)] exp[—r(s — to)] ds
u t

x(t)=x=x },
where x; is the state at time ¢ along the optimal trajectory. Moreover, we can write
V(t,x) =exp[—r(t —19)]

X max{foo g[x(s), u(s)] exp[—r(s — t)] ds
u t

x(t):x:xt*}.

Since the problem

max{/oo g[x(s), u(s)] exp[—r(s — t)] ds
u t

x(t):x:xt*}

depends on the current state x only, we can write

Wx)= max{/oo g[x(s), u(s)] exp[—r(s — t)] ds
u t

x(t):x:xt*}.

It follows that
V(t,x) =exp[—r(t —10) |W(x),
Vi(t,x) = —rexp[—r(t — 1) |W(x), and (A.12)
Vi(t, x) = —rexp[—r(t — 10) | Wy (x).

Substituting the results from (A.12) into Theorem A.1 yields

rW(x)=max{g[x,u]+Wx(x)f[x,u]}. (A.13)

Since time is not explicitly involved in (A.13), the derived control # will be a
function of x only. Hence one can obtain the following.

Theorem A.2 A set of controls u = ¢p*(x) constitutes an optimal solution to the
infinite-horizon control problem in (A.10) and (A.11) if there exists a continuously
differentiable function W (x) defined by R™ — R that satisfies the following equa-
tion:

rW(x) =max{glx, ul + We(x) f[x, ul} = {g[x. " ()] + Wr (x) f[x. " (x)]}.

Substituting the optimal control in Theorem A.2 into (A.9) yields the dynamics
of the optimal state path as

2(s) = fx(s), ¢* (x())]ds,  x(10) = xo.
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Solving the above dynamics yields the optimal state trajectory {x*(¢)};>, as

t

x* (1) = xg +/ f[x*(s), w*(x*(s))]ds, for t > 1.
1

0

We denote the term x*(¢) by x;". The optimal control to the infinite-horizon problem
in (A.8) and (A.9) can be expressed as ¥*(x,") in the time interval [z, 00).

Example A.2 Consider the infinite-horizon dynamic optimization problem
o
max/ exp[—rs][—x(s) —cu (s)z] ds, (A.14)
“ Jo

subject to the dynamics in (A.6).
Invoking Theorem A.2 we have

rWx) = muax{[—x - cuz] + Wx(x)[a — uxl/z]}. (A.15)

Performing the indicated maximization in (A.15) yields

5= O
Substituting ¢ (x) into (A.15) and solving (A.15), one obtains

V(t, x) =exp[—rt][Ax + B],
where A and B satisfy

A2 —a
O0=rA——+1 and B=—A.
4c r

Solve A to be 2¢c[r + (r% + %)]/2]. For a maximum, the negative root of A holds.
The optimal control can be obtained as

—Ax1/2

¢ () =—

Substituting ¢*(x) = —Ax'/2/(2¢) into (A.6) yields the dynamics of the optimal
trajectory as

A o
x(s)_a+%(x(s)), x(0) = xo.

The above dynamical equation yields the optimal trajectory {x*(¢)};>4, as

(1) +2ac At 2ac * fort> 1
x*@)=|xo+—|exp| ==t )| — —=x/, fort>1.
A TP\ T 0
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The optimal control of the problem in (A.14) and (A.15) is then

o x _A(x*)l/Z
¢ (xt) = 272

A.2 Optimal Control

The maximum principle of optimal control was developed by Pontryagin (details
in Pontryagin et al. (1962) and Pontryagin (1966)). Consider again the dynamic
optimization problem in (A.1) and (A.2).

Theorem A.3 (Pontryagin’s Maximum Principle) If a set of controls u*(s) =
£*(s, xo) provides an optimal solution to the control problem in (A.1) and (A.2),
and {x*(s),t9g < s < T} is the corresponding optimal state trajectory, then there
exist costate functions A(s) : [to, T]1 — R™ such that the following relations are
satisfied:

(s, x0) =u*(s) = argmax{g[s, x*(s), u(s)] exp|:—/ r(y) dyi|
u I

0
+ A(s) f[[s. x*(s), u(S)]},
K(s) = fls. 2" (), u" ()], x"(t0) = xo,

As) = 0 {g[s. x* (), u* ()] + A(s) f 5. x* (), u* ()]},
0x

9 T
A(T) = 5 *q(x*(T)) exp[—f r(y) dy:|.
X 0
Proof First define the function (Hamiltonian)

t
H(t,x,u)=g(t, x,u) exp[—/ r(y)dy:| + Vi(t,x) f(t, x,u).
1

0

From Theorem A.1, we obtain

—Vi(t,x) =max H(t, x, u).
u

This yields the first condition of Theorem A.1. Using u* to denote the payoff maxi-
mizing control, we obtain

H(t,x, u*) + Vi(t,x) =0,
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which is an identity in x. If V (¢, x) is twice continuously differentiable, differenti-
ating this identity partially with respect to x yields

t
Vix(t, ) + gx (2. x, u*)eXp[—/ r(y) dy] + Vi, %) fo (2, x, u™)
I

0

t
+ Ve (0, 0) f (1, %, u™) + [gu(t,x,u*)eXp[—/ r(y) dy}
I

0
*

+ Vie(t,x) fu(t. x, u*)} aaL; =0.

If u™* is an interior point, then

!
[gu(t,x, u) exp[—/ r(y) dy} + Vx(f,x)fu(fvx’“*)] =0

fo
according to the condition —V; (¢, x) = max, H(t, x,u). If u™ is not an interior
point, then it can be shown that

*

t
[g“(”x’“*)exp[—/ V(y)dy} + Vx(t,x)fu(t,x,u*):| aab; =0
1

0

(because of optimality, [g, (¢, x, u™) exp[— ftg r(y)dy] + Vi (¢, x) fu (¢, x,u™)] and

du™/dx are orthogonal and for specific problems we may have du*/dx = 0). More-

over, the expression Vi, (¢, x) + Vyx (¢, x) f (¢, x, u™) = Vi (t, x) + Vix (¢, X)X can be
dV,(t,x)

written as —5==>. Hence we obtain

dVi(t, x)

t
” + g (t, x, u*) exp[—/ r(y) dy:| + Vi, x) fi (8, x,u*) = 0.
fo

By introducing the costate vector A(t) = Vyx(t,x*), where x* denotes the state
trajectory corresponding to u* , we arrive at

dVi(e,x*) . =~ 9 N N !
— =A(s) = —a—x{g[s,x (s),u (s)]exp[—/t0 r(y)dyj|

+ A(s) f[[s, x*(s), u*(s)]}.

Finally, the boundary condition for A(#)is determined from the terminal condition
of optimal control in Theorem A.1 as

AV(T,x*) dqg(x* T
A(T) = (axx ) _ q;;‘ )exp|:—/ r(y)dyj|.
fo

Hence Theorem A.3 follows. O
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Note that in the proof of Theorem A.3, the assumption of the existence of a twice
differentiable V (¢, x) is used to expedite the proof, but the Pontryagin Maximum
Principle does not require this assumption to hold.

Example A.3 Consider the problem in Example A.l. Invoking Theorem A.3, we
first solve the control u(s) that satisfies

arg max{[—x*(s) — cu(s)?] expl—rs] + A(s)[a — u(s)x*(5) 2]},

u

Performing the indicated maximization

_ * 172
w(s) = —AOXTO T . (A.16)
2c
We also obtain
A(s) = exp[—rs] + %A(s)u*(s)x*(s)*‘/z. (A.17)

Substituting u*(s) from (A.16) into (A.6) and (A.17) yields a pair of differential
equations

X*()=a+ %A(s)(x*(s)) exp[rs],
¢ | (A.18)
A(s) =exp[—rs] — EA(S)2 explrs],

with boundary conditions
x*(0)=x9 and A(T)=—exp[—rTlq.

Solving (A.18) yields

— 26 01— 6
A(s)=2c(91—02q i [‘ 2

4 — 206, exp 5 (T — s)]) exp(—rs)
q — 2cb 61 — 6,
=(1- T — , d
( 4 — 200, exp|: > ( K)) an

x*(s) = @ (0, s)|:xo + /S @10, t)a dt], for s € [0, T1,
0

1 1
Or=r—\/r2+- and G=r+, r24+—;
C C

@ (0, ) :exp[/x H(t)dti|, and
0

where
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q — 2cby 01 — 6y
H(t)=(60,-06 T —
() ( 1= 50, eXP|: ;T —-1)

—2c¢6 01 —6
= 1_6] Clexp ! 2(T—r) .
q —2cH; 2
The substitution of A(s) and x*(s) into (A.16) yields u*(s) = ¢*(s, xo), which
is a function of s and xo.

Now consider the infinite-horizon dynamic optimization problem in (A.10)
and (A.11) .
The Hamiltonian function can be expressed as

H(t,x,u)=g(x,u) exp[—r(t — to)] + AQ) f(x,u).
Define A (1) = A(t) exp[r (¢t — f9)] and the current value Hamiltonian
H(t,x,u) = H(t, x,u) exp[r(t — 10)] = g(x, u) + A(t) f (x, ). (A.19)

Substituting (A.19) into Theorem A.3 yield the maximum principle for the game
equations (A.10) and (A.11).

Theorem A.4 If a set of controls u*(s) = ¢*(s, x;) provides an optimal solution
to the infinite-horizon control problem in (A.10) and (A.11), and {x*(s),s >t} is

the corresponding optimal state trajectory, then there exist costate functions A(s) :
[t, 00) = R™ such that the following relations are satisfied:

£ (s.x) = u*(s) = argmax{g[x" (5). ()] + () f[x(5). u(s)] ).
() = f[x* ), u ()], @) =x=x,

. 3

A(s) =rils) — a{g[X*(S), w ()] + A(s) f[x* (), u* ()]}

Example A.4 Consider the infinite-horizon problem in Example A.2.
Invoking Theorem A.4 we have

(s, x) =ut(s) = argmax{[—x*(s) - cu(s)z] + A(s)[a — u(s)x*(s)l/z]},
() =a —u*(s)(x*())"% ¥ =x, (A.20)
A(s) =ra(s) + [1 + l,\(s)u*(s)x*(s)—l/z]

= 5 .

Performing the indicated maximization yields

—A(s)x*(s)!/?

u*(s) = >
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Substituting u*(s) into (A.20) , one obtains

&0

u*(s)x*(s), x*(1) =x,
2¢

X*(s)=a+
(A21)

A(s) =rA(s) + [1 — lk(s)2:|.
4c

Solving (A.21) in a manner similar to that in Example A.3 yields the solutions of
x*(s) and A(s). The substitution of them into u*(s) gives the optimal control of the
problem.

A.3 Stochastic Control

Consider the dynamic optimization problem in which the single decision maker

T K
muaxE,O{/ gi[s,x(s),u(s)] exp|:—/ r(y)dy] ds
1) 1

0
T
+g(x(D)) exp[—/ r(y) dy:| } (A.22)
fo

subject to the vector-valued stochastic differential equation
dx(s) = f[s, x(s), u(s)] ds+o [S, x(s)] dz(s), x(t) = xo, (A.23)

where Ej, denotes the expectation operator performed at time 7, o[s, x(s)] is a
m X O matrix, z(s) is a @-dimensional Wiener process, and the initial state xg is
given. Let 2[s, x(s)] = o[s, x(s)]o[s, x(s)]T denote the covariance matrix with its
element in row /& and column ¢ denoted by M, x(s)].

The technique of stochastic control developed by Fleming (1969) can be applied
to solve the problem.

Theorem A.5 A set of controls u*(t) = ¢*(t, x) constitutes an optimal solution
to the problem in (A.22) and (A.23) if there exist continuously twice differentiable
functions V(t,x) : [ty, T] X R™ — R, satisfying the following partial differential
equation:

1 m
Vit ) = 5 3 2" )V (1,0)
h,;=1

'
:max{gi[t,x,u]exp[—/ r(y)dyi|—I—Vx(t,x)f[t,x,u]}, and
u 10

T
V(T,x)=q(x)eXP[—/ r(y)dy]-
o
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Proof Substitute the optimal control ¢*(¢, x) into (A.23) to obtain the optimal state
dynamics as

dx(s) = f[s,x(s), ™ (s, x()) ] ds + o [s, x(s)]dz(s), x(t0) =x0. (A24)

The solution to (A.24), denoted by x*(¢), can be expressed as

t

x* () = xo +f fls. x*(), l/fl(t‘))* (s, x*()), l/fz(t‘))* (s,x*(s))]ds
i

0

t
+[ a[s,x*(s)] dz(s). (A.25)
I/

0

We use X to denote the set of realizable values of x*(¢) at time ¢ generated by
(A.25). The term x;" is used to denote an element in the set X}'.

Define the maximized payoff at time ¢+ with current state x;* as a value function
in the form

T s
V(t,xt*) = max Ezo{/ gi [s,x(s), u(s)] exp|:—/ r(y) dy:| ds
u t t

0

T
+gq(x(1)) eXp[— / r(y) dy}
fo

x(t) =x,*}

T K
= E,O{/ g[s,x*(s),¢*(s,x*(s))]exp|:—/ r(y)dy] ds
t 1

0
T
+q(x*(T)) eXp[—f r(y) dy} }
Tp
satisfying the boundary condition
T
V(T, x*(T)) =q (x*(T)) exp[— / r(y) dy] .
fo

One can express V (¢, x;) as

T s
V(. x) :maxE,O{/ gi[S,x(s),u(s)] exp|:—/ r(y) dy:| ds
u t to

T
+q(x(T>)exp[— f r(y)dy} x(t) =x:‘}
1o

t+At K
meXEto{/ g [s,x(s),u(s)] exp|:—/ r(y) dyj| ds
t 1

0

+ V(t + At, x] + Ax))

x(t) =x! } (A.26)
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where

Ax] = flt.xF, ¢% (1, x))|At + a1, x| Az + 0o(AD),

Azg=z(t+ A1) —z(1), and Efo(An)]/At—0 as Ar— 0.
With At — 0, applying Ito’s lemma, (A.26) can be expressed as

. t
V(t,xt*) = muaxEtO{g’[t,xt*, u] exp[—/f r(y)dyi|At + V(t,x,*) + Vt(t,x,*)At

0
+ Vi, (t, x,*)f[t, x/, ¢*(t, xt*)]At + Vi, (t, x,*)a[t, xt*]Azl
m
+% 3 @M )V (t,x)At—i—o(At)}. (A.27)
ho=1

Dividing (A.27) throughout by A¢, with At — 0, and taking the expectation yields

m

1
—Vi(t.x7) = 5 > @M ) Ve (t, %)
he=1
t
= muax{gl [1, %7 u] exp[— / r(y)dy} + Vi (6, x7) f[1 47 ¢*(t,x,*)]},
fo
(A.28)
with the boundary condition
T
V(T,x*(T)) =q(x*(T)) exp[—/ r(y) dy].
fo
Hence Theorem A.5 is proved. O

Example A.5 Consider a resource extractor (firm) endowed with a renewable re-
source. Let u(s) denote the quantity of the resource extracted and x(s) the size of
the resource stock at time s. In particular, u(s) < x(s) for all time s.

The extraction cost depends on the quantity of the resource extracted u(s), the
resource stock size x(s), and a parameter c. In particular, the extraction cost can be
specified as follows:

C= C
_x(s)1/2

u(s).

This specification implies that the cost per unit of resource extraction cx(s)~!/?
decreases when x(s) increases. The above cost structure was also adopted by Jgr-
gensen and Yeung (1996). A decreasing unit cost follows from two assumptions:
(1) the cost of extraction is proportional to the extraction effort, and (ii) the amount
of the resource extracted, seen as the output of a production function of two inputs
(effort and stock level), is increasing in both inputs (cf. Clark 1976).
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The market price of the resource depends on the total amount extracted and sup-
plied to the market. The price-output relationship at time s is given by the following
inverse demand curve:

P(s)= u(s)_l/z.

The resource extractor is given an extraction license for the period [#9, T]. When

. . . . . 1
the license expires, the extractor will receive a settlement equaling gx(7)2. The
discount rate is 7.
The stochastic problem of the economic agent can be expressed as

T
max E, {/ |:u(s)1/2 __¢ u(s)] exp[—r(s — to)] ds
“ fo

x(s)1/2
+exp[—r(T — 10)]qx(T)? } (A.29)
subject to

dx(s) = [ax(s)/? — bx(s) —u(s)]ds + ox(s)dz(s), x(to) =xo€ X, (A.30)

where ¢, a, b, and o are positive parameters.
Invoking Theorem A.5 we have

1
—Vi(t, x) — Eazxzvxx(t, x) = mb?x{ |:u1/2 - #u} exp[—r(t — 10)]

+Vx(t,x)[ax1/2—bx—u]}, and (A.31)

V(T,x)= exp[—r(T — to)]qx%.

Performing the indicated maximization in (A.31) yields

X
A[c + Vyexplr(t — to)]x1/2]2

o*(t,x) = (A.32)

Substituting ¢* (¢, x) from (A.32) into (A.31) and solving (A.31) yields the value
function

V(t,x) =exp[—r(t — 1) ][A)x'* + B(1)],
where A(t) and B(¢) satisfy

b c
E}Am " 2lc+A®M)/2] + 4c+ A1) /2]

: [ 1,

A(t) = r—i—ga +

A(t)

8lc+ A(1)/2]2°
B(t)=rB(t) — %A(z),
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A(T)=¢q, and B(T)=0.

The optimal control for the problem in (A.29)—(A.30) can be obtained as ¢*(¢, x) =

X

e+ 222"

Now consider the infinite-horizon stochastic control problem with a constant dis-
count rate

o
max Ey, {/ g [x (), u(s)] exp[—r(s — to)] ds }, (A.33)
u 10
subject to the vector-valued stochastic differential equation
dx(s) = f[x (s), u(s)] ds+o [x(s)] dz(s), x(t9) = xo. (A.34)

Let 2[x(s)] = o[x(s)]o[x(s)]T denote the covariance matrix with its element in
row & and column ¢ denoted by £2"¢[x(s)].

Since s does not appear in g[x(s), u(s)] and the state dynamics explicitly, the
problem in (A.33) and (A.34) is an autonomous problem.

Consider the alternative problem that starts at time ¢ € [#g, 00) with initial state
x(t)=x

max E; {/OO g [x (), u(s)] exp[—r(s — )] ds}, (A.35)
t
subject to the vector-valued stochastic differential equation
dx(s) = f[x(s),u(s)]ds + o [x(s)]dz(s), x(t)=x,. (A.36)
The infinite-horizon autonomous problem in (A.35)—(A.36) is independent of the

choice of ¢t and dependent only upon the state at the starting time, that is, x;.
Define the value function to the problem in (A.35) and (A.36) by

V(t, xt*) =max E, {/OO g[x(s), u(s)] exp[—r(s - to)] ds
u t

x(t) =x,*},

where x; is an element belonging to the set of realizable values along the optimal
state trajectory at time 7. Moreover, we can write

V(t, x,*) = exp[—r(t — to)]

X muax E;, {/ g[x(s), u(s)] exp[—r(s — t)] ds
t

x(1) =x,*}.

Since the problem

m’;ax Ey, {/00 g[x(s), u(s)] exp[—r(s — t)] ds
1

x(t) :x,*}
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depends on the current state x;* only, we can write

W(xt*) = max Ey, {/Oo g[x(s), u(s)] exp[—r(s - t)] ds|x(t) = x,*}
t
It follows that
V(t,x}) =exp[—r(t —10)|W(x]),
Vt(t, x,*) =—r exp[—r(t — to)]W(xt*), A3

Vi, (1. x7) = —rexp[—r(t — 10)|Wy, (xf), and
Vi, (t, xt*) =—r exp[—r(t - to)] Wy x, (x,*)
Substituting the results from (A.37) into Theorem A.5 yields

m

rWx) — % Z ol (X)W e (2, x) =m;1x{g[x, ul + Wy (x) flx, u]}. (A.38)
he=1

Since time is not explicitly involved in (A.38), the derived control u will be a func-
tion of x only. Hence one can obtain the following theorem.

Theorem A.6 A set of controls u = ¢*(x) constitutes an optimal solution to the
infinite-horizon stochastic control problem in (A.33) and (A.34) if there exists con-
tinuously twice differentiable function W (x) defined by R™ — R, which satisfies
the following equation:

m

W) = 2 3 28 0Wyne 1) = maxelie, ] + W) L. ul
h,.=1

= {g[x. 0" W]+ W (0) f[x, 0¥ (0]}

Substituting the optimal control in Theorem A.6 into (A.34) yields the dynamics
of the optimal state path as

dx(s) = f[x(s), ¢* (x(5))]ds + o [x(9)] d2(s),  x(10) = xo.

Solving the above vector-valued stochastic differential equations yields the opti-
mal state trajectory {x*()};>y, as

t t

x*(t)zxo—i—/ f[x*(s),w*(x*(s))]dwr/ o[x*(s)]dz(s). (A.39)
0]

4]

We use X; to denote the set of realizable values of x*(¢) at time ¢ generated by
(A.39). The term x;* is used to denote an element in the set X ;.

Given that x;* is realized at time ¢, the optimal control to the infinite-horizon
problem in (A.33) and (A.34) can be expressed as ¥ *(x}).
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Example A.6 Consider the infinite-horizon problem

E, {/t:) [u(s)l/Z _ x(sc)l/zu(S):| exp[—r(s — to)] ds}, (A.40)
subject to
dx(s) = [ax(s)!/? — bx(s) —u(s)]ds + ox(s)dz(s), x(to) =xo€ X, (A4l

where ¢, a, b, and o are positive parameters.
Invoking Theorem A.6 we have

1
rWx) — Eazxzwxx(x) = mb.{ax{ |:ul/2 — xl%u] + Wx()c)[a)cl/2 —bx — u]}
(A.42)

Performing the indicated maximization in (A.42) yields the control

X

O = W o P

Substituting ¢* (¢, x) above into (A.42) and solving (A.42) yields the value func-
tion

W(x) = [Ax"? + B],
where A and B satisfy

0=|r+i024+2]a Ly ‘ oA
=|r+-0"+-1A—- ,
g8 2 2Ac+AJ2] " Alc+ AR " 8lc+ A2

a

B=—A
2r

The optimal control can then be expressed as

X

PO = et Ane

Substituting ¢* (x) = x/{4[c + A/2]?} into (A.41) yields the dynamics of the opti-
mal trajectory as

x(s)

dx(s) = |:ax(s)1/2 —bx(s) — m

j|ds +ox(s)dz(s), x(to) =x0€ X.

The above dynamical equation yields the optimal trajectory {x*(¢)};>4, as

t 2
x*(t):w(to,t)z[x(l)/z—i—/ @ (1, s) Hi ds:| . fort>1, (A.43)
fo
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t 0.2 t o
w(to,t)zexp[/ [Hz— §:| dv—i—/ Edz(v)i|,
to fo

Hy = d H PSP S
=—a, an =—|= —_—+ — .
=2 2 2" T4+ A2 T8

where

We use X; to denote the set of realizable values of x*(¢) at time ¢ generated by
(A.43). The term x; is used to denote an element in the set X;. Given that x;" is
realized at time ¢, the optimal control to the infinite-horizon problem in (A.40) and
(A.41) can be expressed as ¥*(x;").
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